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DISTRIBUTION OF KANSAS CRAYFISHES. 

BY J. ARTHUR HARRIS. 
With map. 

IN the brief paper here presented, it is my purpose to bring 
up to date my catalogue of the crayfishes of Kansas^ by the 
addition of such localities and notes as have been collected since 
its appearance ; to represent by means of a map the distribu- 
tion by counties of the different species, and to show, so far as 
is possible at the present time, the distribution of the different 
species by river systems. The distribution by river systems 
has been included, since I feel that a thorough knowledge of 
this phase of the subject will be of interest in the determination 
of the phylogenetic relationship of the diflferent species. Of 
course, any conclusions as to the distribution of the species by 
water systems can be only provisional, since more systematic 
collecting will surely change^^tn}; such cotjjciiisJipns. It is my 
desire to put the data available at present"into such form that 
the addition of new data and tl^ d&d^iGtiou of more certain con- 
clusions will be possible with IheJgaat amount of labor. 

The form of the annotated catftlpgpe Jias^;:a9 ^ar as possible, been 
retained. No new species have been found in the state, and 
there has been practically no new literature of a taxonomic 
nature since the appearance of the catalogue. The synonomy 
has, therefore, been omitted. In referring to localities reported 
in the previous paper, I shall designate them by numbers en- 
closed in parentheses, C virilis, (3), the number being that of 
the locality as given in that paper — the example given being: 
C. viriliSf Wabaunsee county (coll. Washb. Coll.), J. B. Fields, 
coll. (Faxon, '85, b.) 

1. Harris, J. Arthur : Annotated catalogao of the crayfishes of Kan.sas. Kans. Uniy. Quart., 
vol. IX, No. 4, October, 1900. 
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I wish to express here ray gratitude to ray sister, Nellie 
Harris, without whose kind assistance in this and other work 
the appearance of this material at the present time would have 
been impossible. My thanks are also due those who have col- 
lected material in various parts of the state. 

The greater part of the material belongs to the private collec- 
tion of the writer, but is deposited at the present time in the 
museum of the University of Kansas. 

1. Oambams simulans Faxon. 

I have not seen either of the two lots of material assigned to 
this species. It will be seen that the territory from which it is 
reported, while much the same as that from which is taken the 
material provisionally assigned to C, gaUinaSy lies a little to the 
west and extends north beyond the Smoky Hill river, while the 
material provisionally reported as gallinas is confined, so far, to 
the territory drained by the Arkansas. 

2. Oambams gallinas Cockerell and Porter. 

As in my catalogue, I assign only provisionally to this species 
material from : 

3. A stream near Wichita, Sedgwick county ; Mr. Willis 
Henderson, coll. 

4. A slough northeast of Caldwell, Sumner county; T. J. 
Kinnear, coll. 

Mr. Kinnear'^: ptSaAorHil V^^s ^\^ji at a small slough four 
miles northeast of 'CaJ<i.w€ilLl.'thj8*sl6ugh had been dr}^ all sum- 
mer. It will be rem9ijibe*<d;lljCat;the drought of the summer of 
1901 was very sev^ff i)ut jir^jjcing a little distance from the 
edge still contained ta-llttl6*{)<)6Ib^*water, perhaps three feet in 
diameter, although it had ceased to run into the slough. In 
this little pool of water a few small crayfish, about one inch in 
length, were noticed ; while none of the small specimens were 
taken, they undoubtedly belong to the same species as the eight 
adults secured at the same place. 

The specimens were secured in digging a well in the old spring. 

They had burrowed down through the loose surface soil for 

from six to thirty-six inches, depending upon whether the^bur- 

rows were at the center or on the edge of the old basin of the 

spring. The burrows, which were about two inches in diameter. 
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went down almost perpendicularly until they came to the sur- 
face of a stratum of Wellington shale. Here they were enlarged 
into almost round chambers, about ten inches in diameter and 
not more than three inches in height. The burrows were sup- 
plied with ** chimneys'' above. In these chambers the crayfish 
were found. They were not very active or pugnacious. The 
whole burrow was, of course, filled with water. The crayfish 
had burrowed down a little ways into the rather disintegrated 
shale. The excavations into the shale were conical, about four 
inches in diameter at the top and four inches deep. Mr. Kin- 
near thought that, as the shale was somewhat softened by the 
water, the crayfish had removed it bit by bit. There were 
about three or four of the main burrows coming from the upper 
surface terminating in the large chambers as described above. 
These chambers were then connected by passageways running 
from one to another. 

Two of the specimens were taken August 1, and the other six 
August 25-27. Two were males and the other six females. All 
the females were, with one exception, well loaded with eggs, 
which appear, from an examination with a hand lens, to be in 
a very early stage of development, and have probably been only 
comparatively recently laid. 

So far as reported, this species is confined to a narrow strip 
of territory running north for about eighty miles from the south- 
ern boundary of the state and drained by the Arkansas river. 

3. Oambams gracilis Bundy. 

Specimens of this species are hard to obtain, and this doubt- 
less accounts for its few localities. It is found in the territory 
drained by the Arkansas (1 ) as well as that drained by the Kan- 
sas river ( 2 ) . 

In August, 1901, I found an adult female of C. gracilis in a 
stagnant pond near Lawrence — the only time I have ever taken 
an adult specimen in open water during the summer. 

4. Oambams diogenes Girard. 

Reported so far only from a limited territory along the Kan- 
sas and Missouri rivers, in the northeastern part of the state. 
As with C. gracilis, the diflBculty of obtaining material probably 
accounts for the rarity of the reports on this species. 
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5. Oambams immunis Hagen. 

Mr. Crevecoeur collected C immums in a stagnant pond on 
the prairie near Onaga, Pottawatomie county, April 1, 1901. 

The pond had been in existence about six years, and had never 
been known to go dry. The nearest creek was about a quarter 
of a mile away. They were probably never connected when 
the water was high in the creek. No fish had ever been taken 
in the pond, but specimens ol Amhly stoma tigrinum (green) were 
found. (-4. tigrinum and C. immunis are sometimes found in 
the same ponds in Douglas county.) 

Among a dozen specimens given to me, some of the females 
were carrying eggs but none were noticed with young. 

Mr. Crevecoeur drained the pond in obtaining the material, 
and was careful to secure a representative collection. If C. 
gracilis were common in the region, it would not be improbable 
that females would be found in the pond at this time. 

Reports so far would indicate a distribution of this species 
from the Missouri river west along the Kansas and its tribu- 
taries nearly two-thirds the distance across the state. 

5a. Oambams immunis Hagen, var. spinorostris Faxon. 

The limits of distribution are embraced within those given 
for C. immunis. 

6. Oambarus nais Faxon. 

So far as reported, this species is confined to the southeastern 
portion of the state, drained by the tributaries of the Arkansas 
river. 

7. Oambams virilis Hogue. 

23. Wakarusa river, Douglas county. 

24. Bull Foot creek, Lincoln county. Taken under stones, 
in about six inches of running water. Miss Ella Weeks, coll. 

25. Spillman creek, Lincoln county. Under stones, in shal- 
low running water. Miss Ella Weeks, coll. 

26. Wildcat creek, about two miles west of Manhattan, Riley 
county. 

27. Crayfish are not at all common in the lower part of the 
Kansas river, at least near Lawrence, where I have had oppor- 
tunity to observe it. The fishermen, as a rule, say there are 
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none in the river. I have, however, seen the casts of C, virilis, 
and think it hardly probable that they could have washed in 
from any of the small tributaries. 

No. 18 was collected in a small stream. 

8. Oambams rusticus Girard. 
Reported only from Osage river. 

9. Oambams pilosus Hay. 

This somewhat questionable species has been reported from 
two localities comparatively close together in the north-central 
portion of the state. 

Mr. Sutton informs me that his material (2) was collected 
in Kelos Fork, a *'wet weather'' stream of fresh water which 
flows into Salt creek, which empties into the Saline river about 
four or five miles from where the specimens were taken. At 
the time the material was taken there was no water flowing 
from the pools into the creek. During the summer of 1901, 
Mr. Sutton took material from a well about five feet in depth, 
near the above region. The water from the pools would over- 
flow into the well when the water was high. 

10. Oambams neglectus Faxon. 

4. Wildcat creek, about two miles west of Manhattan, Riley 
county. Collected with the specimens of C virilis mentioned 
above. Presented by J. N. Westgate. 

C. neglectus J so far as reported, is quite closely confined to the 
Republican river valley. The Republican river drains Chey- 
enne (2) and Decatur ( 3 ) counties. Mill creek (1) , in Wabaun- 
see county, empties into the Kansas river about fifty miles east 
of the Republican. Cat creek (4 ) empties into the Kansas river 
about twelve miles from the Republican. Tributaries of the 
Republican approach to within six miles of the upper part of 
Cat creek, but I know nothing of the nature of the country sepa- 
rating these streams. 

With the exception of the Republican river, in Cheyenne 
county (2) , C virilia has also been taken from all the above lo- 
calities. 

The Republican river, in Cheyenne county, wherever I have 
seen it, is a shallow stream, perhaps 50 to 100 feet wide, with a 
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bed of loose sand. It sometimes, though rarely, goes dry in 
places so far as the surface is concerned, but it is said that water 
can always be found by digging a few inches into the sand of 
the bed. 

During the early part of June, 1901, while near Springfield, 
Greene county, Missouri, I had the opportunity of making a 
few observations on the habits of C. neglectus. In the James 
river, near Galloway, about eight miles southeast of Spring- 
field, this was the only species observed, although probably 
not the only one occurring in the river. At this place the 
James river is a rather swift-flowing stream, with a rocky bed 
and with rather high wooded hills along the sides. The stream 
is quite shallow in the swiftly running places. The crayfish 
were quite abundant, being found under the loose stones and 
resting in the strands of the rich vegetation, which stood 
almost horizontal in the swiftly flowing water. 

The specimens were very plentiful around Boiling Springs, 
a place where one of the cold, underground rivulets of the 
region breaks through the rocks in the bottom of the stream. 

In a clear, rocky stream,* shallow in most places, flowing 
between high hills, about four miles northwest of Springfield, 
crayfish were found in abundance. The smaller and by far the 
more numerous species was C. neglectus. The animals were 
very active, darting from stone to stone when disturbed, but 
usually remaining under cover but a short time. 

In a stream flowing from Galloway Cave, at Galloway, Greene 
county, C. neglectv^ and C. rusticua were taken. At the mouth 
of the cave, C. neglectus was by far the more abundant, if not 
the only species, being found in great abundance under loose 
stones at the very mouth. The water here has practically the 
same temperature as that on the inside. The temperature on 
the inside of the cave is said to remain at fifty-seven degrees F. 
winter and summer. The animals were very inactive, the cold 
water, apparently, numbing them to such an extent that it was 
not at all diflicult to take them with the hand.^ A little dis- 
tance down the stream, where the water was much warmer, the 
animals were noticed to be as active as ever. 

2. I am not sure, in a trip across country, which of the two creeks, which flow togretlier in 
this vicinity. I examined. 

3. The water here is probably not more than fifteen degrees above that in which C. virilis 
was found to be so numb as to be almost incapable of movement. See Harris, Annotated Cata- 
loffue. 
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A Striking effect of the low temperature was noticed in the 
effect on the hatching of the eggs. Many of the females taken 
at the mouth of the cave carried eggs or recently hatched young, 
while none of those taken in the other localities were found 
with young at all. I believe I found young crayfish which had 
but recently left the female in the vegetation near Boiling 
Springs, in the James river. 

In the table following, the distribution by river systems of the 
different species is given. For convenience, the rivers of the 
state from which material has been reported have been ar- 
ranged as follows : 

MISSOURI RIVER 

KANSAS RIVER 

Big Blub River 
Republican River 
Solomon River 
Saline River 
Smoky Hill River 

OSAGE RIVER 

ARKANSAS RIVER 

Medicine Lodge River 
Chikaskia River 
Little Arkansas River 

The tributaries of any stream are arranged in order, begin- 
ning with the lower and passing towards the upper portion of 
the stream. Those tributaries emptying outside the state are 
designated by an asterisk. 

When it is impossible to determine from which of two or 
more streams a lot of material is reported, as is often the case 
when the localities given is a country traversed or drained by 
two rivers, or a town situated on some large stream, or where 
two streams join, it is reported from each, with the catalogue 
number followed by a question mark. Of course, in the greater 
number of these cades, the species will be found to occur in 
greater or less numbers in each locality. The one thing to be 
desired is, that collectors would furnish full data with their 
material. 

Whenever possible, the name of the stream from which ma- 
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terial was taken is given. When this is not possible, the term 
** tributary" is used. As a general rule, the tributaries are 
streams emptying directly into the river under which they are 
placed, and the only exceptions to this, I believe, are the tribu- 
taries of the Arkansas arising in the southeastern corner of the 
state. Stagnant ponds in the region drained by a stream have 
been classed as tributaries, even through they have no direct 
connection. 

The above method of classifying the water sydtems of the 
state will, very possibly, be found not the best for a final ar- 
rangement, but for a preliminary classification — and nothing 
more than a preliminary arrangement can be hoped for at 
present — it seems quite satisfactory. 

MISSOURI RIVER, C. virilis, (5?). 

Tributaries, C. virilis, (5?), (22), (20?) ; C. diogenes, (1) ; 
C. immuiuSy (1) . 

KANSAS RIVER, C. virilis, (3?), (6?), (11?). 

Tributaries, C. virilis, (1), (3?), (6?), (11), (18), (20) ; C. 
gracilis, (2) ; C, diogenes, (2) ; C, immunh, (2) ; Cimmn- 
nis, var. apinorostris, (2). 

Wakarusa River, C. virilis, (23). 
Rock creek, C virilis, (14). 
Washington creek, C. virilis, (15). 
Coon creek, C. virilis, (16). 
Wildhorse creek, C. virilia, (17). 
Ward's creek, C, virilis, (2) ; C, immunisy var. spinoros- 

trisy (1). 
Mill creek, C, neglectuSy (1). 
Wildcat creek, C, virilisy (26) ; C. neglectuSy (4) . 

Republican River, C. viriliay (7) ; C neglectuSy (2). 
Sappa creek, C. viriliSy (9) ; C. neglectaSy (3). 

Solomon River, C pilosuSy (1 ?). 
Tributaries, CpilosuSy (1 ?). 

Smoky Hill River. 

Big creek, or tributary to it, C. «i?)n4/a?/5, (2) ; CimmuniSy 
(2) ; C. virilis, (8). 

Saline River. 

BuUfoot creek, C, virilis, (24). 

Spillman creek, C viriliSy (25). 

A tributary of Salt creek, C. pilosuSy (2). 
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OSAGE RIVER, C. virUis, (10) ; C. ruaticus, (1). 

ARKANSAS RIVER, C. virilis, (4 ?). 

♦Tributaries, C. nais, (1) ; 0. gracilis^ (1). 

Tributaries, C. virilism (4 ?) ; C. gallinas, (3). 
*Coal creek, C. nais, (2). 
* Labette creek, C. virilis^ (21). 

Chikaskia River. 

Tributary, C. virilis^ (9) ; C. gallinaSf (2), (4). 

Little Arkansas River. 
Tributary, C gallinas, ( 1 ) . 

Medicine Lodge River. 
Tributary, C. aimulans, (1), 

Laboratory of Zoology and Histology, 
Uniysrsity of Kansas. 



OBSERVATIONS ON THE POLLINATION 
Of Solanum rostratum Dunal and Cassia chamsBcrista L. 

BY J. ARTHUR HARRIS AND OSCAR M. KUCHS. 

With Plate I. 

IN 1882 Professor Todd published his interesting observa- 
tions^ on the pollination of Solanum rostratum and Cassia 
chamwcrista. Since that time, so far as the writers are aware, 
nothing has appeared upon this subject. During the months 
of August and September, 1901, opportunity was afforded the 
writers for making more extended observations on these species. 
The notes here given are the result of these observations. In 
some respects, these observations, or the conclusions drawn 
from them, differ essentially from those made by Professor 
Todd ; in others they are practically the same. The writers 
feel that, even where observations or conclusions are the same, 
the confirmation of Professor Todd's results is of value, since 
the data have been collected in a different locality and a different 
year. 

It must be borne in mind that the lack of agreement between 
the observations in the present paper with those made by Pro- 
fessor Todd is probably largely due to the inferior quality of 
his material. S. rostratum had been but recently introduced 
into southern Iowa when Professor Todd's article was written. 
It apparently did not thrive very well, the greatest number of 
flowers mentioned as appearing on any one plant being ten— a 
very small number to be produced by a plant of any considerable 
size. While also an introduced plant in eastern Kansas, it has 
been long and well established, and grows luxuriantly.* 

The data upon which the conclusions here given are based 
have been given largely in tabulated form. For the present 
purpose, it might have been suflBcient to give only the sum- 
marized results of some of the tables. They have, however, 

1. Todd Prof. J. £. : On the Flowers of Solanum rostratum and CasMia c?iama'crista, Amer. 
Nat., Tol. XVI, pp. 281-287. 1882. A brief review of Todd's paper is firiyea by Dr. P. Knuth, Hand- 
bach der Blatenbiologie, Leipzig, 1898. 

2. Aoeordins to Carrath— Carmth, J. H., Catalogue of Plants seen in Kansas, with addi- 
tions by Prof. P. H. Snow and Prof. £. Hall— iS. rostratum first appeared in Kansas in 1864. 
This date probably refers to eastern Kansas. Dr. S. W. Williston informs the writers that it at>- 
peared aroand Manhattan in 1860 or 1861. 

(15) 
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been inserted in full, since the writers hope that they may be 
useful in future work on these plants, and since they believe 
that the collection of carefully prepared statistical data of this 
kind is very valuable for the decision of some biological ques- 
tions. 

The writers wish to express their gratitude to W.C. Stevens, 
professor of botany, for suggestions on the work, and to Hugo 
Kahl, entomologist of the University of Kansas, for the identi- 
fication of the insects. The drawings were made by Miss Mar- 
guerite E. Wise. 

S. roatratum is a low, spreading, bushy annual, sometimes 
attaining a diameter of four or five feet and a height of one and 
one-half feet.' The pinnately lobed leaves, as well as other 
parts of the plant, are beset with strong prickles. It seems to 
be especially adapted to arid regions, thriving on the dry plains 
of the Southwest.* 

The material studied by the writers grew, for the most part, 
in clayey soil, around old stone-quarries on Mount Oread, a pro- 
jection of the Kaw river bluffs. A brief examination was made 
of material growing in waste places in St. Joseph, Mo. 

During the very severe drought, which extended up to August, 
S. rostratum was one of the few plants which were apparently 
uninjured and blossomed with any considerable vigor. The 
most of the observations were made after the drought was broken 
by the rain of August 9, when the plants were in the height 
of their flowering season. 

The flower has a somewhat irregular, wheel-shaped, gamo- 
petalous corolla, bright yellow in color. Four of the stamens 
are normal in their structure, but the fifth, which is on the lower 
side of the flower, has attained a length almost twice that of the 
others. Its anther is large and tapering. At about the middle 
it is crooked a little toward the outside, and its slender, tapering 
apex is curved upward. The filaments of all the stamens are 
very short, bringing the anthers close up to the base of the 
corolla. The small anthers are of about the same color as the 

3. One spocimen observed growiner in rich soil back of a feed-store in St. Joseph, Mo., 
in early September had a diameter of over seven feet and a hei^rht of three feet. The plant 
miffht be considered as normally developed, having produced apparently the normal namberof 
seed pods, and so would not be classed with the rank vegetative development which plants 
sometimes show when grown in very rich soil. 

4. 8. roMtratum appears to be better adapted to zerophytic conditions by its extensive root 
system than by any adaptation for the prevention of evaporation of water. When cut down on 
a warm day, the plants wilt in a very few minutes. Roots extend down sometimes for more than 
three feet, so that the plants generally appear perfectly fresh when others around are wilted and 
drying up. 
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corolla, varying sometimes to a greenish yellow. The large 
anther, however, is quite diflFerent ; the proximal half being of 
a greenish yellow, while the distal half has a more or less pro- 
nounced purple color. Professor Todd, in his paper, does not 
speak of the color of the anthers, but Fritz Mueller,* in writing 
of S. rosiratumy says: **A11 the anthers, as I am informed by 
Professor Todd, are of the same dull yellow color." All the 
material examined by the writers from this locality shows a 
decidedly different color for the distal half of the large stamen. 
It seems hardly probable that material growing in Iowa should 
show such a marked difference, but in case this statement is 
not the result of an oversight on the part of Professor Todd, it 
is of considerable interest. The anthers dehisce by terminal 
pores, as is common in the genus to which the plant belongs. 

The two lower lobes of the corolla are produced into short 
wings, which in the bud enfold the pistil and the large stamen, 
which is clearly differentiated as such in the youngest buds in 
which the stamens may be discerned by careful dissection. In 
the bud the pistil lies immediately above the large stamen, but 
upon the opening of the flower extends between the filaments 
of the large stamen and that of the small stamen either to the 
right or to the left. 

Professor Todd's statement is: **The pistil in any flower 
turns toward the axis of the raceme.*' While in a general way 
this is true, the statement might be more clearly expressed, 
since it is only in the general direction of the pistil as a whole 
that it points toward the axis of the raceme. 

The style is not inserted perfectly perpendicularly upon the 
top of the ovary, but bends slightly downward from the longi- 
tudinal axis of the flower. Professor Todd has overlooked this 
point in his figure. Throughout the remainder of its course 
until near the tip it is almost straight. Thus it will be seen 
that the large stamen and the pistil are placed almost opposite 
each other on the lower side of the flower. The angle between 
their incurved ends, which approach within about three mm. of 
each other, is about seventy degrees, thus causing them to point 
toward opposite sides of the flower. Thus it will be seen that, 
since the flowers are arranged alternately on the opposite sides 

5. Maeller, Fritz: Two KiDds of Stamens with Different Functions in the same Flower, Na- 
ture, Tol. XXVII, pp. 864. 365, 1883. 

2 -Kan. Uniy. Sci. Bull., Vol. I. 
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of a simple, bractless raceme, and the tip of the large stamen 
always points toward the axis of this raceme, the flowers on 
the opposite sides of the raceme have both the stigma and the 
pores of the large stamen turned in opposite directions. 

Professor Todd says : **The flowers are arranged on simple, 
bractless racemes which extend in a horizontal position/' The 
material examined by the writers does not quite agreee with 
this observation, the most of the racemes extending upward at 
a considerable angle. Ten racemes from diflFerent plants were 
selected at random and their angle above the horizontal taken. 
From the table, it will be noted that the nearest approach to the 
horizontal is fifteen degrees above, one raceme is vertical, and 
the average of the ten is fifty-seven degrees above the horizontal. 





TABLE A. 






I 


65^ 


VII 




60^ 


II 


75^ 


VIII 




80 


Ill 


45 


IX 




50° 


IV 


90 


X 




45- 


V 


15^ 








VI 


45^ 




Average 


57 



The terminal portion of the raceme, bearing the buds, is 
strongly decurved, so that unopened buds obstruct in no way a 
clear view of the conspicuous flowers, which thus appear to be 
terminal. The racemes,. when in flower, are so far to the out- 
side that the flowers are ver}- little screened by the foliage, 
whose dark green background renders them more conspicuous. 

The fact that the racemes extend upward at some angle from 
the horizontal, by bringing the flowers above the foliage, renders 
them more conspicuous. 

The terminology used throughout this paper is the same as 
that suggested b}^ Professor Todd. Those flowers in which the 
pistil as a whole extends towards the right hand, facing in the 
same direction as the flower, will be called right-handed, and 
those in which the pistil as a whole extends toward the left, 
left-handed. It will be seen that, since the tips of pistil and 
large stamen approach each other, as above described, the tip 
of the pistil in a right-handed flower turns considerably toward 
the left, and vice versa. The flowers on the right-hand side of 
the raceme, as we pass out from the central axis of the plant, 
are always left-handed, and those on the left side, right-handed. 

Professor Todd found from the examination of a small series 
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of material that about an equal number of right- and left-handed 
flowers is produced. He also says: ''It is also a fact of ob- 
servation that the flowers of a cluster on any one branch and 
opening about the same time are either all right-handed or all 
left-handed. Any plant, however, if it is at all large, exhibits 
right- and left-handed flowers in about equal numbers.'' 

The regularity with which the flowers are divided into the 
two classes is very striking. Table B shows the condition of 
ten plants observed at the same time. 

TABLE B. 

Plant 1 7 pistils right-handed, 7 left-handed. 

II 6 *» " 6 



11 
it 
t( 
t( 
t( 
it 
ti 
it 



III 8 " " 9 

IV 29 '» »' 31 

V 11 •' " 7 

VI 10 ** " 7 

VII 10 *» ** 13 

VIII 3 •• »* 3 

IX 3 '' " 2 

X 6 " *» 9 



Total.. 10 93 pistils right-handed, 94 left-handed. 

So in these ten plants the number of right- and left-handed 
flowers is practically equal. The greatest difference in the 
number of the two kinds is seen in number X, where forty per 
cent, are right-handed and sixty per cent, left-handed. 

Considerable care was exercised in determining the number of 
right- and left-handed flowers opening on the racemes of differ- 
ent branches at the same time. 

Only those flowers were considered which had opened simul- 
taneously. In order to effect this, all the flowers were removed 
from the plant the evening before and note was made of the 
condition of those opening the next day. 

The following diagram shows the conditions of flowers open- 
ing on three plants on the morning of August 20, braces indi- 
cating the branches of the plant, and the straight lines the 
racemes ; the numbers of right- and left-handed flowers being 
indicated under the raceme by r and I. (See page 20.) 

From the table, it will be seen that there are on the first plant 
8 left- and 11 right-handed flowers; on the second, 24 left- 
and 27 right-handed; on the third, 7 left- and 9 right-handed 
flowers. The numbers of right- and left-handed flowers occur- 
ring on the divisions a and b of the main branches, A and B, of 
the three plants, are as follows : 
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I.— Aa, 21, Ir; Ab, 11, 3r; Ba, 4/, 4r; Bb, 11, 3r. 
II.— Aa, 81, 13r; Ab, 131, llr; Ba, 11, Bb, 11; B, 21, 3r. 
III.— Aa, 4Z, 2r; Ab, 2i, Ir; Ba, 3r; Bb, Ir; B, 2r, 11. 

Oq the three plants, with 36 racemes bearing branches, there 
were 18 branches which produced only one kind of flowers. 
Of these branches, however, 15 bore only 1 flower each. 
From this it will be seen that the flowers opening at the same 
time on any one branch are not all either right- or left-handed. 
In the large branches, A and B, the number of the two kinds 
is quite evenly distributed; in only one case — branch B of 
plant III — is a large per cent, of the flowers alike. . Even in 
branches of the second denomination — Aa, Bb — flowers of one 
kind occur exclusively, where more than one flower is found, 
only in Ba of plant III. 

In addition to the above table, observations were made on 
three plants to determine the regularity with which they bore 
right- and left-handed flowers. On three successive mornings 
the plants had produced : 



First morniD^ . . 
Second morniDg 
Third morniDg . 

Totol 



I. 



Right. 



7 

7 

16 



30 



Left. 



7 
11 
10 



2S 



IL 



Right. 



6 

10 

8 



24 



Left. 



6 

7 

12 



25 



IIL 



Right. 


Left. 


8 


9 


14 


17 


13 


10 



35 



36 



It will be noticed that when a marked excess of flowers of 
one kind occurs one morning, a somewhat proportionate excess 
of the other type occurs the following morning. This is of 
course necessary if an equal number of the two types of flowers 
are to be produced and, to a certain extent, to be maintained 
on the same plant ; and is to be expected from the alternate 
occurrence of the two types on opposite sides of the raceme. 

The flowers open early in the morning and remain open from 
three to four days, depending somewhat upon the condition of 
the weather. Some which were covered with cheese-cloth 
** tents'* were noticed to remain open almost a week. At the 
end of this period the corolla wilts and falls off*, as does also 
the pistil. The flowers seem to partially close at night. 

A limited series of experiments were made to determine if 
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self-fertilization and cross-fertilization between flowers of the 
opposite type opening simultaneously on the same raceme are 
possible/ 

The writers have not made sufficiently extensive observations 
to arrive at any general conclusions of value as to the compara- 
tive fertility of cross- and self-pollination, either between flowers 
on the same or different racemes, or between the flowers of dif- 
ferent plants, but they have been able to obtain a limited series 
of deflnite results which may be of interest. 

In making experiments to determine these points, all old 
flowers w.ere removed from the plants in the afternoon or even- 
ing and the plants covered with a small *'tent'' of cheese-cloth. 
The cheese-cloth was of a mesh sufficiently small to prevent the 
access of any insects large enough to effect pollination, while 
large enough to allow a ready circulation of air and good il- 
lumination. The following morning pollination was effected 
between the flowers which had opened by tapping pollen from 
the large anther onto a clean glass slip and transferring it to 
the stigma of the same or another flower. The plant was then 
again covered and allowed to remain so, except when examined 
from time to time, until the corolla and pistil had fallen off. 
The following results were obtained from three plants upon 
which observations were made : 

Plant I. 

August 20. (a) Twelve stigmas pollinated with pollen from 
large stamen of the same flower. (6) Cross-pollination effected 
between two flowers which had opened on a raceme at the same 
time. 

August 22. (a) Five of the twelve flowers had fallen off. 
(6) One flower had fallen off. The other seemed to be develop- 
ing. 

August 24. (a) Five ovaries with their corollas fallen off ap- 
peared fresh and healthy and seemed to be developing. Two 
more of the twelve had dropped off. (b) Remaining pod seemed 
to be thriving. 

6. Experiments for the detormination of the fertility of close and cross-fertilization are 
always interestinff, bat arc of esiiecial interest in the case of a plant sach as s, rostratum. in 
which, if the metnod of pollination described by Professor Todd is the one actually depenued 
apon, cross-pollination is sometimes possible and sometimes impossible on the same raceme. 
Of coarse, if, as suffffsted in the latter portion of this paper, the method of pollination soff- 
firested by Professor Todd is not the only one, these experiments do not have the interest which 
they otherwise would. 
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August 26. (a) Four of the five ovaries were clearly develop- 
ing. The fifth appeared doubtful. 

September 13. (a) Three fully developed pods remained. (6) 
Development of pod arrested when about half grown. 

Plant II. 

August 20. (a) Four flowers self-pollinated as with plant I. 
(6) Cross-pollination effected on seven racemes between flowers 
which had opened simultaneously on the racemes. 

August 22. (a) All yet on. (6) One flower of a pair had fal- 
len off. 

August 24. (a) Two ovaries remained and looked as though 
they might develop. (6) Three pairs fallen off at raceme. The 
single pod of one pair still remained and looked as though it 
might develop. All remaining pairs seemed to be thriving. 

August 26. (a) One pod developing; the other doubtful. 
(6) Single pod of pair developing. Two pairs were thriving; 
one pair was almost grown. The third pair looked doubtful. 

September 13. (a) One pod fully developed ; the other fallen 
off. (6) One pair fully developed. One each of two other pairs 
were fully developed. 

Plant III. 

August 20. Thirteen flowers marked to see if autogamy 
takes place. 

August 22. All flowers still on the plant. 

August 24. All but two flowers had fallen off. One of these 
seemed to be developing; the other looked wilted. 

August 26. One pod was thriving ; the other had wilted and 
fallen off. 

September 13. One pod fully developed. 

From the structure of the flowers it would seem that self-pol- 
lination would be impossible. When the flower is open, the 
stigma has never been observed to be in contact with the ter- 
minal portion of the large stamen. The stamens do not dehisce 
until after the flower has opened, nor does the stigma come in 
contact with the tip of the anther in the bud ; thus, clistogamy 
would be out of the question. It appears from the results ob- 
tained from plant III that spontaneous self-pollination is pos- 
sible. Of course, however, the positive result in this one case 
should by no means be taken as conclusive evidence of self-pol- 
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lination. At the present, the most logical explanation to be 
suggested seems to be that, when the flowers partially close at 
night, the tips of the pistil and the large stamen are brought 
into contact. This might occasionally occur, but it is by no 
means always the case. At the time of the writing of this pa- 
per, material for the determination of this point is not available, 
but two or three flowers examined at night during the summer, 
before the results of the above experiments had suggested the 
importance of a careful examination of a large series of material, 
did not show the stamen and pistil in contact. Of course, note 
will be taken of the fact that in only one out of thirteen flowers 
on the plant did spontaneous pollination take place. Another 
suggestion might be that, approaching so near as they do to 
each other, a pufF of pollen might be thrown from the large 
stamen and fall upon the pistil when the plant is shaken. 

In plants I and II, it will be seen that, in the first case, three 
fully developed seed pods were obtained from twelve flowers 
the stigmas of which were supplied with pollen from the large 
stamen of the same flower. In the second case, one fully de- 
veloped seed pod was obtained from four pollinated flowers — 
just twenty-five per cent, in each case. 

In the cases in which cross-pollination was effected between 
right- and left-handed flowers opening simultaneously on the 
same raceme, we find that, in the first, one pod of the two was 
only half developed at the end of twenty days. Since the pods 
are normally fully developed in somewhat less than this length 
of time, and this undeveloped pod appears somewhat dried, its 
development seems doubtful. In the second case, one pair of 
seed pods out of seven pairs of flowers crossed were fully de- 
veloped, and one seed pod from each of two other pairs were 
fully and normally developed, making four out of fourteen 
flowers which yielded seed pods —28.5 per cent. 

Professor Todd observed only a small humblebee visiting 
the flowers of this plant. Owing, probably, to more favorable 
opportunities for observation, the writers have been able to se- 
cure other insects collecting pollen. 

The following is a list of the species : 

Agapostevion texanvs Cress. Two specimens collected August 
5, at two p. M. The insects were collecting pollen from the 
small stamens, to which they clung while they forced the pollen 
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I 

out by pinching the anthers between their fore legs. Pollen 
was stored on the hind legs. The insect was not seen to come 
in contact with the tip of the large stamen or the stigma. 

Api8 mellifica Linn. Taken at two p. m., August 5. They some- 
times came in contact with large stamen and pistil, but more 
often did not touch them at all. Occasionally both stamen and 
pistil would come in contact with the same side of the insect's 
body. Short stamens were sometimes approached from above, 
the large stamen and pistil remaining untouched. 

Anglochora pura Say. Taken at 10 : 30 a. m., August 6. Ob- 
tained pollen from the large stamen by alighting on it, crawl- 
ing to the tips, and collecting it from the terminal pores. 

HaliciuB sp. A smaller insect than the preceding one, but 
obtained pollen in the same manner.' 

No bumblebees were taken around Lawrence, although many 
were noticed working on the plants ; consequently the names 
of the species noticed cannot be given. In St. Joseph, Mo., 
there were taken at three p. m., when bees were not generally 
seen working on the plant : 

Bomhus virginicus. One specimen. 

Bombus pennsylvanicua. One specimen. 

An examination of fifty iiowers taken at this time showed 
from the dented condition of the small stamens that they had 
all been visited. 

Between eight and nine a. m., September 3, when bees were 
numerous, there were taken : 

Bombus virginicus. Two specimens. 

Bombus pennsylvanicus , Twelve specimens. 

Bombus sadellaris. One specimen. 

The writers found that the bumblebees were the principal 
agents effecting cross-pollination. It was observed that the bee 
in visiting the flower allowed itself to rest on the tips of the ex- 
tending stamen and pistil, which, being of the same length, came 
in contact with both sides of the body just in front of the hind 
legs, these being left perfectly free. The weight of the bee 
springs down both stamen and pistil. 

Professor Todd's theory in regard to the pollination of this 
plant is as follows : **The weight of the bee so springs down the 

7. As will be remarked, the above insects were all taken Auffust 5 and 6. Careful coilectiD»{ 
eitendioff over a considerable period of time would doubtless secure many other forms which 
visit the plant more or less frequently. 
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flower, that it is quite difficult, on account of the large, flexible 
corolla, to see just what is done, but repeated observations led 
me, quite satisfactorily, to this conclusion. The bee seeks the 
pollen — for the flowers have neither nectar nor odor — and this 
she uniformly gets from the four shorter stamens ; never, so far 
as I could determine, from the larger one. This she does by 
seizing each one, near its base, between her mandibles, and 
with a sort of milking motion crowds the pollen out of the ter- 
minal pores ; meanwhile, by the movements of her feet, the 
larger stamen is repeatedly sprung backwards, and as often 
throws a cloud of pollen on one side of her body ; this in a right- 
handed flower. When she passes to a left-handed flower, which, 
as was explained above, is very likely not to be on the same 
plant, the pollen is carried directly to the pistil of that flower, 
and so on. We have here, therefore, a novel apparatus for 
cross-fertilization, quite distinct from those that have been most 
commonly noticed." 

A considerable quantity of pollen may be thrown from the 
terminal pores of the large stamen upon tapping it. It thus 
seems quite possible that some pollen is thrown upon the side 
of the insect, as described by Professor Todd. All the meaning 
of Mr. Meehan's** statement is not clear to the writers, but he 
says, in speaking of Professor Todd's results: **In regard to 
the manner in which the pollen is extracted, he found that *this 
she does by seizing each anther near its base between her man- 
dibles, and, with a sort of milking motion, crowds the pollen 
out of the terminal pores.' If this were the general way, there 
would be no necessity for any pollen being ejected from the 
long stamens, for the stigma would surely receive some during 
the * milking' process; and the pore at the apex in the long 
anther is beyond the line of the stigma, so that on ejection from 
the pore the pollen would go still farther beyond.'' 

It seems that this statement is of considerable importance for 
S. rostratum as well as for ('. marilandica. Professor Todd very 
evidently overlooked the fact that, in securing the pollen from 
the small stamens and transferring it to the hind legs, the sides 
of the insect are sure to be well dusted with pollen from these 
stamens. In the case of Apis mellifca, as noted above, there is 
no certainty that in visiting the flower the same side will be 

8. Meehao, Thomas: On the Fertilization of Casiia marilaiuUca, Proc. Acad. Nat. Sci. 
Phiia., 1886, pp. 814-818. 
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turned toward the stamen or pistil. Even in the case of large 
insects, such as BomhuSy it would seem that the probability that 
the stigma will be supplied with pollen from the large stamen 
exclusively is very small. It seems improbable that S. rostra' 
tarn should depend exclusively upon such an uncertain method 
of pollination as the projection, by the jarring of a stamen, of 
a puff of pollen upon the side of an insect, and the subsequent 
transfer of this pollen to the stigma of a flower of a different 
type. Of course, it is not improbable that a part of the pollen 
is furnished by the large stamen, as suggested by Professor Todd, 
but that fertilization should be effected exclusively by this means 
seems highly improbable. 

The pollen from the large stamen has been shown to be 
fertile in a certain number of cases, but unfortunately oppor- 
tunity was not offered for experiments on the fertility of pollen 
from the small stamens. A rather hasty microscopic examina- 
tion of fresh, unstained pollen from the large and small stamens 
reveals no very striking difference in form. 

In C. marilandica, Meehan* found that the large, strong stamens 
on each side of the pistil served only as a platform upon which 
the insect could rest while procuring the pollen from the small 
stamens. He found that the lower stamens, while filled with 
pollen, did not dehisce of their own account, nor were they 
opened by the insect.'^ 

9. Meeban, Thomas, toe. cU, 

10. It moat be stated that in a later paper [ Robertson, Charles: Flowers and Insects, V. 
Bot. Oaz.t vol. XV, No. 8, pp. 199-204], Charles Bobertson does not give the same results as those 
found by Thomas lleehan. Robertson says: "Two long stamens, one on each side of the style, 
famish pollen for cross-fertilization. They have inflated anthers which probably have a bel- 
lows-like action, like the long stamen of Solanun ront'otutn and Rhexia virginica.** Meehan 
states expressly in his paper that in case of (\ marilandica he was sure no pollen was ejected, 
as Todd foand for 8, routratuntt since in the flowers, which were covered with a gauze bag, the 
membrane at the apex was never ruptured when the stamens were ready to fall. Rebertson 
describes the method of extracting the pollen in C chamcecritta in a way which is essentially 
the same as Todd gives for <V. rostrntum. He then says, in speaking of V. marilandica: " Four 
small stamens furnish pollen for the visitors. Bumblebees milk the pollen out of these, using 
their jaws, as in the case of cfuimarcristo.** Meehan says : " Nor was there any draw-out of the 

fDllen, as observed by Professor Todd. It is abstracted solely through the pores ; and, although 
could see no evidence that such was actually the case, I suspect that fertilization could only 
occur through some of this extracted pollen escaping from the insect to the stigma." It must 
be noted here that the method which Meehan describes for the method of opening of the anthers, 
the pollen being "abstracted solely through the pores,'* does not agree with the method de- 
scribed by other observers. Leclerc du Sablon, in a paper, " Recherches sur la Structure et la 
I)ehisceDce des Anthers," in vol. I of the seventh series of Annaleti des Sciences Nouvelles, dis- 
cusses the anatomical modifications of the anther walls, by which dehiscence is secured. His 
obeerrations cover Camia cremophilia and SoJanvm (sp. 7) His observations do not cover 
a suflScient number of species to make them of the greatest value in deciding the present points. 
The author presents, in a condensed form, his results in: Note sur la Dehiscence des Anthers, 
La Belgique Hortieole, vol. XXXIV, pp. 148-150. 1884. Robertson says, in speaking of the cen- 
tral of the three long stamens : " Bees, no doubt, force the poUen out of this as thev do from 
the short stamens." Meehan says : " I watched a mass of plants containing eighty-eight flower- 
stems oo the dOth of July, and the same lot for an hour on the 6th of August, but saw no at- 
temot to get pollen from the longer anthers or to use them in any way but as a platform. It 
would indeed be hardly possible for the bee to stand anywhere so as to get power to pierce the 
apical membranes of the longer stamens. When the flower matured ana the anthers were 
ready to fall they were examined— the four short ones were empty sacs — the three lower ones 
proved that they had not served any purpose to the bees, for they were full of pollen." 
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The lower stamens and the pistil of the Solanum under con- 
sideration serve the purpose of a platform when the flowers are 
visited by the larger bees. It seems to the writers that this is 
not improbably the function of the greatest importance of the 
observed arrangements of the stamen and pistil in S. rostratum. 
In C. marilandica^ the pollen for fertilization, as well as for the 
attraction of the insect visitor, is furnished by the small sta- 
mens, while the pollen produced by the larg^ stamens appears 
to have no function." The condition is not so specialized in the 
species of Solanum under consideration. Here the pollen pro- 
duced by the small anthers serves for the attraction of insects 
and, as it seems to the writers, for fertilization, while the large 
stamen, in connection with the pistil, serves as a support for 
the visiting insect, and possibly furnishes some pollen for cross- 
fertilization. *- 

In reference to the relative amount of pollen produced by a 
large and small stamen, Halstead has given a note, in his paper 
in the Botanical Gazette.*' The material in the hands of the 
writers at the time of the writing of this paper is not suitable 
for a verification of Mr. Halstead's results ; consequently they 
are simply quoted on his authority. Even if the amount of 
pollen produced by the large anther is no greater than that pro- 
duced by one of the smaller, it is still very considerable, as may 
be readily seen by tapping it out on a glass slip. He says : 

**The single large stamen of Solamnn rostratunij with its beak- 
like appearance, is a giant among its fellows, but does not ex- 
ceed them in the production of pollen, for, while three or four 
times larger than the others, its thecte are reduced to narrow, 
curved lines of mother-cells. The ordinary stamens, on the 
the other hand, possess unusually large cavities in which the 
pollen is borne. The giant stamen, in cross-section, is shown 
at a, in fig. 3, while a similar section of an ordinary stamen is 
shown at />. The almost infertile condition of the large stamen 
reminds one of the structure of the stamens of the cultivated 

11. This, of course, in case, as Meeban 8tate8, the larfire anthers do not dehi^ce. Of coun:e 
the statement loses entirely its significance if, as Robertson states, the lar^ stamens furnish 
pollen for cross-fertilization. 

12. While the experiments made upon artificial pollination were very limited, it will he 
seen that the pollen from the large stamen in no case fertilized oyer twenty-nine per cent, of the 
Howers pollinated from it. These flowers, however, were on the same raceme; so the low per 
cent, might be due to this, or to the mechanical manipulation. The suggestion that the pollen 
of the large stamen is less fertile than that of the smaller ones is at least interesting as a work- 
ing hypothesis. 

13. Note.s on Stamens of Solanacea*, Bot. Gaz., vol. XV, pp. 103-106, 1890. 
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potatoes. In these, while large and plump, there is almost no 
pollen-bearing layer, and usually no apical pore opens for the 
discharge of pollen." 

In C. marilandicay as Meehan has shown, autogamy is impossi- 
ble, while in S, rostratum autogamy may possibly sometimes 
take place. 

The bee visits the flower for pollen ; contrary, however, to 
the statement of Professor Todd, that **the flowers have neither 
nectar nor odor,'' the writers observed that, especially in the 
early morning, the odor was decidedly pronounced. It was ob- 
served that the bee collected no pollen from the large stamen, 
but took it regularly from the four smaller. This it did by 
grasping the anthers, one at a time, near the base, and forcing 
the pollen out through the terminal pores, by pinching it through- 
out the length between its mandibles. An exception to this in 
the case of Agopostemon texanus Cress, is already noted in the 
list of species. It will be remarked that our observations on 
this point correspond in general to those of Professor Todd. 

Of course the statement of Professor Todd, that the next 
flower of the opposite type which is visited by the bee is very 
apt to be on another plant, loses entirely its significance, since 
it has been shown that the flowers on a branch are not at all 
likely to be all right- or left-handed. In visiting the flowers, 
the bumblebees, as a general rule, simply pass to the flower 
most conveniently at hand, and this flower is very apt to be on 
the same plant, especially where the plants are at all large. 
The bumblebees especially work vigorously in the early morn- 
ing. In a patch of S. rostratum examined between eight and 
nine o'clock, in St. Joseph, Mo., nearly all the flowers had 
already been visited. At this time fifteen specimens of humble- 
bees were taken. A great many flowers would be visited by 
the bee before it found one which had not already been de- 
spoiled of its pollen. In visiting such flowers, the bee would 
alight for a moment on the pistil and large stamens, as de- 
scribed above, and then pass on to the next flower when it had 
ascertained that there was no pollen present. In this way over 
twenty flowers may be visited in a minute. It will be seen that, 
when the bees are at all numerous and as well dusted with 
pollen as they usually are, the pistil is almost certain to re- 
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ceive pollen, and fertilization to be effected, especially if the 
pollen from the small stamens is functional. 

Among other insects found visiting the plant, the honey-bee 
was most frequent. 

As will be noticed from our list, some insects visit the plants 
• without effecting cross-pollination. Those insects which obtain 
pollen in an illegitimate manner do not secure it from the small 
stamens exclusively, but almost invariably visit the large sta- 
men as well. 

The adaptation of the plant to propagation by the production 
of seeds is of considerable significance.'^ 

A normal plant will produce in the neighborhood of 7000 
seeds. In making observations on this point, it was found from 
five pods examined there was an average of fifty-six seeds. 

Pod 1 contaiDed 66 seeds. 
it 2 «i 53 ii 

t( 3 it 51 it 

a 4 a 53 ti 

it 5 it 58 ii 

281 seeds; av., 56. 

Pods 4 and 5 were from the same plant but separate racemes ; 
the others were from different plants. In determining the 
average number of seeds produced by the plant, five plants 
growing normally and in different localities were observed, with 
the following results : 

Plant 1 192 pods. 

»* 2 50 ** 

»' 3 66 *• 

»» 4 113 »* 

*• 5 210 *' 

Taking the average of fifty-six seeds per pod obtained above, 
we see that the plant producing 122.5 pods, the average from 
the preceding table, would produce about 7000 seeds. 

One plant was observed upon which occurred fifty-five to 
sixty racemes. Allowing the low average of six pods to the 
raceme, the plant will produce in the neighborhood of 20,000 
seeds. Occasionally a very large plant is observed which pro- 

14. ObserTations on the Dumber of seeds produced aud the surety of fertilization may be of 
especial interest, when the wonderful distribution whicli this plant has attained in recent years 
is taken into consideration. The original habitat of S. rontralum was the southwestern por- 
tion of the United States. It has since spread over a large part of the United States, in many 
places being recognized as a very noxious weed. It is also reported from several European lo- 
calities. Reports on the destruotivecess of the plant as a weed may be found in publications of 
the agricultural departments, as: Dewey, L. U., A Weed Bulletin, Farmers' Series. No. 28, U. 
S. Dept. Agr. ; Pammel, L. H., Two Noxious Weeds, Bull. Iowa Exp. Sta., ItSHH. L. H. Pammel. 
— Distribution of Some Weeds in the United States, especially Jva xanthifolia, Ixictiica 
acarioUit fifolanuvi carolineiim^ and Holanum roitratum^ Proc. Iowa Acad. Sci., 1895, vol. II, 
pp. 108-127 — gives the eastward migration of this weed up to 1895. 
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duces as many as 125 racemes. Allowing the same low aver- 
age of six pods to the raceme, it will be seen that on a plant of 
this size there will be produced in the neighborhood of 40,000 
seeds. 

Only a very small proportion of the ovaries fail to develop. 
Out of the forty-one racemes observed in five plants, taken at 
random in different localities, results were obtained as follow^s : 

Plant I, 5 racemes, 53 pods, 4 failed. 
'* 2. 5 ** 42 ** 3 ** 

•* 3, 9 " 55 *» 5 *» 

'* 4, 11 ** 91 ** 6 ** 

»» 5,J1 ** J21 ** _5 •» 

41 racemes, 367 pods, 23 failed, or 6.2 per cent. 

According to these figures, not more than 6.2 per cent, of the 
ovaries failed to be fertilized. 

While Cassia champrcrisia is usually abundant in Douglas 
county, owing, probably, largely to the severe drought, oppor- 
tunities for study were not nearly so favorable as for Solarium. 
The material studied was found growing, for the most part, in 
somewhat shaded localities on the banks of Lake View. 

Professor Todd has given very well the points in the struc- 
ture of the flower of this species. He says : **The points that 
are of interest to us are the sickle-shaped pistil, the stamens 
with long, rigid anthers opening by terminal pores, and the 
most of them pointed toward the incurved petal, which is al- 
ways on the opposite side from the pistil.'' 

The flowers are arranged in small clusters a little above the 
axils of the leaves. In some cases the axillary bud also de- 
velops into a flower cluster. The axillary clusters have been 
considered separately in the calculations made upon the condi- 
tions of the flowers. 

Owing to the lack of material. Professor Todd was unable to 
determine any definite law governing the arrangement of the 
flowers in C. charmrcrista. This the writers have attempted to 
do. The determination of any law governing the order of de- 
velopment of the flowers in a plant like C. chamircrista^ where 
they are arranged in clusters developed from buds produced on 
the main axis, and the development of which is probably accel- 
erated or retarded by various conditions, is much more diflScult 
than in S. rostratuvi, where they are produced on a definite 
raceme, which is early differentiated from the terminal growing 
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point, and at first develops more rapidly than the bud which is 
to continue the main axis of the branch.*® 

Abundant material in apparently the best condition was 
found growing around Lake View. Ten plants from this lo- 
cality were examined, and their condition is here given in tabu- 
lated form. In the table following, the number of the plant is 
given in Roman numerals, the numbers of the branches follow- 
ing it in Arabic numerals. Beginning with the lower por- 
tion of the branch and passing upward, the flower clusters 
are numbered consecutively. These numbers, designated by 
''cluster/' are given in the first line at the top of the table. 
In the column beneath each of these numbers is shown the 
condition of the flowers of that cluster on the diff'erent branches 
of the different plants. The table was arranged in this form, 
not because a comparison of the condition of clusters of the 

15. The racemes of 8. ro$tratum are produced by a scorpoid sympodial dichotomy of the 
branch, in which the racemes represent the alternate branches. At first the raceme develops 
much more rapidly than the bad which is to continue the main stem, and so the racemes, when 
flowering, are always well towards the outside of the plant. 
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same number is especially desired, but because this seemed the 
most compact form in which it could be arranged. Id the col- 
omns under the different clusters, the condition of the flowers 
is designated as follows : r=right-,;—left-hauded flower ; b— 
bud ; br and bl designate buds which are so well developed that 
it is possible to determine whether they are right-handed or 
left-handed — these buds will probably open the following 
morning ; a=-a bud or flower which has fallen off or failed to 
develop ; A, indicates that the whole cluster has failed to de- 
velop. When an axillary cluster is developed it is included in 
a brace, with the cluster occurring immediately above it, the 
axillary cluster always being placed below. A seed pod is des- 
ignated by p. 

In the last column to the right the condition of each branch 
is summarized, and finally the grand total is given at the foot 
of the column. 

In table I) we have taken into account 241 tlower clusters, 

»-Kaa. DdIt. Bot. Ball.. Vol. I. 



34 KANSAS UNIVERSITY SCIENCE BULLETIN. 

and 21 which are either abortive or injured. The number 
of abortive clusters might be somewhat increased if great 
care had been exercised in looking for the accessory buds just 
above the axils of the lowest leaves on the branches. As a rule, 
however, the first internode or so, if questionable, was omitted. 
From this it would seem that about eight per cent, of the clus- 
ters fail to develop, a percentage which would probably be 
somewhat increased if care had been exercised in noting the 
buds where development had been arrested at a very early stage. 

On the 10 plants, 14 axillary clusters were produced, being 
5.5 per cent, of all the developed clusters. Of these 14 clusters, 
2 produced 2 buds each, the others only 1 ; an average of 1.14 
flowers per cluster. The 241 normally developed clusters pro- 
duced 773 buds, an average of 3.27 flowers per cluster. Of the 
773 buds produced on the 10 plants, 22 are found to be injured 
and fail to develop normally ; a percentage of 2.84. 

While the series of material is too limited to permit of in- 
dulging in generalizations, it might be of interest to note that on 
40 plants bearing 332 seed pods, taken from two square feet 
of ground, September 4, and 3 other plants producing 130 
seed pods, taken at the same time, not a single pod developed 
from an axillary cluster was found. These plants, however, 
with the exception of the last three, represent all produced on a 
definite area. It might npt be improbable that the smaller, 
crowded plants would not be so likely to produce axillary clus- 
ters as the larger i^lants growing under more favorable condi- 
tions. We may at least conclude from this that the axillary 
flowers are of little consequence in the seed-producing capacity 
of the plant. 

For the sake of convenience, it has been deemed advisable to 
summarize in table E the conditions of the flowers and buds 
which will probably open the day following, as given in table 
D. From this table, it will be seen that on the day the plants 
were examined 42 flowers were open — 5.4 per cent, of the 
773 buds produced on the 10 plants. These flowers as well as 
the buds, 36 in number, which were to open the next day, 
are equally divided into right- and left-handed. 

The buds which are next to open do not, in any of the cases 
noted in the above tables, occur on a cluster with flowers which 
are already open. 
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There seems to be no law governing the production of right- 
and left-handed flowers on the opposite sides of the main axis 
of the plant. Sometimes two right- or left-handed flowers will 
be produced in succession on one side of the raceme, and some- 
times right- and left-handed alternate on the same side. 

Concerning the method of pollination in C chamvccrhiay the 
writers have not been able to thoroughly satisfy themselves. 
Todd says : ** I consider the following explanation most prob- 
able : In getting the pollen, some grains are dropped on the in- 
curved petal, and by it made to adhere to points of the bee, 
and to such points in a right-handed flower as will carry it to 
the stigma of a left-handed flower, and vice versa,'' Robertson^^ 
says : **The pollen, being thus forced out of the terminal anther 
pores y falls either directly upon the bee or upon the lateral petal 
which is pressed close against the bee's side. In this way the 
side of the bee which is to the incurved petal receives the most 
pollen. ... A bee visiting a left-hand flower receives 
pollen upon the right side and then flying to a right-hand flower 
strikes the same side against the stigma." 

It is very diflScult to see just what takes place when the 
flowers are visited by a large insect, but the writers have ob- 
served that when they are visited by honey-bees, for instance, 
the insect supports itself by hooking his left hind leg over the 
terminal, upturned portion of the stigma in a right-handed 
flower, and the right leg in a left-handed flower. The pistil 
then would serve the function of support for the insect visitor. 
It was noticed that sometimes bees would attempt to get the 
pollen by approaching the flower from some direction other 
than that described above. The insect usually failed in this, 
and after one or two unsuccessful endeavors would give up the 

16. RobertsoD, Charles, loc. vit. 
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attempt and support itself by placing the leg over the terminal 
portion of the pistil while it secured the pollen. The function 
of the incurved petal is not perfectly clear. With an insect 
well dusted over with pollen from both right- and left-handed 
flowers, it seems improbable that cross-fertilization in any 
considerable number of cases should occur from some grains 
dropped on the incurved pistil. 

The writers are not sure that the insect in flying to another 
flower strikes the tip of the pistil against the side, as stated by 
Robertson. Certainly, in many cases, the insect, while collect- 
ing the pollen, supports itself by placing one leg over the tip 
of the pistil. When the leg bears a large mass of pollen, which 
is being stored there, it seems hardly possible that the flowers 
could fail to be pollinated. It might be suggested that, since 
the stamens for the most part point in the direction of the in- 
curved petal, the function of this petal is to prevent access to 
the stamens, except in the cases in which the insect supports 
itself by means of the pistil. While this seems to the writers, 
at the present time, the most logical of the two functions so far 
suggested, much more careful observation work must be done 
before this point is finally decided. The petal may to a certain 
extent, in connection with the pistil, serve as support for the 
insect. Todd and Robertson observed only bumblebees visiting 
the flowers. The writers obtained : 

Apis mellifca Linn. Lake View, August 7. "Seven specimens. 
Agapostemon texamis Cress. Lake View, August 7. 
Mellisoides bimaculata (St. Farg) Lepl. Lake View, August 7. 
Megachile petulans Cress. Lake View, August 7. 
Bomhus aeparatua Cress. Lake View, August 7. 

As in the case of Solanum, it will be seen that the collecting 
period extended over a very short period of time. More search 
would doubtless greatly increase the list. 

Robertson reports the following species as collecting pollen : 
Bomhus virginicus Oliv., B. separatas Cress., B. americanorum F., 
and B. scutellaris Cress. 

August 28, when the blossoming season for C. chavuvcrista was 
almost over, an examination of material from the above-named 
region was made for the purpose of determining the number of 
seeds produced by a single plant. Fifteen pods were selected 
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at random from different plants and the number of ovules 
counted. It was impossible to tell about the number in each 
pod which were fully and normally developed seeds or which 
would become such ; consequently this factor is not taken into 
consideration. The percentage of ovules which fail to develop 
is, however, small. The number of seeds found to the pod is 
shown by the following : 





TABLE P. 


• 


Pod 1, 13 seeds. 
II, 14 " 

III, 11 *« 

IV, 11 " 
V, 10 " 

VI, 12 " 

VII, 16 " 

VIII, 12 " 

IX, 8 " 






Pod X, 14 seeds. 
XI, 17 ** • 
XII, 18 " 

XIII, 17 " 

XIV, 15 •* 
XV, 14 " 






Total XV, 202 seeds, or 13.4 per 
pod. 



From this it will be seen that the minimum number of seeds 
found was 8, the maximum, with an average of 13.4. Since 
the pods were simply gathered at random, there is no certainty 
of gaining the maximum or minimum number of seeds, but a fair 
average of the number produced may be expected. September 
4 three plants were examined to determine something about the 
range of variation in the number of ovules produced in the pods 
of a single plant. The results are given as follows : 

Plant 1 varies from 5 .to 11. 

Plant 2 varies from 8 to 18. 

Plant 3 varies from 9 to 14. 

Plant 1 had 35 pods, plant 2 had G4, and plant 3 had 27. 

Plant 1 was selected on account of the small number of seeds 
produced per pod. 

It will be seen from table D that an average of nearly 3.3 
flower buds per cluster is produced. These were moderate- 
sized, healthy plants, producing on the whole probably more 
than the average number of clusters per plant. On the ten 
plants, there were produced 342 clusters, which bore 344 seed 
pods, instead of about 1120, the number of flowers which might 
be expected, thus giving less than thirty-three per cent, of the 
buds which produce mature seed pods. 

It will be seen that, while in the observations made on S. 
rostratum the flowers which failed to produce seed did not reach 
much over six per cent., in C. chamvecrista it is over sixty per 
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cent. In addition to this fact, it is rare to see a seed pod of S. 
roatratum which has been destroyed by insects or other destruc- 
tive agencies, while in 460 pods of C. chamsecrista which were 
examined at Lake View, September 4, not one was found which 
did not have some of the ovules destroyed by the larvse of some 
insect, and probably this would amount on the average to fifty 
per cent, of all the seeds produced, being in the case of some 
plants as high as seventy-five per cent. 

A convenient method of approaching the question of the pro- 
duction of seeds might be to determine the number of seed pods 
produced on a given area of ground. A general idea may be 
obtained from the examination of the plants growing upon two 
square feet of ground. In the first case, the plants were much 
crowded ; in the second, not nearly so much so ; in fact, it may 
be said they were growing under ** normal" conditions. It 
might be interesting to compare the results. The material for 
the two tables was taken September 4. 

FIRST SQUARE FOOT. 



PlaDt 


1, 


pods 





Plant 16, 


pods 


10 




2, 




10 




17, 




2 




3, 




4 




18, 









4, 




13 




19, 









5, 









20, 









6, 




12 




21, 









7, 




3 




22, 




6 




8, 




1 




23, 




1 




9. 




4 




24, 




5 




10, 




3 




25, 




2 




11, 









26, 




3 




12, 




25 




27, 









13, 




2 




28, 




3 




14, 

















15, 







Total, 


,28, 


pods 


109 




SECOND 


SQl 


J ARE 


FOOT. 




Plant 


1, 


pod 


1 


Plant 


8. 


pods 


11 




2, 




50 


{( 


9, 


ii 


9 




3, 




36 


(( 


10, 


li 


3 




4, 




15 


II 


11, 


iC 







5, 




48 


II 


12, 


II 


7 




6, 




34 












f 

7, 




9 


Total 


► 12, 


pods 


223 



In the first square foot of ground, where the plants were much 
crowded, of the twenty-eight plants, ten produced no seed pods 
at all, and of the remaining eighteen only six produced over five 
each. On these plants an average of a little less than four pods 
per plant was produced.. In the second lot, where, evidently. 
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the plants were not nearly so crowded, only four produced fewer 
than five seed pods, and there was a general average of 18.7 
pods per plant. 

On the first foot of ground, then, there might be produced in 
the neighborhood of 1300 seeds ; on the second, 2600. The large 
Solanum upon which 40,000 seeds were estimated would prob- 
ably cover an area of 12.5 square feet, giving 3200 seeds per 
square foot. Of course, these figures represent only certain iso- 
lated cases, which in a way are typical, but must not be taken 
to represent the average condition. 

The largest plant noted September 4 had produced 100 pods, 
with an average of thirteen seeds per pod ; this plant might show 
1300 seeds. 

Professor Todd discusses in his paper the occurrence of simi- 
lar divergences from the typical form in other Solanaceae and 
Leguminosae, and tries to discover some hint as to their origin. 
Lack of material for observation precludes any present discus- 
sion of these points. 

The results of these observations may be briefly summarized 

as follows : 

Solanum rostratum. 

1. As Professor Todd observed, the numbers of right- and left- 
handed flowers on a plant of any considerable size are about 
equal. 

2. As a general rule, only one flower opens at a time on a 
raceme, but very commonly two will open on the raceme the 
same morning, giving a right- and left-handed flower opening 
simultaneously, and thus permitting in a considerable number 
of cases pollination between flowers on the same raceme, even if 
Professor Todd's theory of the method of pollination be the 
correct one. 

3. Even on the smaller branches of the plant, the flowers are 
almost always approximately divided into the two types. 

4. The flower has a distinct odor. 

5. Various species of insects visit the flowers for pollen. 
Many insects secure pollen without eff*ecting pollination. 

6. In a rather hasty microscopic examination, no very appar- 
ent difference was detected between the pollen from large and 
small stamens. 

7. A very important function of the observed arrangement of 
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Stamen and pistil in S. rostratum seems to the writers to be that 
of support for the visiting insect. 

8. It might seem that the pollen from the small stamens is 
of much more importance in the process of fertilization than 
Professor Todd suspected, especially since it seems that there 
is much more certainty of the pollen from the small stamens 
reaching the pistil than there is of that from the large stamen. 
The fact that there is some question as to the fertility of the 
pollen from the large stamen in all cases, and that in the case 
of another plant stamens of somewhat similar arrangement 
seem to have lost entirely their direct reproductive function, 
would indicate the same. 

9. In a limited number of cases the pollen from the large 
stamen of a flower seems to be fertile on its own stigma, as 
well as upon the stigma of a Hower opening simultaneously on 
the opposite side of raceme. 

10. Spontaneous self-pollination seems sometimes to occur. 

11. The percentage of cases in which seeds develop in those 
flowers in which artificial pollination is effected in the same 
flower or in two flowers of the same raceme is much smaller 
than when cross-pollination is effected by insects, reaching, in 
the case of the somewhat limited experiments of the writers, 
only as high as 28.5 per cent. Whether this is partially due to 
the method of applying the pollen or not has not been deter- 
mined ; whether the seeds produced by these cases of pollina- 
tion of the same flower or flowers on the same raceme are 
capable of germination or not has not yet been determined. 
It might be suggested that the low percentage of cases is due 
to a lack of fertility in the pollen of the large stamen. 

12. Estimated from the number of seed pods which nor- 
mally develop, the number of flowers in which pollination is 
not effected is very small, not reaching, in the observations of 
the writers, much over six per cent. 

Gassia chamsecrista. 

1. Right- and left-handed flowers are produced at the same 
time on the plant. When several plants are taken, the number 
of right- and left-handed flowers produced is practically the 
same. 

2. So far as observed, two flowers were never seen open at 
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the same time on a cluster, nor was a bud ready to open the 
following morning ever found on a cluster with an open flower. 
Thus, cross-pollination between flowers on the same cluster 
would not be possible, as it frequently is in S. rostratum. 

3. So far as the writers have been able to ascertain, there is 
no law governing the producing of right- and left-handed flowers 
on the opposite sides of the main axis. 

4. Various species of insects visit the flowers for pollen. 

5. It seems that pollination is efl'ected in many cases by the 
transfusal of pollen from the leg of the insect, where it is being 
carried, to the stigma of the stamen upon which it is supporting 
itself. The function suggested by Professor Todd for the in- 
curved petal seems to the writers entirely improbable. 
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EXPLANATION OF PLATE I. 



Solannm rostratnm Dunal. 

Fio. 1. Right-handed flower from the front and a little to one side, showing 
large and small stamens, pistil, and wings of the corolla, which enfold pistil and 
large stamen in the bud. X 2. 

Fig. 2. Tip of a raceme from the front, showing one left- and two right-handed 
flowers ; also the decurved end of the raceme, with the buds. 

Fig. 3. Lateral view of decurved tip of raceme, showing the buds. 

Fig. 4. Lateral view of bud ready to open the following morning, showing the 
two lower lobes of the corolla, enfolding pistil and large stamen. 

Fig. 5. Ovary and pistil. X 5. 

Figs. 6 and 7. Lateral and dorsal view of large stamen. X ^* 

Figs. 8 and 9. Lateral and dorsal view of small stamen. X ^* 

Figs. 10 and 11. Hind leg of Bombus, with and without mass of pollen. 
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SPEBMATID TBANSFOBMATIONS 
In Gryllus assimilis, with Special Beference to the Nebenkern. 



( Thesis for the degree of Master of Arts.) 

BY W. J. BAUMGARTNER. 
With Plates II and III. 



I.— Mbthods. 
II.— Material. 
III.— Obsbbvations. 
(a) Nucleus. 
(6) Cytoplasmic Structures. 

1. Nebenkern. 

2. Acrosome. 

3. Axial Filament. 

4. Centrosome. 

5. Cell Body. 

(c) The Spermatozoon. 

IV.— COMPABISON OF RBSUIiTS. 
v.— SUMMABT. 



IT is the object of these studies to follow carefully the sperma- 
tid transformations, and, if possible, to get a complete series 
of changes occurring therein. I do not pretend that I have as 
yet found all the stages, but in the present paper will publish 
observations made on Gryllus assimilis pertaining chiefly to the 
nebenkern, of which I have found some stages not previously 

■ 

described, as far as I know. I shall first describe my own find- 
ings, and then compare them with the results of others. 

I. Methods. 

While other fixing agents were used, Flemming's chromo- 
acetic-osmic mixture (strong) proved the best. Its fixation was 
satisfactory in all but a few stages, where the chemical changes 
going on in the cell are such that it seems difficult, probably im- 

(47) 
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possible, to secure good, clear results ; at least, neither Gilson's 
nor Zenker's mixture did any better on cells in these stages. 

Heidenhain's iron-haematoxylin stain gave the best results, 
although Flemming's three-color method was very satisfactory. 

Most of the observations are made from sectioned material, 
but smear preparations were used for advanced spermatozoa. 

II. Material. 

The first observations were made in January of the present 
year on some material prepared by Professor McClung, to whom 
I wish here to make most grateful acknowledgment for propos- 
ing the line of investigation, and for many helpful suggestions 
during the progress of the same. The testes were those of adult 
insects, and showed mostly only mature or almost mature 
spermatozoa. Enough spermatids were seen to indicate that 
their transformation into spermatozoa was somewhat peculiar. 

The material for the drawings was taken from specimens col- 
lected under stones and boards on and near the University cam- 
pus, at Lawrence, Kan. Young nymphs of Gryllus were caught 
as early as March 1, but the cells of the testes were all in the 
spermatogonia and spermatocyte stages. During the early part 
of May, after the nymphs had passed their third molt, crickets 
were secured whose testes showed all stages of development and 
transformation. 

Gryllus assimilis, the common black field cricket, has paired 
testes lying in the anterior dorsal part of the abdomen. These 
have a whitish transparent appearance, which becomes duller 
in the adult, showing sometimes a slight yellowish tinge. The 
shape of each is that of a somewhat conically rounded body, not 
unlike a flattened strawberry. Each testis consists of a central 
rachis about 3 mm. long, from which extend a large number of 
curved follicles varying in length from 1 to 3 mm. 

The follicles are larger toward the blind end and taper toward 
the rachis. Each follicle is divided into cysts, but more often 
transversely than longitudinally, for frequently one cyst occu- 
pies the whole follicle in cross-section. The cysts toward the 
rachis end of the follicle are much longer and narrower than 
those of the blind end. The cells are not very large and con- 
tain twenty-four chromosomes in the sperm atogonial genera- 
tions ; eleven and twelve were most frequently found after the 
reduction. 
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The follicles of the cricket testis show the different cell gen- 
erations and the same relative arrangement of them as Mc- 
Clung ( *00) found in Hippiacua, and Sutton ( *00) in Brachystola. 
The spermatogonia are nearest the blind end of the follicles, 
spermatocytes next, and the spermatids following the latter. 
The cells of a cyst are not, as in Anasa (Paulmier, '99) , "in the 
same stage of development," but only approximately so, for 
some cysts show cells in the metaphase, while others have 
reached the telophase. Successive cysts, as in Brachystola, do 
not show successive stages ; for, frequently, growing spermato- 
cytes and late spermatids, or even young spermatozoa, were 
observed side by side. The individual cells in division pass 
through prophases, metaphases, anaphases, and telophases — 
these terms being used according to their usually accepted 
meanings. (See McClung, '00.) In this paper I shall begin 
with the cell when it has reached the telophase of the second 
spermatocyte division ; that is, just after the chromosomes have 
reached the poles of the spindle. 

III. Observations. 

(a) THE NUCLEUS. 

The chromatin in Grylhis behaves very much as Henking ('91) 
has described for Pyrrhocoris, and Paulmier ('99) for Anasa. At 
the end of the anaphase the chromosomes are crowded together 
at the poles of the spindle. (Fig. 1.) A clear space begins to be 
formed around them , especially on the equatorial side. ( Fig. 2. ) 
They then separate and are scattered somewhat evenly over the 
nuclear membrane when it is formed, as seen in figs. 4, 5, and 
6. Soon protuberances appear on the surface of the individual 
chromosomes, making their outlines irregular. At about this 
time they begin to show a granular structure. The chromo- 
somes break up more and more, and soon the chromatin appears 
in irregularly arranged patches or blotches of granules of vari- 
ous sizes. (Fig. 8.) 

Meanwhile the nucleus has slowly increased in size. It 
reaches its maximum, which is probably about treble its original 
diameter, before the cell begins to elongate. The granules have 
been breaking up into finer and finer pieces, until, a little after 
the cell has reached its maximum, the chromatin has largely dis- 
appeared, or, to be more exact, has lost its affinity for stains. 
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(Fig. 16.) As the cell begins to elongate, the nucleus goes to 
one end, namely, that toward the periphery of the cyst. (Figs. 
14 and 15.) The chromatin again frequently appears in patches 
as the cell decreases in size. (Figs. 33 and 36.) In many cells 
the patches never disappear. When it has diminished to less 
than half its maximum diameter, the nucleus begins to elon- 
gate, becoming elliptical, and finally forms the long, tube-like 
head of the spermatozoon. (Figs. 43 and 45.) 

I found here that the nucleus was hollow, or, better, that it 
showed a clear space within. For a long time it contains the 
many chromatin granules, as seen in figs. 39, 40, and 41 ; but 
at last the walls seem to attract all these granular masses, and 
the center is entirely clear, as in fig. 45. In fig. 44 are shown 
cross-sections of spermatozoa heads, of the stage of fig. 43. In 
fig. 45 we have a mature spermatozoon head. 

The accessory chromosome in Gryllus lags behind during the 
spermatogonial divisions, just as in Xiphidium (McClung, '99) , 
and retains its identity all through the growth period, in many 
cases becoming quite large. At first it cannot be distinguished 
in the spermatid, but soon its stronger stain and exemption 
from disintegration make it apparent. (Fig. 4.) It is flattened 
against the nuclear wall and, unlike Paulmier's ^^ small chro- 
mosome," it does not break up but remains intact, as Henking 
and McClung have described. (Figs. 14, 18, 32, 37, and 
others.) It gets larger and then smaller, and is finally lost in 
the rest of the chromatin, as the latter condenses to form the 
spermatozoon head. I was not able to see that it occupied one 
side of the elongating head, as McClung describes it in Xiphi- 
dium, The darker stain and regular contour, and sometimes 
its greater size, made it in most stages quite evident. 

(6) CYTOPLASMIC STRUCTURES. 

It is in the cytoplasmic structures that Gryllus shows some 
things that have not been described, so far as I know; yet I 
almost hesitate to enter the discussion concerning the nebenkern, 
the mitosome, the idiozome, the archoplasm, the attraction 
sphere, the acrosome, the ** mitochondrion korper" and other 
bodies which have been described in the extra-nuclear parts of 
the germ-cell. But because I have been unable to find in any 
of the papers a description of a structure like the one in Oryllus, 
I shall proceed to describe the nebenkern as I find it. I shall 



baumgabtnbr: spbrmatid transformations. 61 

interpret the appearances as far as possible, leaving to others, 
or to later efforts, the complete harmonizing of this element 
with the structures of other species. 

Before I proceed, I would add my protest against the name 
** nebenkern,*' as voiced by Calkins ('95) , Erlanger ('96) , Meves 
('00) , and others. It is inapt and not at all descriptive or dis- 
tinctive. But since we have the word, and investigators will 
use it to mean something, I think it would be best to restrict 
the word, as Calkins and Erlanger suggest, to the remaining 
spindle fibers and connective fibers which go to each sperma- 
tid and which have an important part in forming the tail mem- 
brane. I shall retain the name for a further reason, which St. 
<xeorge ('97) gives for first using it, "weil sie die Frage nach 
<ier Herkunft dieses Gebildes offen lasst." A comparison of 
the literature will convince any one that the origin of this ele- 
ment is still a much-disputed question. 

1. — Nebenkem. 

There are, in Gryllus spermatids, two quite permanent and 
prominent extra-nuclear bodies. The larger of these I shall 
<5all nebenkem, because I believe it originates from the spindle 
remains, and goes to form the tail covering. Its behavior is as 
follows : At the beginning of the telophase the fibers which had 
connected the centrosomes with the chromosomes bulge out 
like barrel staves, as Henking ( '91) has described. These break 
loose from the chromosomes and centrosomes as the clear space 
begins to form around the chromatin mass ( fig. 2 ) ; but they 
are not separated into two rings, as in Anasa and Pyrrhocoris. 
As the dividing cell membrane is formed, the middle portions 
of the fibers are drawn together and the so-called ** mid-body" 
is formed. Some of the fibers unite, producing thicker ones, as 
seen in figs. 1,2, and 3. In the last-named figure some of the 
central fibers seem to be still united with those of the companion 
spermatids. 

As the daughter-cell shortens and the nucleus takes a more 
central position these fibers unite still more, shorten, bend to- 
gether (figs. 4, 5, and 6), and finally assume the shape shown 
in fig. 7. I shall call it for the present the ** striated condi- 
tion," or simply '* striated nebenkem." The shape resembles 
that of an egg with rather sharply drawn-out ends. The sur- 
face is occupied at intervals with deeply staining lines which 
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look much like hoops. In most cases the long axis of the 
nebenkern is at right angles to the axis of the spindle from 
which it was formed, while the striae, or dark lines, are in 
planes parallel to it, as is seen in figs. 7 and 8a. In a few 
cases the lines are parallel to the long axis of the nebenkern, as 
shown in fig. 86. Fig. 9 exhibits a partial end view of the 
nebenkern, while fig. 26 represents a polar view in all planes. 

The fibers in figs. 4 and 5 are not all in the same plane, giv- 
ing frequently, with changing focus, the impression that the 
lines are the edges of plates. Even in figs. 7 and 8, the ap* 
pearances shown made me hesitate for some time before I dared 
say that the lines represent striae on the surface and not plates 
extending through the body. But the end views (figs. 9 and 26) 
and the two drawings in fig. 19 show clearly that we are deal- 
ing with encircling hoops and not dividing plates. Just how 
or why the fibers bend and assume the shape of figs. 7 and 8 I 
am not able to say, but I am sure it is not an artefact, as might 
be supposed, because I have found them occupying whole cysts 
of several testes, and nearly all of them were as regular and 
definite as fig. 7.^ 

I have found the nebenkern in its perfect condition (fig. 7) 
only in material fixed in Flemming ; although Zenker's fixation 
showed some of the breaking-up stages. This may be due 
partly to poorer fixation in other mixtures and partly to chance ,^ 
as not so many testes fixed in other agents were examined, and 
the appearance evidently represents a very brief stage. These 
fibers now begin to break up, and we get figures that remind 
one of Meves's ** mitochondrion korper'' ; that is, a darker stain- 
ing center and radiating lines to the outer ring. (Fig. 11.) Some- 
times stages a little later recall Paulmier's '* blackberry stage." 
( Figs. 12 and 25. ) Fig. 19a is a surface view and fig. 196 an op- 
tical section of a nebenkern that is in the process of breaking 
up. Figs. 20 and 21 have a part of one end cut off, while fig. 
23 is a polar view. Fig. 22 is probably a forming blackberry 
stage. 

All the above are brief stages, and we soon get the appear- 
ance of figs. 13-16. Here we have the darkly staining central 
ball surrounded by a clear space, enclosed by a ring, as Meves 

1. Professor McClonff, Mr. Sutton, and Mr. Blackman, of Kansas University, and Doctor 
Child and Mr. Harper, of Cbicaffo University, have seen my preparations, and all confirm my 
statement that the appearance is not an artefact. 
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COO) found it in Pygsera. The central ball sometimes shows 
vacuoles (fig. 16) , but most frequently stains as one mass. In 
some cysts with cells resembling fig. 16, it is difficult to dis- 
tinguish between nucleus and nebenkern, yet the latter 's stain 
is never as intense as that of chromatin. The stages shown in 
figs. 13 and 14 persist for a long time, and it is probable that 
this is the end of the telophase and the beginning of the sperma- 
tid transformations. I have treated the above more in detail 
and shown more drawings than its importance may deserve, 
but it is in these stages that Gryllus seems to differ from other 
species, and I have tried to describe and illustrate the apper- 
ances and changes fully. 

As the cell elongates, the axial filament grows out, the neben- 
kern approaches it, and a junction is effected in such a way 
that the axial filament runs over the surface of the nebenkern. 
(Figs. 18, 27, 28, and 80.) At first the nebenkern is still al- 
most round, but it begins to elongate and the dark inner ball 
sends out a protrusion to the nucleus, and sometimes back to 
the point of separation between the external envelope and the 
axial filament. The outside ring disappears and the dark mass 
moves down the axial filament. (Fig. 31.) In many cases it 
breaks up into several small drops, which appear at intervals on 
the axial filaments. ( Figs. 34 and 36.) In fig. 38 is seen such a 
hanging drop. In this way the nebenkern material is distrib- 
uted over the axial filament and forms a sheath around it. 

2. — The Acrosome. 

The second extra-nuclear body I shall call the acrosome, as it 
forms the point of the spermatozoon head. I could not trace its 
origin, because the fixation was not definite in some of the early 
stages. Fig. 4 shows a small, darkly staining body, which 
may be a centrosome, but more likely is the beginning of the 
acrosome, of which figs. 7, 9 and 10 show developing stages, 
and figs. 11, 13 and 15 more advanced ones. Sometimes the 
central portion stains darkest (figs. 11, 32, and 36), but more 
frequently there is a small clearer space in the center sur- 
rounded by a ring or band of darker material. (Figs. 10, 13, 27, 
and 30.) This ring usually stains darker on one side, very 
often on the side toward the nucleus. 

The position, which is, with few exceptions, in the angle be- 
tween the nucleus and the nebenkern, induces me to consider 
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the differently staining bodies as the same organ of the cell. 
For some time after the nebenkern has disappeared the acro- 
some keeps its position ; then it approaches the nuclear wall, 
flattens against it, and later wanders to the apical end, where 
it forms the tip of the spermatozoon. (See figs. 32-36 and 
39-42.) Fig. 16 shows the acrosome back of the nebenkern. 
It is not an isolated example, still, I think, it is an abnormality. 
Fig. 37 shows an apparent division of the acrosome. I did not 
see enough instances to consider it a regular occurrence. 

3. — The Axial Filament. 

As the cell is elongating, the axial filament is seen apparently 
growing out of the nucleus. I do not mean to say that it grows 
out of the nuclear substance, but in almost every cell observed, 
where the axial filament was incomplete, there was rather a 
large mass of chromatin gathered at the place where the axial 
filament was attached to the nucleus. It may be that the 
smaller one of the extra-nuclear bodies in figs. 4, 7 and 9 is 
a centrosome which is passing to the equatorial region of the 
nucleus, where it later develops the axial filament. As already 
noted, the axial filament does not pass through the nebenkern, 
but only over its surface. Fig. 29, a, 6, and c, shows different 
cross-sections through the elongating cell. In b the axial fila- 
ment was cut at an angle. 

4. — The Centrosome, 

I have not followed the centrosome through its migrations. 
In fig. 2 one of the two bodies is the centrosome, but I did not 
trace its changes farther. 

5. — Cell Body, 

The cells, up to the stage of figs. 13 or 14, have been scat- 
tered promiscously through the cyst ; but as the cell begins to 
elongate, the one end becomes the anterior- nuclear end, and 
it shifts toHhe periphery of the cyst. The central part of the 
cyst now shows the so-called central lumen. As the lengthen- 
ing goes on the heads of the forming spermatozoa are all turned 
toward the distal end of the cyst. The cyst becomes very nar- 
row and long, apparently preparing to contain the long, slen- 
der spermatozoa. Near the rachis the spermatozoa seem much 
twisted, and I surmise that they turn so as to have the head 
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foremost when set free into the vas deferens. Fig. 42 may in- 
dicate some such behavior. 

(c) THE SPERMATOZOON. 

The mature spermatozoon consists : (1) of a sharp, spear-like 
point ; (2) a tube-like head about .02 mm. long, composed of a 
densely staining outer wall and a clearer central cavity ; and 
(3) a filamentous tail about .5 mm. long. The point comes 
from the acrosome, the head from the nucleus, and the tail 
from the axial filament and nebenkern. While I do not deny 
the presence of a middle piece, my observations do not warrant 
me in describing one, although fig. 40 would suggest it. 

IV. Comparison of Results. 

Dr. R. von Erlanger ('97, 1, and '97, 2) and Dr. F. Meves ('00) 
have given excellent discussions of the literature on the neben- 
kern. I cannot do better than direct the attention of other in- 
vestigators to them. Hence, I shall discuss only such authors 
and such points as have special bearing on my own results. 
The spermatid changes in the Gryllidse have been studied, so far 
as I know, only by St. Greorge ('67) and by vom Rath ('92). 

St. George, in his early paper, described the transformation process in the 
^* Hausgrille " along with other insects. He found the *'Nebenkdrper," and saw 
that it took a part in forming the envelope of the axial filament, a small particle 
remaining near the nucleus and other drops of it appearing at intervals on the 
tail. In his paper on Blatta ('86, 1) he accepted Butchli's name, *'nebenkem," 
and traced its origin to the spindle remains. In his paper on Phratora ('86, 2) 
he takes up the description of the nebenkern in the spermatocytes and spermato- 
gonia. In the spermatid, he describes the blackberry stage in these words: 
*' WAhrend das andere (not nucleus) Korperchen weniger lebhaft gefftrbt als ein 
kleiner Fadenknftuel mit unregelm&ssigem Contour erscheint." 

There can be no true nebenkern in the spermatogonia and 
spermatocytes, as St. George first used the word, and as I have 
limited its application. But St. George found the object, traced 
its origin and fate, and described several of the stages as they 
appear in Oryllus, 

Vom Rath ('92) found Oryllotalpa very poor material for following the 
spermatid changes. However, he described an oval body which he found varied 
in appearance, depending on the method of fixation. He calls it the ** nebenkern " 
and thinks it goes to help form the tail. 

The description is too incomplete for comparison. Judging 
from GrylluSf I question its being very poor material. 

Butschli ('71) studied the spermatid transformations in Acrididse and Locus- 
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tidsB along with that of other animala. He saw the object formerly described hj 
St. QeoTge and named it "nebenkern." He saw it divide into halves, elongate, 
and form the spermatozoon tail. 

The dividing of the nebenkern into halves seems to be an ap- 
pearance quite common in insect spermatogenesis. I have my- 
self seen it in several genera of Acrididse — Hippiscus, Arphia^ 
MelanopluSf and Brachystola; besides Butschli, St. Greorge, 
Henneguy, Platner, Paulmier and others have described it. 

Platner in his studies has given special attention to the nebenkern. In his 
first paper on *' Pulmonates " ('85) he did not trace the origin of the nebenkern, but 
described it as consisting of four to six rods of different lengths and irregularly 
bent. These were connected, forming an irregular polygon. In its later stages 
he saw it with a mass of protoplasm pass down along the primary tail — an early 
protrusion of protoplasm. Finally it is lost. 

In his succeeding paper ('86, 1) he studied the ** nebenkern" spindle remains 
— in the spermatogonia and spermatocytes of pulmonates. In the spermatids, 
as in the former generations of cells, the nebenkern grows out of the nucleus, 
where it, with the chromatin, had formed the spireme. It appears as a loop, 
which becomes larger, twisted, and entangled, and finally breaks loose from the 
nucleus. Later it goes to form the spiral covering of the primary tail, changing 
it to the axial filament and true tail. 

In his next paper ('86, 2) he describes the changes when the dividing of the 
protoplasm lags behind in the spermatocyte divisions. His description agrees in 
so many points with my own, that I shall quote his exact words: 

**Die Spindelfasern hingegen contrahiren sich mehr und mehr nach dem 
Equator hin, wobei sie mit ein ander verschmelzen und merkwiirdiger Weise 
je welter dieser Verdichtungsprocess fort schreitet um so mehr an Tinctions 
ffthigkeit speciell gegenuber dem H&matoxylin gewinnen. Sie stellen jetst 
zwei dreieckige oder hakenformige Grebilde dar, die mit der Spitze noch im 
Equator zusammenhftngen mit der breiten Seite sind sie den zugehorigen Zellen 
zugewendet. Hier sind ihre Grenzen undeutlicher, verwaschen und zeigen hier 
auch noch h&ufig eine streifige Beschaffenheit, welche auf ibren Ursprung hin 
weist. Zuweilen lassen sich einzelne Fftden noch eine betrftchtliche St'recke weit 
in das Protoplaema hinein verfolgen, welches zwischen ihnen und den sich aus* 
bildenden Zellkernen liegt." 

The **h&kenformige Gebilde " moves away from the periphery, its sides elon- 
gate, break, and unite at the nuclear end, thus form the polygonal nebenkern. 
**Derselbe geht also in diesem Falle direckt aus den Spindelfasern hervor." 
When the protoplasm does divide a similar process takes place. The spindle 
remains divide at an equatorial line and each half forms a nebenkern, and, as he 
says: **Also auch hier geht der Nebenkern direckt aus den Spindelfasern 
hervor. Vielleicht geht in den Spermatiden der Nebenkern iiberhaupt immer 
aus den Spindelfasern hervor, in dem die langfftdige Verbindiingsbriicke, die ihn 
oft mit dem Kern verbindet, sich wohl als ein noch einige zeit persisttirender 
Rest der esteren deuten l&sst." 

In his paper on Limax ('89, 1) he followed the nebenkern through all the di- 
visions and thinks it a constant organ of the cell. In the second part of the pa- 
per on Helix and Paludina the nebenkern was considered as formed from the 
remains of the spindlepole and the centrosome. Later Platner ('89,2) found the 
nebenkern in the pancreas cells. In reports upon Pygcera and Sphinx he 
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changed the name nebenkera to mitosome. The centroeome lies in front of the 
nucleus and forms the point of the head. This he calls the nebenkem. From 
the spindle remains arise two bodies. A large, fibrous one from the equatorial end 
has a clear space around it and the axial filament passes through it. It soon 
elongates and forms the tail. This is the large mitosome. The other is much 
smaller and arises from the polar end of the spindle fibers. It takes its place in 
the angle between the large mitosome and the nucleus. Here it persists till the 
nucleus begins to elongate, when it lengthens and surrounds the basal end of the 
spermatozoon tail. This is the small mitosome. 

Platner ('85) saw a true nebenkem. I have already criticized 
the use of the word "nebenkem," as the name for the spindle 
remaind in the spermatocytes. Platner himself later denied 
the nuclear origin of the nebenkem. His results ('86,2) 
agree with mine concerning the uniting, converging, staining 
and bending of the spindle-fiber remains and their passing to 
the tail. Again, Platner (*89,1) probably followed the cen- 
trosome and attraction sphere, as well as the nebenkem, in the 
second part of the paper on Helix and Pahidina. In the pancreas 
the body is a result of secretion, and is not a nebenkem. In 
Pygsera Platner 's large mitosome is the real nebenkern, as 
shown by its fibrous structure, its surrounding clear space and 
destiny. His small mitosome is what I have described as the 
acrosome, and he is mistaken as to its final use. The body he 
called centrosome in the nucleus is the persisting accessory 
<^hromosome. Such would be my interpretation of his figures. 

Henking ('91) has followed the spermatid changes in Pyrrhocoria quite care- 
fully. He finds that the fibers between the chromatin masses are separated into 
peripheral fibers and central spindle fibers. The first, a part of the second and 
the yolk mass, forms the nebenkern, which passes down over the axial filament. 
The rest of the central fibers form the mitosome. This takes its position at the 
angle between the nebenkern and the nucleus. On the surface of the nucleus it 
passes to the anterior end, then back to its original position. A piece now is con- 
stricted off and disappears, while the rest, increasing its affinity for stains, again 
wanders to the anterior pole of the nucleus, and becomes the acrosome. 

The large amount of yolk substance is a disturbing element 
in Pyrrhocoris , but the nebenkern agrees with that of Grylhis in 
haying the same origin and destiny, as does also the acrosome 
in fate and position. Besides, there is much similarity in the 
stages, as seen by comparing Henking's fig. 63 with my fig. 25, 
and his fig. 85 with my fig. 32. 

Wilcox ('95 and '96) described the spermatid metamorphosis in Caloptenus. 
The interzonal fibers, a long, striated body composed very plainly of distinct 
fibers, contracts longitudinally, and the corners round themselves off, and this 
forma the nebenkem. It loses its fibrous structure, comes close to the nucleus. 
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and then grows out into the axial filament. The centrosome moves half way 
around the nucleus and lies between the latter and the nebenkern. Later the 
centrosome becomes the middle piece. 

This description does not give much detail nor do the draw- 
ings show the stages clearly. As far as given, the formation 
of the nebenkern is the same as in Gryllus ; but in Gryllus the 
axial filament is not formed from the nebenkern, as can be 
plainly seen from fig. 17. 

Erlanger ('96), in a short paper, discusses the use of the term "nebenkern,'^ 
and suggests limiting it as is done in this paper. He opposes St. George's opinion, 
that the nebenkern comes from the cytomicrosomes. In Blatta the cytomicro- 
somes are preserved during the whole process of mitosis, and have no connection 
with the spindle fibers, but during the telophase they collect in reduced numbers 
around the daughter nuclei. 

In 1897 he called the collection of granules around the centrosome, the centro- 
deutoplasm. He considers them to be identical with St. Greorge's cytomicrosomes 
and the archoplasm ( or attraction sphere ) of other writers. In order to harmonize 
results, he suggests that, since the centrosome sometimes wanders around the 
nucleus, the centrodeutoplasm (or sphere) may unite with the spindle remains 
in some cases to form one body, as shown by the descriptions of Henking, 
Henneguy, Meves, and others. He later ('97, 2) describes the so called "sphere,'^ 
and distinguishes between it and the true nebenkern. 

I would strongly commend his excellent discussion of litera- 
ture and his careful comparison of the results of investigators. 
He has shown clearly that the nebenkern comes from the spin- 
dle remains. 

Calkins ('96) finds that the nebenkern comes from the spin- 
dle fibers and is useless in the cell. But Lumbricus is peculiar 
in having the nebenkern simply disintegrate, for, in many 
cases, he admits that the nebenkern has an important func- 
tion. I do not have access to Henneguy's or BoUes-Lee's 
or Toyama's works, yet I should judge from Erlanger 's and 
Meves's criticism that all of these have the nebenkern originate 
from the spindle remains, and Henneguy describes it as having 
a ** fibrillar appearance," and BoUes-Lee as ** fibrillar struc- 
ture." Accordingly, I think that each of these has discovered 
the correct origin of the structure, and I do not doubt that there 
is, at least in the first two, a more or less direct change from 
the spindle remains to the nebenkern. 

Paulmier ('99) finds that in Anasa the nebenkern comes from the yolk mass 
and remains of the spindle fibers. A part of this mass separates off, while the 
whole is still in a confused condition, and forms the acrosome. The nebenkern 
forms the tail sheath, while the acrosome forms the point to the head. 

A comparison of Paulmier's fig. 42 with my fig. 4 suggests 
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the thought that they are the same stage, and his fibers are re- 
mains of the spindle. His fig. 43, of course, agrees with my 
fig. 25 ; and fig. 43 may correspond to figs. 26 or 14, only that 
his stain is weaker. 

Meves's investigations are the most extensive of the recent 
ones on the nebenkern. He has used Paludina and Pygwra as 
his objects. The consideration of the mitochondrion in the 
spermatocytes I shall pass over, as it is not within the bounds 
of this paper ; yet I hope to study the earlier generations of my 
material, and shall then compare the results. In Meves's de- 
scription of Paludina, I find but one point in which it agrees 
with Gryllus. The head of the young spermatozoon in Paludina 
has a clear space in the center filled with nuclear fiuid, which 
remains till the head begins to stretch. In Gryllus it is hollow 
until maturity. 

Id Paludina the nebenkern in one kind of spermatids is formed from threads 
made up of mitochondria — small, round bodies identical with St. George's oyto- 
microsomes and Erlanger's centrodeutoplasm. These threads change to vesi- 
cles, which, reduced to four, closely surround the centrosome as it lengthens 
into the middle piece. At first they form a four-cleft cylinder, but finally a 
single sheath. An idiozome and spindle remains are seen in the spermatid. 
They persist for awhile, and the former changes into the acrosome. In Pygaara 
Meves finds two kinds of spermatids, distinguished by a small difiference in size. 
The larger forms the typical spermatozoon. The spindle remains form a *' Spin- 
delrest korper," which is soon lost. The ends of the mitochondrion chains form 
a ring of dark mass surrounding a clear space. The ring is broken by radiating 
clear spaces. These spaces collect and unite into larger vacuoles, which sur- 
round the darker center. Finally there is only a dark ball with a surrounding 
clear space shut in by a ring. The centrosome with attached axial filament 
fastens itself to the nucleus; then both begin to grow longer. The axial fila- 
ment passes over the surface of the ring surrounding the ball — the ** mitochon- 
drion korper" or nebenkern. This body elongates a great dealj; then the darker 
mass puts forth numerous threads which surround the axial filament. 

As to Pygacra, the peculiarity is the complete agreement of 
his **mitrochondrion korper" and my nebenkern in appearance 
and behavior for a part of the transformation and their complete 
disagreement in the other part. The question with me is. Do 
the two bodies whose final stages are so similar originate so dif- 
ferently, or has one of us mistaken the origin of the body ? 

Since reading Meves^s paper I have carefully reexamined my 
material, and I am positive that I am right as to the origin of 
the nebenkern ; but, on the other hand, I would not say that 
Meves is wrong in his observations, as in doing so I should fall 
into the same error which I think Meves himself has made. In 
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his discussion of the literature he has forced every description 
to agree with his ideas, or has declared that the author has de- 
scribed some extra-nuclear organ as a nebenkern which is r^o^ a 
nebenkern. Thus by implication, if not by direct statement, he 
says that a nebenkern never comes from the spindle remains. 
With due respect to his ability and long experience as an inves- 
tigator, I must say that Moves is mistaken in this. St. George 
himself traced the cytomicrosomes back to the spindle remains. 
Besides, the many investigators whom I have cited above can- 
not be mistaken as to the origin of the nebenkern. In my own 
material I am positive that there is a direct passing of the in- 
terzonal fibers over into the earlier stages of the nebenkern. 

That the body which forms the tail covering does not come 
from the spindle remains in all cases, I am willing to admit. 
Meves has cited many investigators, especially on vertebrates, 
whose results favor such an opinion. The spindle remains do 
not change into a nebenkern even in all Arthropods, as Black- 
man ('01) finds no nebenkern, nor anything in anywise resem- 
bling it, in Scolopendra. 

From my study of the results of other investigators, it is evi- 
dent to me that there are at least two general methods for the 
formation of the covering for the spermatozoon tail. One of 
these plans will harmonize Meves's mitochondrion korper, Er- 
langer's centrodeutoplasm, Heidenhain's pseudo-chromosomes, 
and other similar structures. The other will show that Plat- 
ner's large mitosome, Paulmier's blackberry stage and my 
striated nebenkern are only different stages of the spindle re- 
mains changing into the tail covering. 

v.— Summary. 

1. The chromosomes of the second spermatocytes break up 
and the chromatin becomes diffused all through the nucleus. 
Later the chromatin collects in granules again and finally forms 
the walls of the tube-like spermatozoon head. 

2. The spindle fibers break loose as the clear space is formed 
around the chromatin mass. They unite and contract, becom- 
ing fewer, thicker, and shorter. These bend and form the 
** striated nebenkern." The fibers break up and sometimes 
show a blackberry appearance. Soon there is a collection of 
darker material at the center, surrounded by a clear space, 
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which is shut off from the cytoplasm by a darkly staining 
membrane which in sections appears as a ring. This stage 
persists for some time ; then the nebenkern moves against the 
axial filament, elongates, loses the ring, and the dark mass 
passes down along the axial filament, Often it appears in 
several small drops. 

3. The axial filament does not come from the nebenkern nor 
from the acrosome. It comes apparently from the nucleus ; 
probably from the centrosome closely attached to the nucleus. 
It never passes through the nebenkern — only over its surface. 

4. The acrosome occupies a position in the angle between the 
nebenkern and the nucleus. It shows a central clear space sur- 
rounded by a darker mass which stains more intensely on one 
side. Later it passes to the front of the nucleus and forms the 
point of the spermatozoon head. 

5. The mature spermatozoon consists of a sharp point, a 
slender, tube-like head filled with a clear fiuid, and a long, 
thread-like tail. 

Laboratory of Zoology and Histology, 
University of Kansas. 
September 27, 1901. 
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Explanation of Plate II. 

All drawings were made by the author with the aid of a camera lucida. All 
figures except 2, 3, 4 and 45 were made with a B. & L. ^V objective and one-inch 
eye-piece, producing a magnification of 1340 diameters. Figs. 2, 3, 4 and 45 were 
drawn with a Leitz j^ objective and a Zeiss compensating ocular No. 12, giving 
a magnification of 2325 diameters. The drawings were not reduced in the photo- 
mechanical reproduction. 

Fig. 1. An early telophase, in which the fibers appear like barrel staves. 
Some of the fibers have thickened. 

Fig. 2. A later stage, in which the fibers are uniting, the clear space is 
forming, and the chromosones are beginning to separate. 

Fig. 3. A daughter-cell, showing the chromosomes separating and the fibers 
thickening. 

Fig. 4. The chromosomes are scattered over the nuclear membrane ; the fibers 
appear as a few thick rods. The beginning of the acrosome is seen. The acces- 
sory chromosome can be distinguished. 

Fig. 5. Same as fig. 4, with some of the fibers curved and no acrosome. 

Fig. 6. Same as fig. 5, but with the acrosome visible. 

Fig. 7. The chromosomes are granular; the fibers have bent and formed the 
round "striated nebenkern." The acrosome is present. 

Fig. 8a. Same as fig. 7, but the acrosome is not present. 

Fig. 86. The fibers run parallel with the long axis of the nebenkern. 

Fig. 9. Here is shown a partial end view of the nebenkern. The accessory 
chromosome and the acrosome are both prominent. 

I 

Fig. 10. The nebenkern shows some of the fibers on the under side. It is be- 
ginning to break up. 

Fig. 11. The nebenkern shows the beginning of the dark center; the fibers 
extend from it to the ring. The acrosome has a peculiar appearance. 

Fig. 12. The fibers have broken up and the whole has assumed a vesicular 
appearance, resembling a blackberry. The acrosome is present. 

Fig. 13. This shows a persisting spermatid stage. The chromatin appears in 
patches. The nebenkern is in the ball-and-ring stage. The acrosome shows its 
ch aracteristic clear center surrounded by a ring darker on one side. The two 
dark bodies on the nuclear surface are probably artefacts. 

Fig. 14. A stage a little later than 13. The dark central ball shows some 
vacuoles. The cell is beginning to elongate. 

Fig. 15. Same as fig. 14, with the ball denser. 

Fig. 16. The nucleus has become almost clear. The acrosome is behind the 
nebenkern. 

Fig. 17. This shows the axial filament apparently growing out from the 
nucleus. There is an aggregation of chromatin at'its base. 



Fig. 18. The axial filament paases over the nebenkeni, which has slightly 
elongated. The acoessory chromcNKnne is very plain. 

Fig. 19. a shows a surface view, and h an optical section, of a nebenkem which 
is in process of breaking up. 

Figs. 20 and 21 have part of the surface fibers cut off and show the dark mass 
forming within. 

Fio. 22. Shows a nebenkern passing from the blackberry stage into the ring 
stage. 

Fig. 23. This is an end view of the stage shown in figs. 20 and 21. 

Fig. 24. The fainter lines are the fibers on the under side of the nebenkem. 

Fig. 25. The blackberry stage, showing the mass of vesicles. 

Fig. 26. This represents a nebenkern of the stage shown in fig. 7, drawn from 
a polar view, with adjusting focus. 
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Explanation of Plate III. 

Fig. 27. This shows the Debenkern elongating. The axial filament passes 
over its surface. 

Fio. 28. A little later than fig. 27. 

Fio. 29. Shows cross- sections of elongating nebenkem; a shows axial fila- 
ment, nebenkern and acrosome; in b the axial filament is out at an angle. 

Fio. 30. A little later than fig. 28; the axial filament not so plainly shown. 

Fio. 31. The ring has disappeared, and the dark mass is passing down along 
the filament. The acrosome is indistinct. 

Fig. 32. The nebenkern has disappeared, but the acrosome has kept its posi- 
tion. 

Fig. 33. The acrosome has flattened against the nucleus. Some remains of 
the nebenkern are seen. 

Fig. 34. The acrosome has moved to the side of the nucleus. Some neben- 
kern remains are shown. 

Fig. 35. The acrosome is in front of the nucleus. 

Fig. 36. A little later stage than fig. 35. 

Fi(}. 37. Shows a divided acrosome. It is not a frequent appearance. 

Fig. 38. The nebenkern appears as a hanging drop on the side of the axial 
filament. 

Fio. 39. The nucleus has condensed, the walls have thickened, and the chro- 
matin appears in granules. The acrosome is pointed. 

Fig. 40. A little later stage than 39. 

Fig. 41. A little later stage than 40. 

Fig. 42. The head is stained intensely, while the acrosome is lighter. Prob- 
ably a middle piece indicated. 

Fig. 43. The head shows the clear space. 

Fig. 44. Cross sections of the head, of the stage shown in fig. 43. 

Fig. 45. The head and part of the tail of a mature spermatozoon. 
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DOLIOHOPODIDJE OF GRENADA, W. I. 

BY J. M. ALDRICH, 

n[^HIS family is represented by fifty-five species, of which 
fourteen are herein described as new, and twenty-seven 
were described in my previous paper on the Diptera of St. Vin- 
cent. Twelve species in the lot from St. Vincent were not found 
in this collection. Only one of these was known prior to the 
publication of the St. Vincent paper. 

I have made a consolidated list of the Dolichopodidse of these 
two islands for comparison of their fauna. V.y after the species, 
indicates its occurrence on St. Vincent ; O, , on Grenada.^ A star 
indicates that the species was previously known. All unstarred 
are described in the two papers. New genera are indicated. 

List of Dolichopodidce from St. Vincent and Chrenada, 

Paraclius. 



Gymnoptkrnus. 
ruficomis. V. 

PELAfirrONBURUS. 

argentiferus. V. G. 
UDguioulatus. V. 
Paraclius. 

Digripes. G. 
fasoioorDls. G. 
disoifer. G. 



quadriDotatus. G. 

*VeDU8tU8. G. 

bellus. G. 

filiferus. V. G. 

abdomiDalis. G. 
*arcuatus. G. 
*claviculatuB. G. 



^NoTE. — Grenada aod St. ViDcent are two small islaDds of the Windward 
group of the Lesser Antilles, distant, respectively, about 75 and 150 miles from 
the Venezuela coast. Extensive collections were made in the two islands a few 
years ago, by Mr. H. H. Smith, for the Entomological Socie^ of London. The 
material from St. Vincent was worked up by Dr. S. W. Williston, except the 
families Dolichopodidce and Phoridoe, which were undertaken by me, at Doc- 
tor Williston's request. The report was published in Trans. Ent. Soc. Lond., 
1896, pp. 253-446, 7 pi. It was intended that the Grenada material should be 
published in the same way, and the present paper was prepared some time ago; 
but pressure of work has prevented the completion of the report on the other 
families, and it has been thought best not to delay the publication of the present 
paper any longer. 
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List of DolichopodidcB from 

Sabcionus. 

liDeatus. V. G. 
Hbrcostomus. 

latipes. V. Q. 

POLTMB£>ONi 

superbus. V. 
Nburigona. 

decora. G. 

sigDifera. V. G. 
Anbpsids. 

linearis. V. G. 
Sympyonus. 

frater. G. 

falco. V. G. 

similis. V. G. 
Lbptocorypha, d. gen, 

pavo. V. 

EUTARSUS. 

sinuatus. V. G. 

DiAPHORUS. 

amoBDUs. G. 
dimidiatus. V. G. 
flavipes. V. G. 
contiguus. V. G. 
simplex. V. G. 
dubius. V. G. 
*opaou8. V. G. 

* spectabilis. V. G. 
parvulus. V. 

ASYNDETDS. 

* syDtormoides. G. 
fratellus. V. G. 

Chrysotds. 

paradoxus. G. 
albipalpus. V. G. 
niger. V. G. 
excisus. V. G. 
hirsutus. V. G. 



St, Vincent and Grenada, 

Chrysotus. 

longipalpuB. V. G. 
proximus. V. G. 
flavus. V. 
acutus. V. 
inermis. V. 

* pioticorDis. V. G. 
*barbatu8. V. G. 

Thrypticus. 

cupuliferus. V. G. 
minor. V. G. 
singularis. V. 

ACHALCUS. 

caudatus. G. 

sordid us. V. G. 
Xanthina, n. gen. 

plumicauda. G. 
Thinophilus. 

sp. G. 
CiBLOGLUTUs, n. gen. 

concavus. V. 
Medbtbrus. 

exiguus. G. 
Plaoionburus. 

* univittatus. G. 
Lbptorhethum, n. gen. 

angustatum. V. 

PSILOPUS. 

bellulus. V. G. 
*jucundus. G. 

* ohrysoprasius. V. G. 
*caudatulu8. V. G. 

insularis. V. G. 

Gn A M PTOP8ILOPU8. 

flavicomis. V. G. 
flavidus. V. G. 
♦bicolor. V. 



The most striking things about the table are the preponder- 
ance of ParadixiB in Grenada, near the mainland, and the larger 
number of new genera in St. Vincent, farther off shore. 

The mounting of these collections is exceptionally fine, and 
deserves mention. Out of several hundred cases where a male 
and a female were mounted on the same pin, there was only 
one where they were not of the same species. This is an as- 
tonishing fact — a record to be proud of, considering that the 
collecting was general and these species all minute. 
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PABAOLIUS. 

Loew, Monogr., 97, 1864 (non Bigot). 

The relationships of Paracliua, Peldstoneurus and Sarcionus 
are somewhat puzzling. I have considered as belonging to Pe- 
lastoneurus those species only which have the face broad in both 
sexes, with a slight concavity in the upper part and a marked 
convexity below. The arista is distinctly plumose. The 
fourth vein in its last part converges toward the third with 
more or less abruptness, but I do not regard this as the essen- 
tial character. Sarcionus includes species with narrow face, 
comprising in the male about a tenth the width of the head ; it 
is but little, if any, convex below; the arista is plumose. In 
the female the face is about a sixth the width of the head, and 
has more resemblance to that of Pelastoneuriis . The fourth vein 
converges strongly toward the third in the latter part of its 
course. In Paraclius the face is like Sarcionus, but the 
arista is bare or only moderately pubescent. The fourth vein 
near its end makes a somewhat sudden curve toward the third, 
then gradually resumes its former course, forming a curve with 
its concavity outward ; this is quite variable in shape, and in at 
least one species there is no marked concavity, as in Pelastoneu- 
rus vagana. The characters of the face and arista seem most 
substantial. 



1. 



Table of North Amfrican and West Indian Species o/ Paraclius. ' 

\ Front femora black 2 

\ Front femora yellow 5 , 

„ { Tibiae all black, costa not thickened nigripes, n. sp. 

/ Tibiae not all black, or else costa conspicuously thickened 3 

( First section of costa greatly thickened in male, mod- 

3. ] erately in female albonoiatua Loew . 

( First section of costa not thickened 4 

- ( Hind tibiae yellow fuscicornis, n. sp. 

' ( Hind tibiae mostly black pumifio Loew. 

g ( Antennae black arcuatua Loew. 

( Antennae chiefly yellow 6 

g { Arista in the male enlarged at tip, disk-like 7 

( Arista in the male not enlarged at tip 8 

.J ( Arista long, tapering, thin disci fer, n. sp. • 

' / Arista quite short, thick claviculaius Loew. , 

C Two Telvet-black spots between the root of the wing 

8. ] and the humerus quadrinotatuSt n. sp. 

( Only one spot 9 

J Dorsum of thorax wholly deep green on anterior part 10 
Dorsum of thorax with a bronze stripe between acrostichal 
bristles. filiferua Aid. 

J The ourre of fourth vein occurs half-way between the pos- 
terior cross-i^ein and- the apex venuatus, n. sp. 
The curve occurs two-thirds of the way to the tip bellua, n. sp. 
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ParacliuB nigripes, n. sp. 

Male : Face with dense whitish dust, rather wide in the low- 
est part, antennae of ordinary size, wholly black, arista bare, 
front with gray dust, orbital cilia, except a few above, snow- 
white. Thorax steel-blue above ; the same color overlaid with 
thin white dust on the pleurae. Halteres yellow, tegulae whitish , 
with black cilia. Abdomen dark blue-green, rather dull, with 
some white dust along the sides ; hypopygium large, the ap- 
pendages small, brown ; the lamellae are only rudimentary. 
Legs altogether greenish black, with thin white dust, from the 
knees down less green. Fore tarsus as long as its tibia ; hind 
metatarsus as long as the next joint. Wings narrow, infus- 
cated except at base, the fourth vein ending considerably before 
the apex, only a little recurved near the tip. 

Female : Face but little wider, wings less infuscated. 

Length, 3.5 to 3.8 mm. ; of wing, 2.5 mm. Five males, five 
females. The shape of the face and the venation are strikingly 
like the genus Macellocerus . The head is not nearly so length- 
ened vertically, however, as in that genus. It must be re- 
garded as a connecting link between the two genera. 

Paraclins abdominalis, n. sp. 

Male : Face moderately narrow, extending down to the lower 
edge of the eye, white on its lower two-thirds, somewhat 
brownish above ; front covered with white pollen, except the 
ocellar triangle and the root of the large vertical bristles; 
antennae black, of moderate size, with plain, tapering arista ; 
orbital bristles white, except about one-third of them on the 
upper part. Thorax bright, shining bluish green above, very 
slightly inclined towards violet posteriorly ; a broad, black, 
velvet-like spot above and before the root of the wing ; a small, 
yellow spot just over the humeral spiracle ; pleurae black, thinly 
dusted with pale gray or whitish ; halteres and tegulae yel- 
low, cilia of the latter black. Abdomen crossed with nearly 
equal bands of green and violet, the latter occupying the last 
half of each segment ; the green bands are covered with white 
dust on the sides, and gradually widened ; hypopygium thick, 
large, black, with small, short lamellae of a sordid white color, 
black on the edges, and bearing some stout curved hairs on the 
free basal angle, which is prominent. Legs black, the tips of 
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all coxae, the trochanters , extreme tips of femora, all the 
tibiae and the bases of all tarsi yellow. Wings subhyaline, 
only faint traces of brown along the veins; the bend of the 
fourth vein occurs just past the middle of the last section, and 
is quite abrupt ; the curve back towards its former course is 
also rather short, so that the vein is nearly parallel with the 
third for some distance at the end ; costa with a long and 
striking swelling, beginning just after the humeral cross-vein, 
and continuing almost to the tip of the first longitudinal. 
Length, 4.4 mm. 

Female : Face as in male ; front with pollen a little grayish ; 
abdomen with same bands; thickening of costa perceptible. 

Length, 4.2 mm. Four males, two females. The following 
label on one: '* Lights generally on stones in streams; com- 
monly seen in pairs, the two sexes lighting near to each other ; 
very wary, and difficult to capture." 

The species is closely related to albonotatus Loew, but the lat- 
ter has darker wings, third and fourth veins convergent to the 
tips, swelling of costa larger in female, etc. 



foscicomis, n. sp. 

Male : Face very narrow in the middle, with brownish pol- 
len, sometimes more whitish ; antennae varying from light to 
dark brown, of ordinary structure ; front with light brown dust. 
Cilia of lateral and inferior orbit white. Thorax deep blue, 
varying to purple, shining; pleurae with thin whitish dust; 
balteres yellow ; tegulae yellow, their cilia black, abdomen shin- 
ing blue, the posterior margins of the segments deep purple in 
the best-developed specimens, the sides of the segments with 
white dust ; hypopygium large, thick, the lamellae short, brown. 
Coxae and tarsi black ; the trochanters, knees and tibiae yellow. 
The femora are not so dark as in the related species, more deep 
brown than black. Wings rather slender, slightly infuscated, 
bend of fourth vein midway between great cross- vein and apex, 
last part of fourth parallel with third. Costa not thickened. 

Female : Face a little wider than in male. 

Length, 3.5 to 4.3 mm. ; of wing, 3.3 to 4 mm. Five males, 
five females, one bearing label : ''Balthazar (Windward), 250 
feet, April 7. Lighting on stones in bed of shady stream." 
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ParacliuB arcnatus. 

Loew, Neue Beltr., VIII, 39; MoDogr., 101. 

Twenty-three specimens, both sexes, one labeled : " Lights on 
wet mud, generally near water." 

These specimens differ quite materially from Loew's descrip- 
tion in having the fore coxae scarcely infuscated at base, hind 
femora only a little infuscated toward the tip, hind tibiae yel- 
low except the tip, and the wings only a little brownish ; in 
other words, a light variety as compared with the types. I 
should have regarded these as a distinct species had I not the 
undoubted arcuatus from Jamaica (by the kindness of Mr. C. 
W. Johnson) for comparison. 

Paraclins discifer, n. sp. 

Male : Face moderately wide, with silvery dust ; front bright 
green ; antennae yellow, third joint slightly infuscated at tip, 
with arista a little longer than the front femur, thick at base, 
very slender toward the tip and ending in a small oval lamella^ 
just large enough to be visible to the naked eye when held 
against a white background. Lateral and inferior orbital cilia 
white. Thorax bright green, a little dusted, the space between 
the acrosticlial bristles, and a roundish spot on each side above 
the transverse suture, bronze ; pleurae rather dark with gray 
dust, halteres and tegulae yellow, cilia of the latter black. Ab- 
domen bright green, but little dusted ; hypopygium large, 
somewhat greenish, the lamellae brown, with a long upper 
corner curving backward, so that they might be called crescent^ 
shaped, attached by the lower angle. Front coxae yellow, the 
others infuscated ; femora and tibiae yellow ; all the hairs in- 
fuscated from the tip of first joint. Wings subhyaline, the pos- 
terior cross-vein forming a right angle with the axis of the 
wing, the curve of the fourth vein half way from the cross-vein 
to the tip, making a very obtuse angle. Third and fourth veins 
parallel at the apex for a short distance. 

Female : Face a litle wider, arista normal, with moderate 
pubesence. Thorax without the bronze spots. 

Length, 3 mm. One male, one female. 
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ParaclioB clayicnlatns. 
Loew, Centuries, VII, 83. 

Two males. The arista is rather thick, two-thirds the length 
of the front femur ; the wings are infuscated and the dorsum 
darker in one specimen. There is a very close relation with 
discifer, yet they are undoubtedly distinct. 

Paraclins qaadrinotatns, n. sp. 

Male : Face moderately wide, the pollen whitish gray ; front 
with brownish pollen ; antennae red, of ordinary appearance, 
the arista slightly pubescent, cilia of the lateral and inferior 
orbit white, thorax above somewhat mottled ; when viewed 
from the side, the light coming from above, there is a large, 
velvet-black spot above the root of the wing and another still 
larger in the transverse suture. These are separated from each 
other by a narrow metallic area, and present a very distinctive 
appearance. Pleurae black, with gray dust, tegula) and halterea 
yellow; tegular cilia black. Abdomen green, the segments 
dusted with white on the sides ; hypopygium of moderate size, 
the lamellae small, black, triangular. Fore coxae yellow, the 
others brown ; femora, tibiae and first joint of tarsi yellow ; tipa 
of tarsi moderately infuscated. Wings more or less infuscated 
on the costal part, usually but little ; curve of fourth vein more 
than half way from cross-vein to apex, not at all angular, the 
return curve just before the tip of the same shape reversed. 

Female : Differs only in having the face a little wider. 

Length, 2.4 mm. ; of wing, 2.2 mm. Twenty-five specimens. 

Paraclins fllifems. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 314. 

Numerous specimens. 

Paraclins vennstna. 

Aldrich, Biologia. Diptera, Supplement. 

Numerous specimens. 

Paraclins bellns, n. sp. 

Male : Face narrow, silvery ; front green, antennae red ; the 
arista slightly pubescent ; cilia of the lateral and inferior orbit 
white. Thorax dark blue, shining ; the silvery spot on each side 
at the suture rather large ; pleurae rather heavily coated with 
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bluish-white dust; halteres and tegulse yellow; cilia of the 
lafcter black. Abdomen with a ringed appearance, the ante- 
rior half of each segment bright green, on the sides whitish - 
dusted, the posterior half blackish, dull ; hypopygium large, 
whitish-dusted ; the lamellae very small, yellow, with the ap- 
ical third blackish. Front coxae and the tips of the others yel- 
low ; femora and tibiae yellow, fore tarsi infuscated at the tip 
-only, middle ones from the tip of the first joint, hind ones from 
the base ; hind femora and tibiae both distinctly darkened at 
the apex. Wings with a yellowish tinge, the fourth vein bent 
forward near its tip and thence nearly straight, as in Pelasto- 
neurus. The hind femora have a row of bristles above of 
which the last four or five toward the end are quite conspicu- 
ous. 

Length, 3.1 to 3.6 mm. Four males, seven females. 

PELASTONEUBUS. 

Loew, Neue Beitr., VIII» 86, 1861 ; Monogr., 103. 

PelaBtonenras argentifems. 

Aldrioh, Trans. Lond. En torn. Soo., 1886, 313. 

Thirty-five specimens, both sexes. 

SABCIONUS. 

Aldrieh, Biologia, Dipt., SappL, 1902. 

SarcionuB lineatns. 

Aldrioh, Trans. Lond. Entom. Soc, 1896, 312 (Pelastoneurus), 

Numerous specimens, both sexes. The width of the face in 
the male is one-twelfth, in the female one-sixth, the width of 
the head ; therefore the species cannot be a Pelastoneurus . 

HEBCOSTOMUS. 

Loew, Neue Beitr.. V, 9, 1867. 

Hercostomus latipes. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 311. 

Numerous specimens, both sexes. 

NEUBIQONA. 

Rondani, Prod. Dipt. Ital., 142, 18M. 

Nenrigona signifera. 

Aldrioh, Trans. Lond. Entom. Soc., 1896, 337. 

One male. 
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^ Nenrigona decora, d. sp. 

Male : Eyes barely contiguous on the upper part of the face, 
-slightly separated above and below ; front broad, opaque, dark ; 
antennae small, red, the tip of the third joint brownish ; orbital 
•cilia pale. Thorax bright, shining blue, the concavity before 
the scutellum more bronze ; pleurae green, with thin dust, and 
the hind margin yellow; tegular cilia yellowish. Abdomen 
rather short, the first two joints yellow, the rest dark green, 
shining above. Hypopygium rather prominent, exserted, yel- 
low. Coxae yellow, the middle ones dark at base ; remainder of 
legs and the tarsi yellow ; a slender hair on the outer side of the 
second joint of the fore tarsus at its apex. Wings a little yel- 
lowish ; the fourth vein converges toward the third at the end, 
terminating before the apex of the wing. 

Female : Face linear ; eyes not contiguous. 

Length, 2.8 to 3 mm. Two males, two females. One of the 
latter is from St. Vincent, but was not mentioned in the pre- 
vious paper. 

AnepBius linearis. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 317. 

Nineteen specimens. 

Entarsus sinnatus. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 334. 

Nineteen specimens. 

PLAQIONEUBUS. 

Loew» Wien Ent. Monatsch., I, 43. 

Plagionenras nnivittatns. 

Loew, loc. oit.; Neue Beitr., VIII, 69; Monogr., 196. 
Williston, Trans. Amer. Ent. Soc., XIII, 295. 

One female. This species has a very striking distribution, 
considering that it is everywhere uncommon. It is found from 
Brazil as far north as South Dakota, and east to Massachusetts. 

STMPTONUS. 

Loew, Neue Beitr., V, 42, 1867 ; Monogr., 185. 

Sjrmpyonus firater, n. sp. 

Male : Frpnt blackish with gray dust ; face narrow below, of 
the same color ; antennse of moderate length, first two joints 
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yellow, the third black, rather pointed, arista inserted near 
the base ; palpi rather pointed, yellow ; occiput with gray dust, 
the orbital bristles small, at the sides and below whitish. 
Thorax dark green above, with thin dust and rather large bris- 
tles ; pleurae black, with dense, almost white, dust ; tegular 
cilia dark, in some lights almost russet, in others blackish ; 
hal teres yellow ; abdomen not elongated, scarcely equaling the 
head and thorax in length, not compressed, dull green in color, 
with row of longer hairs at the margin of each segment ; hypo- 
pygium black, thick, rounded, protruding behind and below on 
the ventral side, making up nearly half the length of the abdo- 
men, with some partially concealed slender yellow parts at the 
front end. Middle coxae infuscat^d on the outer side, the other 
coxae and all the feet yellow ; the tarsi scarcely inf uscated ; 
fore tarsi as long as the tibia, the last three joints of equal 
length, the fifth black, the inner claw stout, black, curved back 
upon the joint to form a clasping organ, very much as in S. 
falco; the outer claw normal. On the front side of the hind 
femur below is a row of black bristles, longer toward the tip ; 
wings grayish, the last section of the fourth vein almost per- 
fectly straight, the third converging toward it at tip. 

Female : Like the male, but the face not narrowed below ; 
the fore tarsi normal ; no bristles on hind tibiae. 

Length, 2.2 to 2.4 mm. ; of wing, 2 mm. Numerous speci- 
mens, both sexes. This species, with falco and similis and the 
Mexican coxalisy forms a group of close relationship, yet suf- 
ficiently distinct from each other. 

SympyonuB falco. 

Aldrich, Trans. Lond. Entom. Soc, 1886, 336. 

Two females. The black antennae and plain fore tibiae suf- 
ficiently distinguish the females from those of the related 
species. 

Sympyonns similis. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 336. 

Two males, two females. The row of bristles on the fore 
tibia occurs also in the female, making an easy distinguishing 
mark. 
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DIAPHOBUS. 

Meigen, Syst. Beachr., lY, 1824. 
Loew, Hon. N. A. Dipt.. II. 156. 1864. 

In attempting to separate this genus from Chryaotua, which 
it often greatly resembles, I have followed these rules : First, 
to assign to Chrysotus all species in which the eyes of the male 
are approximated below the antennae, and to Diaphonis all in 
which they are approximated above ; second, of the consider- 
able number of species in which there is no approximation, to 
refer to Chrysoius all in which the male does not have a group 
of large bristles at the apex of the abdomen. 

In my preceding paper on the Dolichopodidae of St. Vincent, 
I made a bad blunder in failing to recognize Diaphorua spec- 
tabilis Loew, which I redescribed as D. approximatua. I have 
since found further that the numerous females which would 
almost inevitably accompany ** numerous males" in a collec- 
tion were mixed up with the females of Lyronetirua simplex Aid., 
and they are there yet, as I am unable to find any characters 
for their separation. The two species being nearly, if not en- 
tirely, indistinguishable in the female sex, it seems evident that 
the genus Lyroneurus is insufficiently characterized, and I have 
accordingly abandoned it. Loew himself (Mon. N. A. Dipt., II, 
169) was a little staggered when he came to compare the genus 
with some North American species of Diaphorus; but with the 
material then known it still seemed tenable. It would certainly 
be an anomaly, however, if two females not distinguishable from 
each other would have to be placed in separate genera. 

Table of West Indian Species of Diaphorus. 

^ { Femora yellow 2 

? Femora black or brown 5 

a \ Fore coxae with a row of three long bristles dimidiatus Aid. 

( Fore coxse with only small bristles 3 

o ^ Male with very lar^e pendent white palpi amcenust n. sp. 

} Male with only ordinary palpi 4 

( Eyes of male not approximated parxndus Aid. 

4. ] Eyes of male approximated, tarsi infuscated (Cuba). . . subspjunctus Loew. 
( Eyes of male contiguous, tarsi not or scarcely infuscated Jfavipes Aid. 

f Color green, shining 6 

^ J Color black, but little shining, wings deeply infuscated opacua Loew. 

I Color black, dorsum gray pollinose, opaque, wings but little 

I clouded contiguua Aid. 

^ S Eyes of male approximated spectabilis Loew. 

■ ) Eyes of male not approximated 7 

I Male with a long erect bristle on the under side of the hind 

7. \ metatarsus 8hnj)lex Aid. 

( Male without such bristle dubiua Aid. 

(Parvulus and sUbsejunctua are not represented.) 
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Diaphoms dimidiatns. 

Aldrich, Trans. Lond. En torn. Soo., 1896, 322. 

Thirteen males, four females. The latter are readily dis- 
tinguishable by the bristles of the fore coxse, although they da 
not have the yellow color on the abdomen that characterizes the 
males. 

Diaphoms amoenns, n. sp. 

Male : Face rather wide, green, in an oblique direction yel- 
low pollinose ; front wide, bright green; antennae black, the 
first joint slightly elongate, third pointed, arista completely 
apical ; palpi very large, yellowish white, hanging down about 
a third the height of the head, about two- thirds as wide as long ; 
cilia of inferior orbit white ; thorax and abdomen bright green 
above, somewhat golden, the former a little dusted ; pleurse 
blackish green, slightly pruinose with white ; tegular cilia few, 
yellowish white ; halteres yellow, abdomen slender, the bristles 
at apex distinct ; fore coxa? yellow, the others brown ; femora 
and tibiae yellow, the hind femora slightly infuscated at tip ; 
fore and middle tarsi slightly exceeding their tibiae in length •, 
all tarsi gradually infuscated toward the tip ; front pulvilli 
elongated, the others also a little conspicuous ; wings of medium 
size, tinged with gray. 

Female : The only female I have is almost exactly like that 
of flavipes. The antennae being more distinctly black, and the 
coxae with noticeably longer and more numerous brown hairs, 
are the only differences I can detect. The male amcenus has but 
a few long, brownish hairs in a row down the fore coxae. 

Length, 2.5 mm. ; of wing, 2 mm. Three males, one female. 

DiaphoruB flavipes. 

Aldrich, TraDs. Lond. Entom. Soc, 1896, 333. 

Numerous males and females. 

Diaphoms opacus. 

Loew, Neue Beitr., VIII, 56; Mon. N. A. Dipt., II, 160. 
Aldrich, Trans. Lond. Entom. Soc, 1896, 320. 

Six males. A comparison with specimens from the United 
States establishes their identity, as also that of the St. Vincent 
specimens referred to in the previous article. 

Length of the present specimens, 2.8 mm. 
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DiaphoniB eontiguns. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 323. 

Eight males, three females. 

Diaphonui spectabilis. 

Loew, Neue Beitr., VIII, 57; Mod. N. A. Dol., II, 162. 

Aldrioh, Trans. Lond. Entom. Soc., 1896, 321 (/>. approximatua, n. sp.) 

Numerous males and females, one labeled '^ Windsor estate 
(Windward), 1500 feet, March 28. Cocoa orchard, on herbage.'' 
Comparison with specimens from the United States fully estab- 
lishes the identity. The only difference between the females of 
this and simplex is that the latter are, on the average, slightly 
larger, but doubtless there are individual cases the other way. 

Diaphoms simplex. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 333 {Lyroneurus), 

Numerous males and females. I have explained the chango 
of generic reference at the beginning of the discussion of this- 
genus. 

Diaphonui dnbius. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 324. 

Five males, seven females. 



ASTNDETUS. 

Loew, CeDtar., VIII, 58. 1809. 

In this genus the essential character is in the costal vein 
reaching only to the tip of the third vein, rather than in the 
fracture, or even the evanescence, of the fourth vein. The lat- 
ter characters vary somewhat, but in all the species there is at 
least a marked thinness of the last part of the fourth vein. 

Loew considered that the elongated fore pulvilli of the male 
would keep interruptus in the genus DiaphoruSy under which it 
was described. The shortened costal vein, applying to both 
sexes conspicuously, seems to me to outrank the size of the 
male pulvilli. I therefore place the species in Asyndeixis, 

Table of North American Species of Asyndetus. 

C Last part of fourth vein making approximately two right angles 2 

1. ] Last part of fourth vein only gently curved in the 

( middle syntormoidea Wheeler. 

Q ( Fourth vein at the end straight, ending exactly in apex 3 

} Fourth vein at the end curved back, ending distinctly behind apex 4 



S8 KANSAS UNIVERSITY 8CIBNCB BULLETIN. 

Table of North American Species o/ Asywdetus. 

( Dorsum of thorax with a broad, brown-dusted middle stripe, 

3. ] enclosed by two bluish-gray ones fratellus Aid. 

( Dorsum not striped interruptiu Loew. 

( Second joint of fore tarsi in the male with a large spine, ammophilus Loew. 

4 . ] Second joint of fore tarsi in the male with two yel- 

( low processes appendiculatus Loew. 

Note. — The last two are known only from the United States; interrvptus is 
Cuban. 

AsyndetUB fratellus. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 332. 

Two males, two females. 

AsyndetUB syntomoides. 

Wheeler, Proc. Cal. Acad. Sci., 1899, 32. 

One male, two females. The species ranges as far north as 
Massachusetts, and west to Kansas. 

GHBT80TU8. 

Meigen, Syst. Beschr., IV, 40, 1824. 

Table of Species of Chryotub. 
North America, including West Indies. 

Femora chiefly black or brown 2 

^ i Femora yellow, tips of hind ones sometimes inf uscated 16 

Hind femora black, middle ones yellow, front ones usually 

with a dark stripe above (U. S. and W. I.) barbatus Loew. 

« ( Cilia of tegulffi black or brown 3 

^' ( Cilia of tegulae pale 10 

Third antennal joint in the male large, the tip drawn out in a 

slender point ( W. I.) acutus Aid. 

Third antennal joint in the male large, with a blunt tip, 
o j upper basal angle rising prominently above the second 

^ joint, lower edge straight, eyes of male contiguous obliquus Loew. 

Third antennal joint in the male elongate, blunt, synunet- 

rical cornutus Loew. 

Third joint not conspicuously elongate 4 

^ ( Eyes of male not approximated on the face vividus Loew. 

' ( Eyes of male approximated or contiguous 5 

g ( Palpi of male large, projecting, snow white (W. I.) albipalpus Aid. 

' X Palpi of male of ordinary structure 6 

g ( Femora metallic greenish black 7 

( Femora brownish black 8 

« ( Middle tibiae wholly yellow obliquus Loew. 

' ( Middle tibise largely inf uscated afflnis Loew. 

g ( Third antennal joint of male small, plain ( W. I.) niger Aid. 

' ( Third joint of male kidney-shaped, arista inserted in an apical notch 9 

g ( Tibite black or brown ( W. I.) excisus Aid. 

* ( Tibiae wholly yellow ( W. I.) proximus A\6., 

^^ ( Eyes of male approximated choricus Wheeler. 

/ Eyes of male not approximated 11 

, , ( Palpi white longimanus Loew. 

^^ • I Palpi blackish 12 
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Table of Species of Chryotus. 

Wing of male with thickened oosta 13 

WiDg of male without thickeDed coeta 15 

CkMta with a strong enlargement coatalis Loew. 

Ckwta with a slight enlargement 14 

Abdomen with pale hairs praHncola Wheeler. 

Abdomen with black hairs aubcoatatua Loew. 

Femora dark green, shining diacolor Loew. 

Femora black auratua Loew. 

Cilia of tegulse pale 17 

Cilia of tegulffi black 21 

Antennae black, first joint yellow (U. S. and W. I.) picticornia Loew. 

Antennae black 18 



.. g ( Eyes of male approximated, not contiguous 19 

\ Eyes of male contiguous 20 

..g ( Abdomen with rather abundant black hair above paWpea Loew. 

• ( Abdomen with very few hairs ( W. I.) paradoxua^ n. sp. 

J Male with dense brown hair down the outer side of the hind 
tibiae and tarsi ( W. I.) hirautua Aid. 
^ Male without such hair wiaconainenafa Wheeler. 

Q, ( Antennae yellow ( W. L) longipalpua Aid. 

^^' ? Antennae black 22 

Qo ( Eyes of male not approximated ( W. I.) inermia Aid* 

) Eyes of male contiguous 23 

M ( Third antennal joint of the male drawn out in a fine point (W. I.), acutua Aid. 
( Third antennal joint not drawn out ( W. I.) hirautua Aid. 

ChrysotUB albipalpns. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 327. 

Numerous males and females, one labled ''Mt. Gay (Lee- 
ward ) , 300 feet, Sept. 10. Flying at sunset.'' 

Chrysotns niger. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 327. 

Numerous males and females. 

Ghrysotns ezcisuB. 

Aldrich, Trans. Lond. Entom. Soc., 1896, 325. 

Numerous specimens. 

Chrysotos Mrsntus. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 328. 

Numerous males and females. 

Chrysotns longipalpua. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 329. 

Numerous males and females. 

»-Kan. UniT. Set. Ball., VoL I. 
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Ghrysotus picticornis. 

Loew, MoDogr., 11^ 184; Wheeler, Psyche, June, 1890, p. 328; Aldrich, 
Trans. Lond. Entom. Soc, 1896, 329. 

Numerous males and females. I have seen it also in abun- 
dance from Georgia. An easily recognized species. 

Ghrysotus prozimus. 

Aldrich, Trans. Lond. EDtom. Soc, 1896, 326. 

Numerous specimens. The lighter color, as compared with 
excisus, applies principally to the fore and middle tibiae ; the 
thoracic dorsum also is less blue and more bright green. 

Ghrysotus harbatus. 

Synarthrua harbninH Loew, Neue Beitr., VIII, 48; Mon. N. A. Dipt., II, 
138 (see also p. 134) (male only). 

Chrysotua validus Loew, Neue Beitr., VIII, 63; Mon. N. A. Dipt., II, 175 
(female only). 

Xlphandrium americanum Wheeler, Ent. News, VII, 152 (both sexes). 

Chryaotua opica^ia Aldrich, Trans. Lond. Entom. Soc, 1896, pt. II, 330 
(both sexes); Ent. News, XI, 533, synonymy. 

•Numerous specimens of both sexes. 

As will be seen, this species has had peculiar misfortunes at 
the hands of the describers, in which I have indicated my share. 
If the insect could deceive Loew so completely, certainly the 
later writers may be pardoned. Professor Wheeler called my 
attention to the identity of his A", americanum with S. barbatus. 
The remainder of the synonymy is my own. The peculiar col- 
oring of the femora has been the main guide in associating these 
descriptions: Hind ones green, middle yellow, fore yellow, 
with more or less of a dark stripe above, making a very unusual 
combination. I see no great impropriety in referring the species 
to this genus. 

Ghrysotus paradoxus, n. sp. 

Male: Face narrow, the eyes decidedly approximated, front 
bright green ; antennti? small, blackish, with minute pale hairs ; 
palpi minute, dark ; dorsum of thorax bright green, the pleunie 
blackish ; halteres yellow ; teguhe yellow, with a few hairs 
which are decidedly pale in the proper light, but otherwise in- 
distinctly brownish, especially at base. Abdomen bright above, 
the hairs yellowish or brownish, not distinctly black; venter 
slightly pale anteriorly ; hypopygiura mainly concealed, black, 
with minute yellowish appendages. I notice two rather strong 
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hair8, somewhat like those of DiaphoruSy but they are not blunt 
at tip. Legs slender, yellow, with minute yellowish hairs ; 
tarsi rather elongate, last joint but little infuscated, the pul villi 
all rather large ; middle coxae considerably infuscated. Wings 
rather slender. 

Length, 1.4 mm. One male. 

The name is intended to refer to the distinct interblending of 
the characters of Diaphorus with those of Chrysotus. 

MEDETEBUS. 

Fischer de Waldheim, Notice, etc., 1819. 

Medeteros eziguns, n. sp. 

Male : Minute, greenish black, the tibise, tarsi and tips of 
femora yellow, hind metatarsi less than half the length of the 
following joint and noticeably thicker than it ; antennae black, 
minute ; face and the minute palpi black. Hypopygium black, 
elongate, slender, reaching the hind coxae. I cannot make out 
the lamellae. Only the apical joint of the tarsi infuscated. 
Wings hyaline, posterior cross- vein more than its length from 
the margin, third and fourth veins distinctly convergent. 
Halteres pure yellow. Bristles of the thorax brownish, almost 
yellow in some lights. 

Female : Hind metatarsi as in the male, but slightly infus- 
cated at tip. Face rather blue above. 

Length, 1.4 mm. One male, one female. 

GHBTSOTIMUS. 

Loew, Neue Beitr., V, 48 (1824). 

ChrysotimuB barbatns, n. sp. 

Male : Face broad, gray, with a distinct transverse angle or 
suture, just above which are two distinct hairs nearly as large 
as those of the orbit ; palpi small, dark ; front gray ; antennae 
short, rounded, rather dark yellow, the arista dorsal. Dorsum 
of thorax, pleurae and abdomen of a dull cinereous cast, with 
rather pale hairs and bristles. Feet, including coxae and 
posterior margin of pleurae, yellow. Hind metatarsus less than 
half the length of the following joint, with a fine, dense row of 
pale hairs forming a brush in the shape of an arc of a circle on 
the inner side at the tip. This is a cleaning or scraping organ 
for the wings, body, and other legs, I take it. 

Length, 1.6 to 1.7 mm. Two females. 
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THBTPTIOUS. 

Gtorstaecker, Stett. Bnt. Zeit., 1866, 48. 

Wheeler, Psyche, 1890, 875 (Apfianiotimut) ; Proe. Cal. Acad. Sci.. 1899. 

Aldrieh, Trans. Load. Entom. Soe., 1896, 839 (XanthoMcha) ; Eat. News, 1900, 533. 

Tbrypticns cnpuliferus. 

Aldrieh, loc. cit. (Xanthotricho), 

Eight specimens. 

Thrypticus minor. 

Aldrieh, loc. cit., 310 {Xanthotrichn), 

Nine specimens. 

XANTHINA. 

New genas ( Xanthot^ yellow). 

Similar to Xanthochlorus ; in the described species without 
metallic color; bristles of legs brown, of body dark brown, al- 
most black ; face very narrow in both sexes, eyes almost con- 
tiguous in the male ; prescutellar depression very distinct. 
Antennae short, first joint minute, third rounded, hairy ; arista 
with moderate pubescence, almost or completely apical ; acros- 
tichal bristles in two rows. Hypopygium concealed, with two 
hairy filaments nearly as long as the abdomen. Palpi and legs 
hairy, hind tibiae especially so. Venation as in Chryaotus. 

Xanthina plnmicauda, n. sp. ( Plate IV, fig. 1 ). 

Male : Front and very narrow face, dorsum of abdomen ex- 
cept the base, and a spot below the tegula, black ; elsewhere 
yellow ; palpi decidedly large and hairy ; hind tibiae with two 
rows of pale bristles on opposite sides toward the tip ; wings 
hyaline. 

Female : Abdomen dark brown on the middle of the dorsum ; 
hind tibiae with ordinary but coarse hairs. 

Length, 1.4 to 2.6 mm. ; wing about the same. One male, 
three females. 

THINOPHILnS. 

Wahlberg, Oefv. K. Vet. Akad., 1844, 37. 
Wheeler, Ent. News, VII, 152-156, 1896. 

A single specimen of an undescribed species. As Professor 
Wheeler is engaged on this genus, I prefer not to describe the 
present species. 
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AGHALGUS. 

Loew, Neue Beitr., V, aO, 18S7. 

AchalcuB sordidns. 

Aldrich, TraDS. Lond. EDtom. Soc., 1896, 339. 

Six specimens. 

Achalcns caudatus, n. sp. 

Male : Face but little narrowed, blackish ; palpi and an- 
tenna^ small, dark brown, the latter with small, rather pointed 
third joint, the arista almost completely apical, finely pubes- 
cent ; hairs of the orbit few, seeming to be paler below. Front 
and thorax black, overlaid with brown dust, which becomes 
somewhat bluish gray on the pleura). Abdomen rather dull 
black. Cilia of tegulae yellowish ; hal teres yellowish, with 
brown knob. Hypopygium rather disengaged, brown, rounded, 
in some specimens showing parts of the slender yellow organs 
inside. Coxae and all the legs and feet sordid yellow ; the fore 
coxae and femorae specially rather dark. Hind metatarsi dis- 
tinctly shortened. Wings uniform grayish, somewhat slender, 
fourth vein ending scarcely past the apex ; first vein reaching 
one-fourth the length of the wing ; sixth vein represented only 
by a slight fold. 

Female : Except for the absence of the hypopygium, and a 
slightly stouter form, the same as the male. 

Length, 1 to 1.1 mm. Fifteen specimens, both sexes; one 
labeled "Windsor estate (Windward), 500 feet, March 28. 
Cocoa orchard, on foliage." 

PSILOPUS. 

Mei«eD, Syst. Beschr.. VI, 1824. 

Loew, MoDogr. N. A. Dolichopodidae, 229, 1864. 

Aldrich, Kans. Univ. Qaart., II, 47, 1893. 

Psilopus bellnlus. 

Aldrich, Trans. Lond. Entom. Soc, 1896, 343. 

Twelve specimens, both sexes. 

Psilopus chrysoprasins. 

Walker, List, etc., Ill, 646. 

Loew, Neue Beitr., VIII, 90; Monogr., II. 266. 

Aldrich, TraDS. Lond. Entom. Soc, 1896, 313. 

Numerous specimens, both sexes. 
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PsilopuB candatolus. 

Loew, Neue Beitr., VIII, 93; Monogr., II, 271. 
Aldrich, loc. cit., 343. 

Thirteen specimens, both sexes. 

PsilopuB insolaris. 
Aldrich, loc. cit., 344. 

Two males, two females. 

PsilopuB jncanduB. 

Loew, Neue Beitr., VIII, 87; Monogr., II, 2^. 

ONAMPTOPSILOPnS. 

Aldrich, Kans. UniT. Qaart., II, 48, 1883. 

Onamptopsilopns flavicomlB. 

Aldrich, Trans. Lond. En torn. Soc., 1896, 342. 

One female. 

OnamptopsilopuB flayidus. 
Aldrich, loc. cit., 341. 

Two males, four females. 



PLATE IV. 




Fio. 1. Xanthina ptumicauda. 
New gemif uid specieB. X ^- ^be heitd had become ehriveled in di7iDg. 
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BEPORT OF SANITARY CHEMICAL WATER ANALYSES.. 

BY EDWARD BARTOW. 

; » 

TN the spring of .1898, there was begun at the University a 
-^ series of systematic analyses of the waters of the rivers, wells 
and water-supplies of the state. The work has been carried, on 
with more or less continuity till the close of the school year in 
June, 1900. At that time, owing to the removal of the depart- 
ment of chemistry to the new building, and the fact that the 
rooms set apart for such work could not be equipped, it was 
necessary to stop the work. It is hoped, however, that we will 
soon be able to take it up again. 

The results set forth in this article have been obtained by the 
help of several of the students. The first analyses* were made 
by C. E. McKinnie, Ph. C, 1898, and G. M. Smkh, Ph. C, 
1898. The analyses were continued by D. F. McFarland, B. A., 
1900, W. J. Rothrock, B. A., 1900, B. C. Winslow, B. A., 1899, 
E. A. Sweet, Ph. C, 1900, and F. W. Fogwell, Ph.C, 1900. 

As far as possible, each student has made a specialty of some 
problem, at the same time carrying on the work in such a way 
as to give a systematic comparison of all the work; There have 
thus been made comparative analyses of the water of the Kan- 
sas river at Lawrence at different seasons, and at different 
Stages of the river. There are comparative analyses of the river 
water, filtered and unfiltered ; comparative analyses of the 
river water, above and below the city, at the middle of the 
river, and along the bank. There are analyses of well-waters 
from city wells and from wells in the country near Lawrence ; 
analyses of water from wells suspected of contamination, and of 

*ProoeediDgB of the KaDsas Pharmaceutical AssociatioD, 1898, page 53. 
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those which were supposed to be all right. There were but few 
analyses of waters away from LawreDce, owing to the difficulty 
of obtaining samples. Through the kindness of Prof. E. C. 
Murphy, a number of samples were obtained from the Neosho, 
the Verdigris, and the Marais des Cygnes. The comparison of 
these with the waters of the Kansas is quite interesting. It 
would be still more interesting, however, if the analyses of the 
river waters could be made more frequently, and at different 
stages of the rivers. 

The methods of analysis are those in use io the laboratory of 
the state board of health of Msissachusetts. Analyses have 
usually been made on the day following the date of collection, 
or within twenty-four hours from the time the water was ob- 
tained. The records are given in parts per million, according 
to the recommendation of the American Chemical Society. 

yfe realize that the work has been merely begun, and that but 
little has been done, due partly to the lack of a well-equipped 
water-analysis laboratory, and partly to the fact that the stu- 
dents who assisted in the work were carrying on the regular 
univer&ity courses at the same time. Nearly 260 analyses have 
been made, the reports of which are arranged in the twelve ta- 
bles of this report. 
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In table I the Tariation of the constituents with the height 
of the water is quite striking. When the first analysis was 
made, February 4, 1898, no water was flowing over the dam. 
'"his stage was again reached on August 16 and December 15 ot 
the same year. Analyses made in the interim show the soluble 
solids, chlorine and hardness to be lower, and insoluble solids 
to be higher. Nitrogen in all its forms increases with the in- 
crease in the height of the water. The variation of the chlo- 
rine is especially noticeable. With the gauge at zero, there 
were 114 parts of chlorine ; with the gauge at fire feet, there 
were only 14 parts of chlorine ; and the following week, though 
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the water had gone dowa, there were only 9 parts of chlorine. 
As the water recedes the cliloriae iDcreases again, reaching 80 
in August, when again there is no water flowing over the dam, 
and 124 in December, 
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This series shows the same variation in the constituents with 
the height of the river as is noted in the analyses made above 
the dam. Solids, free ammonia, albuminoid ammonia, and 
oxygen-consuming capacity are higher than above the dam. 
Nitrites were sometimes present. Chlorine was slightly lower, 
showing a similar variation noted by Bailey and PVanklin* in 
examination of the water of the river above and below Topeka. 
The sewage of Lawrence and Topeka is hence lower in chlorine 
than the water of the Kansas river, fed by rivers rich in chlo- 
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Table IV.— Anal;raM of water fnun the Ksdub river. Samples taken from ttw 
middle of the river at the foot bridge, Lawrence. Collected 3S0 feet from tha 
■outb approMfa. (Parte per 1,000,000.) 
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The analyses shown in tables III and IV do not show a suffi- 
cient variation to form any definite conclusions. 
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Table V.— Analyses of w&ter from the Kanaaa riTer, oollectod about 100 (Mt 
ftbore the dam at Lawrence, filtered through paper before making teste. 
(Farts per 1,000,000.) 
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These analyses were made on dates corresponding to those of 
table I. It will be noted that the same variations occur as in the 
uofiltered water, but the solids do not show such a vide range. 
It is easy to flnd the amount held in suspension, if the solids in 
the filtered water be subtracted from the amount in the unfil- 
tered. The decrease in the amount of oxygen consumed and in 
the amount of nitrogenous constituents shows that a large 
amount of the nitrogen is in the suspended matter. 



BAKTOW : BAHITABT CHEMICAL VATBR ANALYBBS. 





■3 

1 


Apmcanoe. 


Beaiil 


ST.r-"'" 


VH 


An,m«oi.. 


MtroceD 


1 

n c 




1 


1 


.1 


1 


1 


i 


•s 
£ 


1 




£ 


s 




» 


Apr. 8 


ta^ 


«*. 


0.0 


1,092 


MB 


K» 


.OH 


130 


7.893 




2S0 1 


a 


37 








0.0 


gsi 


40S 


!M 


ao 


.020 


07S 


i.2M . 




SOS 1 


30- 


40 








0.0 


T88 


S18 


270 


w 


.Olt 


074 


7.880 


000 


280 2 


lo- 


41 








0.0 


UZ 


ffil 


t28 


ae 


,010 


OM 


i.-m 


000 


230 


ss 


41 






Blijit 


0.0 


808 


310 


m 


Ss 


.040 


\a 


1.120 


000 


37b 2 


7G 


*3 






Int. 


0.0 


m 


m 


tl4 


100 


.048 


103 


9.700 


000 


30fi 1 


SO 


40 






nigii. 


0.0 


m 


sa8 


304 


74 


-013 


m 


S.MB 


000 


2S0 1 


fl& 


































Jolr B 








S4 






10 


-028 


lis 


,308 


Ml 


8S 




•I 














III 


Apr. 21 








1.408 








200 


vn 




oin 


80< 1 


00 


UB 


lOL 


)••. 


0.0 


188 


810 


ISO 


.034 


083 




001 


2sa 


ss 


U4 








0.0 


22g 


1,250 


i.oao 


IZO 


.07S 


217 




000 


480 1 


10 










D.O 


1,080 
490 






83 
20 


_044 
.003 


11« 
170 


-IW . 
.323 


001 


93^ 
180 2 




m 


m 


m 


oo 


m 










1,322 


m 


tan 


41 


-OlS 


no 


-laS 


000 


320 1 


10 


UB 








0.1 


1,410 


fi» 


880 


184 


.110 


131 


2,161 


TO, 


410 1 


00 


iM 










!,IW 






400 


.080 


389 


.000 


ood 


240 1 


80 
































w 








0.0 


uuo 


780 


7M 


380 


,023 


130 




Ooo 


200 


































114 


Hajr t 






f).0 


440 


140 


300 


J& 


.018 


182 


1.834 


000 


280 




I4t 








CO 


I.OOJ 


320 


880 


108 


.010 


osa 


2.aa 


000 


380 


7S 


M 








0,0 


1.100 


100 


1.000 


180 


.220 


12a 


2,701 


000 


240 


70 


MS 








0.0 


1.140 


«» 


840 


188 


.C90 


230 


2.388 


OOD 


110 1 


OO 






nifU. 


T 


0.0 
0.0 
O.0 

0.0 


««4 

3M 

i,iiii 

7S0 






IS 
03 

m 

M 


.018 

.043 


071 

140 

148 


.000 

lis 

1,911 


001 
001 

oco 
000 


280 1 

mo' 1 




















in 


w 


4I» 




in 








0.0 


«K) 


130 


^ 


an 


.080 


180 


-WS 


OGO 


2M 1 


00 


Of 








0.0 


410 


m 


*» 


4J 


.030 


170 


,W7 


001 


J30 I 


00 


HD 








0.0 


m 


1W 


«so 


K» 


.043 


188 


,«S8 


ooo 


380 1 


00 


W 








0.0 


l.!M 


1M 


1.000 


m 


.023 


240 


2.981 


018 


370 I 


80- 


IS 

1» 


Dm. U 
1100. 


lii. 


tai 


0.0 









«o 


.OlS 
.011 


043 




OOD 


.... 2 


» 


1» 


FBb. U 






0.0 


..an 


338 


t.D80 


80 


.448 


281 




000 


800 E 


80- 



106 KANSAS UNIVBBBITY BCIENCQ BULLKTIN. 

Tablr Vl.— Concluded. 
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116.-ISI7 Kentackr (tceet. 

118.— IMSQaiocTitTNt. 

U2.— IgS Loonat atrset, North LawreoM : ihsl- 

low. 
Its.— IW Loenit (treet. North Lawrsiioe: M 

rMtdMtk 
IS1.-1800 HuaaohoHitta itnet. 
IS7. -- Well at tMrn ot B. W. Woodwatd. 
lU.— WaU at hoosa ot a W. Woodward, 
lao.— SZO Vermont street; SO feet deep. 
ISS.— S20 lfa»BchDHtUitieat: 30 feet deep. 
182.-1211 TaanesMe itreet. 
188.— IMS Uauaohnaett* itieet. 
189 and 232.- 800 Loniiiana atieat. 



-933 Vermont street. la hoiue. 
-1310 Ohio street. 

— 1107 KentDckj street. 

— ChanDellor'a reaidaoee, Loaiaiaaa atnat ; 
IT feet deep. 

— WeU at boat-hoDse. 

— 1310 Keataokr street. 

— till New Janey street. 
91, and SM.— 139 TennoDt street. 8ni- 

pected contsmiajition. 

— WeU or A. B. Tweed. East Lee (ttseti 22 

— B2S Coaneotlont street : 2S teet deep. 
-Well north of H. K. ohnrch. 
-920 VarmoDt street. 

— HIS Rhode Islaod street. 
—Well at Qaaker church. 

I3SB Ken tacky street. 
132 New Vork street; 31 feet deep. 

bode Islead street; 11 teet deep. 

Bw Jersey street; 12 feet deep. 
ISU VermODt street : 13 teet deep. 
1211 Bhode Island street. 
lis.- 1200 Kentackj street. 

These analyses show that we cannot rely on the amount of 
'Chlorine as an indication of sewage. Wells less than 600 feet 
apart and of the same elevation, shown to be pure by complete 
analyses, have a variation of chlorine from 10 to 308 parta per 
inillion, the deeper well having the most chlorine. 



— 1211 Tennessee street. 

.—132S Vermont street; IB teet deep. 
.— 1321 Vermont street ; 37 feet deep. 

— 9tS Ohio street. 
.-1018 Vermont street. 
.~-lS33VarmDat street. 
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Wells of the same depth but of different elevation show more 
chlorine the less the elevation. 
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We aoted that the solids in solution and the chlorine were 
lowest to the west and north of the city, while to the south and 
east they are much higher and in the deeper wells are very high. 

The normal chlorine maps of Massachusetts and Connecticut 
are so helpful in those states, giving a standard for comparison, 
that we would like one here. The aualyses of these country 
wells from all sides of Lawrence, together with the city wells, 
show that such a map of this district would be difficult to make, 
and, if made, valueless, for chlorine alone cannot be used as a 
test for contamination. 
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The water for analyses 26, 33, 67, 90, 186 and 196 was drawn 
from a tap at 1344 Ohio street; for 190, 205, and 220, from a 
tap at the University ; for 111, from a tap at the water-works ; 
112, from a tap at 920 Tennessee street, and 113, from a hy- 
drant at Oak Hill cemetery. These three ( 111-113 ) formed a 
comparatiTG analysis. 193, 200, 209 and 215 were analyses of 
water from the fountain. The water was clear when first col- 
lected, but on standing would become turbid, and a sediment 
would settle out. 201, 210 and 216 are from the second reser* 
voir, and 202, 211 and 217 are from the third reservoir. Three 
sets of comparative analyses of the water from the fountain and 
the second and third reservoirs were made. The most remark- 
able item noted was the very high free ammonia in the foun- 
tain, with the gradual decrease in the reservoirs, and the still 
further decrease noted in the water from the taps. 

Numbers 233 and 234 were comparative analyses, on the same 
day, of water from different parts of the city. 



Table IX.— Analyses of w«ter from sprioire Id or omt the city of Lawrence. 
(Parte per 1,000,000.) 
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T«BiiX 


— Analyses of water from deep welle. 


(Parte per 1000.) 
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Table XI.- 
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MS of water from ciatariw. 


(Parts per 1.000,000.) 
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With the exception of the UniverBJty cistern water, these 
analyses are of water from cisterus supposed to contain conr 
tamination. Number 187 was from a cistern the water from 
which had been used to wash milk-cans. The milk from these 
cans is supposed to have aided in spreadingi typhoid fever to 
several families in the city. 
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BARTOW: SANITARY CHEMICAL WATER ANALYSES. Ill 

It is interesting to note the small amount of chlorine in the 
southern part of the state, out of the valley of the Kansas river. 

SUMMARY. 

The analyses of the river water given in tables I-V show a^ 
direct variation of solids in suspension, and a direct variation 
of organic material with the height of the water, and an in- 
verse variation of soluble ingredients with the height of the 
water. 

A comparison of tables I and II shows that the Lawrence 
sewers have a little effect on the river. This is scarcely ob- 
servable in the comparative tests we have made, as most of 
them were made at high stages of the river. 

Tables I-V show that very little difference could be observed 
in samples taken from different places in the river near Law- 
rence. 

A comparison of tables I and V shows that filtration removes 
a great part of the solids and very much decreases the organic 
matter. 

In tables VI, VII, IX, and X, analyses of water from wells 
and springs in the city of Lawrence and vicinity show that 
chlorine cannot be taken as indicating contamination. No 
chlorine map of the district could be made. The chlorine and 
solids vary directly with the depth of the wells, and in wells of 
equal depth increase toward the east. Softest waters and 
those with least chlorine are found on the hills southwest of tho 
city. Nitrates are sometimes very high in what are apparently 
pure waters. (See especially table VII.) 

Analyses of water from the Lawrence Water Company's sys- 
tem ( table VIII ) compared with the analyses of the river water 
(tables I and V) , samples taken on the same days, show wide 
differences in the soluble constituents, thus showing that the 
water from the wells is very different from river water. In 
this connection, we especially note that the chlorine in the water 
company's water, though varying in the analyses made, is much 
less variable than that in the river water. Abnormal free am- 
monia in the water taken from the fountain is remarkable and 
worthy of further investigation. 

The few analyses of water from rivers in different parts of the 
state (table XII) show variations due to the geological forma* 
tion in their respective localities, and a further study of them 
promises interesting results. 
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PEOJECTIVE TEANSFOEMATIONS IN ONE DIMENSION 
AND THEIE CONTINUOUS GEOUPS. 



BY H. B. NEWSON. 
INTRODUCTION. 



Thb writer of this paper is engaged in establishing and developing 
a new theory of collineations and their Lie groups. A recent memoir 
in the American Journal of MathematicSj Vol. XXIV, p. 109, entitled 
"A New Theory of Collineations and their Lie Groups," treats of 
collineations in a plane. A series of papers applying the theory to 
collineations in spac^ has been published in the Kansas University 
Quarterly, Vol. X. This theory of collineations in two, three and 
higher dimensions is based upon, and presupposes, a corresponding 
theory of one-dimensional projective transformations. 

In the present paper the theory is developed for the range of points 
on a line, but it applies equally well to all three one-dimensional 
primary forms of projective geometry, viz., the range of points on a 
line, the x>encil of lines through a point, and the pencil of planes 
through a line. The object of the paper is to collect and set forth the 
principal facts of one-dimensional transformations, and to build 
thereon a comprehensive theory of their continuous groups. The pa- 
per is sufficiently complete to serve as a foundation on which to build 
a consistent theory of collineations in two, three and higher dimen- 
sions. In form and content it is suitable for the beginner, and will 
serve as an introduction to the general theory. 

The chief sources are as follows : In his " Vorlesungen iiber Ck)n- 
tinuierliche Gruppen," Kapitel 5, Lie gives a detailed account of his 
theory of one-dimensional projective transformations and their con- 
tinuous groups. His equation is, 

where all the variables and coefficients are assumed to be complex 

(115) 
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numbers. His geometrical interpretation is by points on a line, both 
points and line being, in general, imaginary. 

Klein,* Poincar6 f and others have extensively investigated the same 
transformation, but chiefly with respect to its discontinuous groups. 
They have interpreted their results geometrically by points in the 
complex plane. In addition to the results of Lie and Klein, the prin- 
cipal results of two former papers by the writer are incorporated in 
the present memoir. These are entitled "Continuous Groups of 
Projective Transformations Treated Synthetically," J and "Continuous 
Groups of Circular Transformations." § In the first of these papers 
is developed geometrically the elements of this new theory of pro- 
jective transformations in one dimension. In the second paper the 
continuous groups of the transformations given by (1) are deter- 
mined and interpreted as transformations of the points of a complex 
plane. 

PART I. 

§1. General Properties of One- dimensional Transformations. 

The resultant of two transformations, — A projective transforma- 
tion should be looked upon as an operation which, when applied to a 
finite set of points on a line or to the totality of all points on the line, 
has the effect of rearranging and redistributing them in such a way 
that the new set or range is projective with the old. If we carry out 
in succession two projective transformations on a set of points, the 
result is equivalent to a single projective transformation. This may 
be shown as follows : 

Let T and Ti be two transformations whose equations are re- 
spectively 

^ ax+b ^_j ^ a|X^+bi 

ex + a CiXj -j-di 

The first transforms the point x into xi, and the second transforms 

xi into xs. We suppose the operations are carried out in the order in 

which the equations are written. If we eliminate xi from the above, 

we get 

▼«» ^^ 

(CiB + djC) X + (c»b + did) 

It should be observed that (2) is of the same form as (1) and 
differs from it only in the value of the coefficients. Equation ( 2 ) 
therefore expresses a projective transformation Ts, which transforms 
the point x directly to xa, and is equivalent to the successive applica- 
tions of T and Ti in the order named. The transformation Tj is 

^See ModnlfaDCtionen, Band I, S. 16^-207. 

1 9«e Acta Mathematioa, Tome I, pp. 1-62. 

% Kansas Uaivenity Quarterly, Vol. IV, pp. 71-93. 

g Balletin Amer. Math. Boo., 2d Series, Vol. IV, pp. 107-121. 



_ (aia -t- bic) X -f (a,b -f b|d) /o\ 

^^ (c.a 4-d.c»x 4- fc.b + d.d)' \^) 
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called the resultant of the transformations T and Ti, whioh are called 
the component transformations. The operation is symbolized thus : 
TTi = T2. If the two component transformations T and Ti are taken in 
the inverse order, the resultant, TiT=T'9, is not the same as T2. Thus : 

rp' , _ (aa, + bci) x -t- (abt -t- bd,) /qv 

±3. « (ca» + dci)x + (cb» +ddj)* V**^ 

which is not the same as T9. The two projective transformations Ts 
and T's are called conjugate transformations. 

Determinant of a transformation, — The determinant 

a b 

A 

is called the determinant or modulus of the transformation (1 ), and 
it is assumed, for the present at least, that A does not vanish. 

By referring to the transformations lettered T, Ti, Ts, we see that 
the determinant of T3 is 

aia + bjO aib + b,d 
Cxa + diO Oib + did 



but this is the product of 



by 



•i bj 



Cx di 



these determinants are respectively the determinants of T and Ti, 
the components of T3. Hence the determinant of a transformation, 
Ts, which is the resultant of the transformations T and Ti, is equal to 
the product of the determinants of T and Ti. 

This result is capable of immediate extension ; for let Ta, Tb and 
Te denote three transformations, the result of whose successive applica- 
tions is equivalent to Td ; the compounding of Ta and Tb is equivalent 
to a third transformation, Tab. The resultant of Tab and To is Td, and 
the determinant of Td is equal to the product of the determinants of 
Tab and Tc; hence the determinant of Td is equal to the product of 
those of Ta, Tb, and Tc. This mode of reasoning is applicable to the 
resultant of any number of transformations ; hence by induction we 
infer the following theorem : 

Theorem 1. The resultant Tn of n projective transformations Ti 
(i=0, 1, 2, . . . . n-1 ) is a projective transformation, and the deter- 
minant of the resultant is equal to the product of the determinants of 
the components. 

Inverse and identical transformations, — The transformation T 
expressed by 



xi = 



ax -f b 
cx -f d 
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transforms the point x into xi. This equation may be solved for x, 
giving us 

X = -^^^+^ . (4) 

The transformation expressed by this equation is called the inverse 
of T, and is symbolized by T"^. T"* transforms a point xi into x. The 
resultant of T and T"^ is geometrically evident ; it leaves every point 
on the line unchanged, and is therefore called an identical transforma- 
tion. The resultant of T and T"^ reduces to X2=x, which shows that 
every point on the line is transformed into itself. 

Invariant points, — When the points of a line are shifted into new 
positions by a projective transformation T, does it ever happen that 
one or more of the points are unaltered in position ? To answer this 
question, we reason as follows : The coordinate of a point x, which 
remains at rest or unaltered in position, t. e., which is transformed into 
itself, must satisfy the equation 

ax+b. 
^ cx + d 

Clearing of fraction, we see that the coordinates of all such points 
satisfy the quadratic equation 

cx*4-(d — a)x — b = o; 

whence we conclude that a projective transformation T leaves un- 
altered two points on the line, and their coordinates are given by the 
roots of equation (5). These two points are generally distinct, but 
for special values of a, b, c, d, they may coincide. They are called 
the invariant points of the transformation. Two transformations will 
not generally have the same invariant points, but, as we shall learn, 
an unlimited number of transformations may have one or both in- 
variant points in common. 

Theorem 2. Every projective transformation of the points on a 
line, except the identical transformation, leaves invariant two points 
which are distinct or coincident. 

PseudO'transformations. — If the determinant of T vanishes, the 
transformation is called a pseudo-transformation. In defining the 
transformation, it was expressly stated that the determinant must not 
be zero. This condition excludes just these transformations called 
pseudo-transformations. The equation of the transformation is written 



ax + b. 
^^ ex + d » 



be 



if the determinant ad — be = o, then d = -^ Substituting this value 



of d in the equation, we have 

e(ax + b) 



_ a(ax-f b) £, //»\ 

^^ c(ax + b) c» V"/ 
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which shows that every point on the line is transfonned into the fixed 
point ^ The inverse of the transformation T is written 

cxi — a 

The determinant of this is also ad — be, which equated to zero also 

gives d = ^» Substituting this value of d in the last equation, we 
have 

-. b(cx~a) b. /FTv 

^ a(cx-a) a' ^'z 

which shows that every point on the line is transformed by (7) into 
the fixed point — j' 

The invariant points of a pseudo-transformation are also given by 
equation (5). Putting d = ^ in this equation, it breaks up into 

thus showing that -^ and — 7 are the invariant points of the pseudo- 
transformation. 

Thborem 3. A pseudo-transformation transforms every point on 
the line into one or the other of its invariant points. 

ITiree conditions determine a projective transformation, — The 
equation of a projective transformation T contains three independent 
constants, viz., a : b : c : d. We infer, therefore, that three conditions 
determine such a transformation. In particular, three points and 
their corresponding points determine uniquely and completely a pro- 
jective transformation. 

Let x', x", x'" be any three points on a line, and xi', xi", xi'" their 
corresponding points, respectively. Substituting successively in 
(1) the coordinates of each pair of corresponding points, we have 
three equations, viz. : 

cx'x'i + dx'i — ax' — b = o, 

cxVi + dx"i — ax"— b = o, (9) 

ex" V"i + dx"'i — ax"'— b = o. 

These equations are linear and homogeneous in a, b, c, d, and de- 
termine the ratios of these quantities uniquely and completely, pro- 
vided no two of these equations are identical or have their coefficients 
proportional. 

Theorem 4. There is one and only one projective transformation 
that transforms three given points on a line into three other given 
points. 



x'« 


X' 


1 


X"" 


X" 


1 


Z'"* 


X'" 


1 
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The identical transformation, — Suppose that the transformation 
(1) leaves three points of the line invariant. If we put x'i=x' 
x"i = x" and x'"i = x'" in equations (9), these reduce to the following : 

cx'^ + (d — a)x' — b = o, 

cx"2+ (d — a)x"— b = o, (10) 

ox'"2+(d — a)x'"— b = o. 

The determinant of these equations, 

= (x'-x'") (x"-x'") (x'-x"). (11) 

does not vanish so long as the three points are distinct ; consequently^ 
the coefficients of the above equations must vanish identically. 
Thus, c = o, b = o, d = a. Putting these values in (1) we get xi=x, 
which is the identical transformation. The identical transformation 
we know transforms every point of the line into itself. 

Theorem 5. A projective transformation which leaves three points 
of a line invariant is the identical transformation and leaves all points 
of the line invariant. 

§2. Types and Normal Forms op Projective Transpormations. 

Two types of projective transformations, — The invariant points of 
a transformation T are given by the roots of the quadratic equation 
(5). The roots of this equation are : 

(A, A') = a-d^i/(>+^d)»-4(>d-bc) , ^j2) 

These two roots are distinct or coincident, according as 

(a + d)» — (ad— be) 

is not or is equal to zero. Thus there are two distinct types of 
transformation. The first type is characterized by the fact that it 
has two invariant points, while the second type has only one. Every 
transformation not identical belongs to one or the other of these types. 

Normal form of type L — A transformation T of type I, whose in- 
variant points are A and A', may be written in the form : 

lr^=ki^'. (13) 

where the constant k is expressible in the terms of the coefficients a, 
b, c, d, as follows : 

1, ( a -f d -fi/ (a -f d)« - 4(ad - bo )) * /l^x 

^— 4(ad - be) • (1*) 

In order to verify this, we must solve equation (13) for Xi; this 
gives us 

^ _ (A~kAOx-AA^(l-k) /IRx 

^^= a-k)x%(kA-AO ' (15) 
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which is of the same form as 

-. ax + b 

Ck)mparing the ooefficients of these forms, we have 

A-kA^ a AA' k ^^ — ^' ±. 

1-k "c* -^^ o' 1 — k c' 

solving for A, A' and k, we find 



A = 



a-d+i/(a+d)"-4(ad-bc) 



2o 



A, a — d — i/(a +d)" — 4(ad— be) /ta\ 

= 2^ ' (A6) 



2o 

y^ (a-i-d-n/(a-t-d)*-4(ad-bc) )* 

^ 4(ad-bo) 

The values of A and A' thus obtained are the same as the roots of 
equation (5). Equation (13) is called the implicit normal form of 
type I. 

Normal form of type II. — A transformation of type II, whose 
single invariant point is A, is reducible to the form 

To verify this, solve for xi ; thus, 

-, (l-f tA)x-t«A /^Qx 

XI— tx + (l-tA) • (1^) 

This is the same form as (1). A and t are found in terms of a, b, c,. 
d, as before, by comparing coefficients and solving for A and t; thus,. 

A = ^8ndt = ^. (19) 

Equation ( 17 ) is called the implicit normal form of type II. 

Theorem 6. Every transformation of the form xi = *^ ^ ^ is re- 
ducible to one or the other of the normal forms 

1:5^ = ^754^ or ^ = ^+t. 

Geometrical interpretation of the normal forms, — The normal 
form of type I may be written : 

i^ = f^ = ^ = (^'«0; (20) 

i, e.f k is the cross-ratio of the four points A, A', x, xi, where A and 
A' are the invariant points, and x and xi a pair of corresponding 
points. Here x and xi are any pair of corresponding points, and k i& 
a constant quantity. 

In the normal form of type II the expressions x — A and xi — A 
are the distances of a pair of corresponding points from the invariant 
point. The normal form of type II may be written : 

Trrx-iis=t. (21) 

which shows that the difference of the reciprocals of the distances of 
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a pair of corresponding points from the invariant point is constant for 
all pairs of corresponding points. Let x be the point at infinity on 
the line ; t is thns seen to be the reciprocal of the segment Axi where 
xi is the point into which the point at infinity is transformed. 

Thborem 7. In a transformation of type I, k, the cross-ratio of the 
invariant points and a pair of corresponding points, is constant for 
all pairs of corresponding points ; in a transformation of type II, t, 
the difference of the reciprocals of the distances of a pair of cor- 
responding points, is constant for all pairs of corresponding points. 

The natural parameters. — When the transformation is written in 
the form of equation ( 1 ), we see that there are three independent para- 
meters viz., -J-* x' x' when it is of type I ; in the case of a 

transformation of type II, the relation, (a + d)' = 4(ad — be), is sat- 
isfied, and there are but two independent parameters. The ooeffi- 
<5ients, a, b, c, d, have no simple geometric meanings; but in the 
normal forms A, A', k and A, t have definite important geometric mean- 
ings. The parameters A, A', k and A, t are called the natural para- 
meters of the transformation. 

Explicit normal forma. — Equations (15) and (18) may be put 
into the forms : 





z 









A 




A 




A' 




kA' 




z 









A 




1 




A' 




k 





z 1 


1 




A 1 A 


and xi — 


1 tA 
z 1 
All 

lot 


^-ll 



(22) 



These are called the explicit normal forms of ijgea I and II, re- 
spectively. 

Type II as the limiting form of type L — It is evident that type 
II is the limiting form of type I when the two invariant points coin- 
<5ide. From equation (16) we see that k=l when A=A'. The 

fraction ^,Z\ becomes indeterminate when A=A'. Putting for 

A, A' and k their values from ( 16 ), we have : 



lim 



k — I 



20 



a+d 

k-1 



A'-A A' — A 

But from (19);^ = t; hence, t = Ji:j»^^^. (23) 

By means of this relation the normal form of type II can be de- 
duced directly from that of type I. Dividing both numerator and 
denominator of ( 15 ) by A — A', we get : 



Xi = 



(A-kAO 

(A-A') 



X 



AA'Cl — k) 
(A-A') 



(l-k) , kA-A' 

(A— A') -*- ' (A-A') 
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Putting A'=A and^}«^^^^ = t, this reduces to (18). 

In the explicit normal form of type I, (22), subtract the second 
TOW from the last, divide through by A' — A, and pass to the limit. 
In this way we get the explicit normal form of type II. 

JReaultant of T and T\. — We next consider the resultant of two 
transformations T and Ti, both of type I, which have no invariant 
point in common, and which are given in their explicit normal forms. 
T and Ti are as follows : 

fA-kAOx-AV(t~k) ^^A T. _ (A, - lr»AS)x, - A,AS(1 - k,) 

^^ (l--k)x-(A'-kA) *^"^ ^^— (l-ki)x»-(A',-k.A,) 

Eliminating xi we have : 

j(A-kA') (A,-ktA',)-AA'(l-k) (l-kj[x 
I (l-k) (A-kA')-(l-ki) (A'x-kxAi) [X 

— |(AA'(l-k) (A,-k.A',)-A,A',(l-kx) (A'-kA')| 

— I AA'(l-k) (l-kt)-(A'-kA) (A'l-k.A.) } 

P»-q (A, - k,AS)x - A,A%(t - k,) /o4\ 

rx-8 a-k.)x-(A',-k,A,) \^^f 

We readily find : 

A,A', = -S^ A, + A'2 = ^, A2-A'a=j^. 

Hence, 



p--» 



ITf:(P-8)=»/(P+8)'-4qr. 
From this we find : 

l-^k, __ P--8 ^_ fl~kki) (A -AS) (A>-A,) + (k-i-k,) (A -A.) (A^-A^) 

l^k", l/qr-pi l/kFi (A-A') (A^-AS) 

l~k-k,-f kkn , k+k, /o-\ 

where 

one of the cross-ratios of the four points A, A'l, Ai, K\ 
We also find 

A«=,-^^andAW,-^^- (26) 

If one or both of the transformations T, Ti are of type II, the 
resultant is obtained by putting A'=A and lim^£~ = t, or A'i=A' 

and lim 1=^ = ti, or both, as the case may be, in (24), (25), and (26.) 

§3. One-parameter Groups of Projective Transformations. 

Resultant of T and T\ with common invariant points, — Let T 
and Ti be two transformations of type I having the same invariant 
points A and A', and let T transform the point x to xi, and let Ti 
transform xi to xs. The resultant of T and Ti also leaves A and A' in- 
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variant and transforms x directly to X3. Let T and Ti be given in the 
implicit normal forme : 

Xi — A X — A ""'^ Xt — A *x, —A 

We eliminate xi from these equations by multiplication, and obtain r 

x,-A — ^^^ x~A 

The cross-ratio of T2 is therefore k2=kki. 

In the same way it may be shown that the resultant of any number 
of transformations with the same invariant points has its cross-ratio 
equal to the continued product of the cross-ratios of the components. 

The cross-ratio k may have an infinite number of values, and hence 
there are an infinite number of transformations leaving both A and A'^ 
invariant. The transformations of this system have the property that 
the resultant of any two of them is another of the same system. 
Hence they form a continuous group, the parameter of the group be- 
ing the cross-ratio k, which may be made to vary continuously. We 
shall designate the group by Gi(AA'). 

Theorem 8. The totality of transformations which leave the same 
two points of a line invariant form a continuous group ; the cross- 
ratio of the resultant of any two transformations of this group is equal 
to the product of the cross-ratio of the components. 

Properties of the group Oxi^AA!^, — The fundamental property of 
the group Gi(AA') is that the resultant of the two transformations of 
the group is another of the same group. Other properties of the 
group will now be developed. 

The inverse of T, any transformation in Gi(AA'), is also to be 
found in Gi(AA'). For if T transforms x into xi, then 

X, — A' 1. X — A' 



T:?^-:^ = k 



Xi — A X — A 

If T"^ be the inverse transformation which transforms xi back to x,. 
then 

m-i . x-A^ _ \_ x,-AV 

^ 'X-A kxx-A 

Hence the cross- ratios of a pair of inverse transformations have re- 
ciprocal values. 

The resultant of a pair of inverse transformations is the identical 
transformation. The product of the cross-ratios of a pair of inverse 
transformations is unity ; hence the cross-ratio of the identical trans- 
formation is unity, and the group Gi(AA') always contains the 
identical transformation. 

The group Gi(AA') contains one transformation which is identical 

with it own inverse. In this case we have the condition k = -£, or 
k' = 1 ; whence k = ± 1. The value k = 1 gives the identical trans- 
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formation of the j2nx>^P* That this is its own inverse is self-evident. 
The value k= — 1 gives the involutorio transformation of the group. 
This transformation has the effect of interchanging every pair of cor- 
responding points on the line, since its second power is the identical 
transformation ; thus this transformation gives rise to an involution, 
whence its name. 

The group Gi(AA') contains two very noteworthy transformations 
whose cross-ratios are o and oo, respectively. The first transforms all 
points of the line except A into A'; the second transforms all points 
of the line except A' into A. These are pseudo-transformations and 
form an inverse pair. 

The cross-ratio of the identical transformation is unity, and this 
transformation leaves every point of the line invariant. The trans- 
formation of the group whose cross-ratio is 1 + d, when d is an in- 
finitesimal number, moves every point on the line an infinitesimal 
distance, and is hence called an infinitesimal transformation, d has 
an infinite number of different values, viz., |8|exp.i^. If an infinitesi- 
mal transformation be repeated n times, the cross-ratio of the re- 
sultant is (l + d)». By a proper choice of d, i. e., of 6 and n, this 
cross-ratio may be made any number we please ; hence every trans- 
formation in Qi(AA') may be generated from an infinitesimal trans- 
formation of the group. The chief properties of the group Gi( AA') 
may be summed up as follows : 

Theorem 9. The transformations of the group Gi(AA') can be ar- 
ranged in inverse pairs ; it contains the identical transformation, one 
involntoric, two pseudo and an infinite number of infinitesimal 
transformations ; every transformation of the group may be generated 
from an infinitesimal transformation of the group. 

One-parameter group 0\{A), — Let T and Ti be two transforma- 
tions of type II having the same invariant point A. They may be 
written : 

T transforms x to xi, and Ti transforms xi to xa. Their resultant, Tj, 
is obtained by eliminating xi from these two equations by addition, 
giving us : 

Thus, ta = t + 1. The resultant, T2, is of type II, has the same in- 
variant point A, and its constant, t2, is equal to the sum of the con- 
stants of T and Ti. 

The constant, t, may have an infinite number of values, and hence 
there are an infinite number of transformations of type II having the 
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same invariant point. These possess the same fundamental group 
property and form a continuous group Gi(A) of type II. 

Theorem 10. The totality of transformations of type II, which 
leave the same point invariant, form a continuous group ; the constant 
of the resultant of any two transformations of the group is equal to 
the sum of the constants of the components. 

Properties of the group 6i{A), — The properties of the group 
Gi(A) are not identical with those of the group Gi(AA') but very 
similar. If T be the transformation 

its inverse, T~^, which transforms x back to xi, is 

X — A x» - A •" 

Hence two transformations in Gi(A) whose constants are numerically 
equal with opposite signs form an inverse pair. All transformations 
in the group may be arranged in inverse pairs. 

The resultant of a pair of inverse transformations is the identical 
transformation whose constant is t2 = t — t=o. The group Gi(A) 
therefore contains the identical transformation. 

The only transformation in the group which is its own inverse i» 
the identical transformation, L e,, the group contains no involutorio 
transformation. It contains one pseudo-transformation for which 
t = 00. This transforms every point on the line to the invariant point* 

A transformation of the group whose constant t = Sexp.t0 is infini- 
tesimally near to zero is an infinitesimal transformation. If an in- 
finitesimal transformation is repeated n times, the resultant has th& 
constant nt. By a proper choice of n and $ this may be made any 
number we please; hence every transformation in the group Gi(A) 
can be generated from an infinitesimal transformation of the group. 

Theorem 11. The transformation of the group Gi(A) can be ar- 
ranged in inverse pairs ; it contains the identical transformation, one 
pseudo but no involuntoric transformation; it contains an infinite 
number of infinitesimal transformations, and every transformation of 
the group can be generated from an infinitesimal transformation of 
the group. 

dumber of one-parameter groups. — We have thus found two types, 
of one-parameter groups of transformations of the points on a line, 
viz., Gi(AA') and Gi(A). Evidently there areas many groups of the 
first type as there are pairs of points on a line, viz., oo*. Also, there 
is a group of type II for every point on a line ; therefore, oo^ in num- 
ber. It is also evident that every transformation of the points on the 
line belongs to one and only one of these one-parameter groups (ex- 
cept the identical transformation which is common to all). 
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§4. Two- AND Three-parameter Groups. 

TTie group 0^{A), — Let us take two transformations of type I, T 
and Ti, having one, but only one, invariant point, A', in common, and 
find their resultant. The point A' may be taken for the origin, and 
the two equations then reduce to the form 

^;i^ = k,-^ and j;^ = kxj^. (27) 

Eliminating xi from these equations, we have the resultant 

_ kk| AA| X (99\ 

^^ (kki A-kA + kAi-A,)x + AAi' ^^^ ' 

The invariant points of this transformation are found by making 
23 = X and solving the resulting quadratic. The invariant points ar& 
thus found to be A = o, and 

A»= ^.r;r:^.t--A. - (29) 

Putting kkiA—kA + kAi—Ai = "'''■""**' in equation (28), 
we have : 

From this we see that the resultant of two transformations of typ& 
I having one invariant point in common has for one of its invariant 
points the common invariant point of the components; also, w& 
learn that the cross-ratio of the resultant in this case is equal to the 
product of the cross-ratios of the components, viz., k3 = kki. Since 
(30) is of the same form as (27), we infer that all transformations- 
leaving a single point invariant form a continuous group of two para- 
meters, Gs(A). The two parameters are the cross-ratio k and the 
abscissa of the other invariant point A3. 

Theorem 12. All transformations which leave a single point in* 
variant form a two-parameter group ; the cross-ratio of the resultant 
of any two transformations of the group is equal to the product of 
the cross-ratios of the components. 

Structure and properties of 0^{A). — The structure of the group 
Qs(A) is evident from the above discussion. It contains oc^ one- 
parameter subgroups of type I and one of type II. The point A3- 
may be taken in turn with every other point on the line to form the 
invariant points of a group Gi(AA') and once with itself to form the 
invariant point of Gi(A). From the continuity of the point system 
on a Une and from the known continuity of each subgroup, we infer 
the continuity of the group G3(A). The transformations of the 
group G8(A) are not commutative. Since k3=kki, it is evident that 
the cross-ratio of the resultant is independent of the order of the com- 
ponents ; but the position of the second invariant point of T3 is not 
independent of the order of T and Ti. For if k and ki be inter* 
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changed in equation (29), the value of Aa is not changed; but if A 
and Ai are interchanged in (29), the value of A3 is changed, thus 
showing that T and Ti are not commutative in G«(A). 

When T and Ti have both invariant points in common and ki=-^» 

their resultant is the identical transformation ; but when T and Ti 

have only one invariant point in common and ki = -^> the resultant is 

of type II. For, putting ki = -^ in (29), we find A2 = o; thus the 

two invariant points of Ta coincide, and it is of type II. The value of 
the constant t of Ts is found as follows : 

'' — k,-l A, — ""* AA, — 

(ir-xXi-J^)- (31) 

Theorem 13. The group G3(A) contains 00^ subgroups Gi(AA') 
and one subgroup Gi(A). The transformations in G8(A) are not 
commutative. The resultant of two transformations of type I in 

G2(A), for which ki=-^and A'l not equal to A' is of type II. 

The three-parameter group Qz, — It was shown (Theorem 1) that 
the resultant of T and Ti, any two projective transformations of the 
points on a line, is again a projective transformation. From this we 
infer that all projective transformations of the points on a line form a 
group. This is called the general projective group Gs. It is a group 
of three parameters ; for the equation of T contains three independent 
parameters, viz., a : b : o : d. If these coefficients, a, b, o, d, be made to 
vary continuously, all the resulting transformations belong to the 
group Gs ; and conversely all transformations belonging to the above 
group are obtained by continuously varying the coefficients in T. 
Such a group is evidently continuous. If the equation of T be put 
into the normal form, 

Xi-A *- x-a' 

the three natural parameters, A, A', k, may be made to vary con- 
tinuously, thus generating the group Gs. The group Gs contains 00^ 
two-parameter groups G2(A), one for each point on the line. It con- 
tains, as we have already shown, 00^ groups Gi(AA') and oo^ grouxw 
Gi(A). 

§5. Transformations of Pencils of Lines and Planes. 

The theory sketched in the foregoing pages applies equally well to 
the one-dimensional transformations of the lines of a flat pencil or the 
planes of an axial pencil. There are two varieties of such transforma- 
tions, viz., those with two invariant elements and those with only one 
invariant element. 

In the first case let O be the vertex of a fiat pencil, A and A' the two 
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invariant lines of the pencil, and x and xi any pair of correspond, 
ing lines in the transformation. Then we have the cross ratio 
0(AA'xxi) = k, and the theory requires no further development. 
The second case, with one invariant element, may be deduced as the 
limiting form of the first case in the following manner : 

Let 0(AA'xxi) = k; whence 0(AxA'xi)^=l — k. Writing out 
the last cross-ratio in full, we have : 

8iD(A'OA) . 8iD(x,OA) __ -• i 

8in(A'Ox) • 8iD(XxOx) " "^ *• 

Whence 

8in(x,Ox) 1 — k 

8in(A'Ox) .siniXtOA) sinCA'OA) * 

But (xOxi) = (AOx) — (AOxi); therefore, 

linj 8in(AOx)co8fAOx,) — co8(AOx)8in(AOxi) Um 1— k m 

A' = A 8in(A'Ox) . sin lx,OA) A' = A 8in(A'OA) ^* 

Hence cot ( xiO A ) — cot ( xO A ) == t, 

or cot ^1 = cot ^ + t. (32) 

Theorem 14. In a transformation of a pencil of lines (or planes) of 
type II, the diflPerence of the cotangents of the angles made with the 
invariant line (or plane) by a pair of corresponding lines (or planes) 
is constant for all pairs of corresponding lines (or planes). 



PART II. 
§ 6. The General Projective Group He and its Subgroups. 

TA^ complex double parameter. — Hitherto we have considered the 
natural parameters. A, A', k of T to be complex numbers, but have re- 
garded them as single indivisible parameters. However, a complex 
variable is of the nature of a double parameter and may assume oc^ 
different values. From this point of view, the groups which we have 
designated by Gi(AA') and Gi(A). whose parameters are respectively 
k and t, are two-parameter groups. In like manner, G2(A) and Gs 
have, respectively, four and six parameters. The first point of view is 
that of Lie and his followers, while the second point of view is more 
that of Klein and other exponents of Riemann's function theory. 

According to Lie's theory of continuous groups, there are but four 
varieties of continuous groups of transformations in one dimension, 
viz., G», G2(A), Gi(AA'), Gi(A). But as soon as we regard a com- 
plex parameter as a double parameter, we shall find several other va- 
rieties of continuous groups within the general projective group of 
points on the line. These will be determined in the next section. 

Hereafter we shall use H instead of G to designate a group whose 
parameters are regarded as double parameters, and shall write He, 
H4(A), H2(AA'), H2(A) instead of Gj,, G2(A), Gi(AA), Gi(A). 

9- Kan. Univ. Sci. Bull.. No. 5. Vol. I. 
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These two sets of symbols represent exactly the same things, but 
from different points of view. 

Loxodromic, hyperbolic, elliptic and pai^aholic transformations. — 
We have already shown that the transformation T : xi = ^'^^ is re- 
ducible to one or the other of the normal forms : 

-' = k4^ or -^ = -4^+t. 



X|— A X — A X, -^A 

Transformations of the first type are subdivided into three kinds, ac- 
cording to the values of k. When k is real,* the transformation is 
called hyperbolic ; when k is of the form exp iB, i. e.j when | k | = 1, it is 
called elliptic ; for all the other values of k it is called loxodromic. All 
transformations of the second type are called parabolic. These dis- 
tinctions will be of much use to us. 

Known subgroups of H%. — From §4 we know that He contains cx^ 
subgroups H4(A), one for each value of A. He also contains oc* sub- 
groups H2( AA' ), one for each pair of values of A and A'. It also con- 
tains 00^ groups H2( A), one for each value of A. The oo* parabolic 
transformations in He do not form a group. This follows from the 
fact that the resultant of two parabolic transformations is not gen- 
erally a parabolic transformation. 

One-parameter subgroicps of Ihi^A). — In the group H2(A) the 
law of combination of parameters is t2 ^== t + ti ; the parameter t may 
be written in the form, rexp/^. Thus we have 

7*2 exp iBi --^ r exp iB + n exp iSi, 
If Bi = 6, then Bi = 6, Keeping 6 constant and letting r vary, we get 
r2 = r + ri. 

We have here the conditions for a one-parameter subgroup of 
H2(A). All transformations in H2(A) for which the t*8 have the 
same amplitude form a subgroup of H2(A). It is clear that there is 
one such subgroup for each value of 6, 

If t =^ rexpiO be represented in the usual manner by points in the 
complex plane, we see that there is a transformation in H2(A) cor- 
responding to each point in the complex plane. The transformations 
in H2(A), corresponding to the points of the complex plane on a line 
through the origin and making an angle 6 with the axis of reals, con- 
stitute a subgroup Hi(A)^. 

Properties of IIi{A)0. — The group Hi(A)^ contains the identical 
transformation corresponding to r = o.' Two transformations cor- 
responding to values of r numerically equal, but with opposite signs, 
are inverse to one another. Hi(A)^ also contains the pseudo- 

* Klein (ModalfuoctioneD, Band I, S. 164), and Poiacare ( Acta Mathematioa, Tome I, p 5). 
call the transformatioD hyperbolic only when k is real aod poeitiye. The change here made i» 
aetified by the simplification it effects in the statement of the resnlts. 
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transformation of H2(A), which is given by r= oo. This group con- 
tains two subdivisions corresponding to positive and negative values 
of r. These are separated by the identical and the pseudo-transforma- 
tions. 

The group Hi(A)d contains two infinitesimal transformations cor- 
responding to -\- 8r and — 8r. Each infinitesimal transformation 
generates its corresponding subdivision of the group. It is evident 
that each transformation of the group H2(A) can be generated from 
one and only one infinitesimal transformation. 

One may, if one chooses, call the aggregate of the transformations 
in H2(A), which are represented by points on a half ray from the 
origin to the infinity point, a group. Every such group contains the 
identical transformation, the pseudo-transformation, one infinitesimal 
transformation, and every transformation in the group is generated 
from the infinitesimal transformation of the group. But the inverse of 
every transformation in such a group Hi( A)d would be found in group 
Hi(A)(d+ ir). It is better, however, to consider the group as made 
up of two subdivisions than to regard each subdivision as a separate 
group. The group He contains oo* subgroups H2(A), one for each 
value of the complex number A. Each of these two-parameter groups 
H2(A) contains oo^ one-parameter subgroups, one for each real value 
between and ir. 

Theorem 15. There are two varieties of subgroups of parabolic 
transformations in He, viz., H3(A) and Hi(A)d. 

One-parameter subgroups of Il2{AA'). — In the group H2(AA') 
the law of combination of parameters is k2 '-= kki. The parameter k 
may be written in the form exp(c-fi)^; then we have : 

exp(c2 + i)^2=exp|(c-fi)^+(ci + i)di|. 

If ci = c, then C2 = ci = c, and ^2-=^+^i. Keeping c fixed and 
making tf vary, we get exp(c-hi)^2 = exp(c -|- i)(d + ^i). We have 
here the conditions for a one-parameter subgroup of H2(AA') ; all 
transformations in H2(AA'), for which the k's have the same c in the 

formula k = exp(c-|- i)^, form a subgroup Hi(AA')c. There is one 
such subgroup for each real value of c. 

There is a transformation in H2(AA') corresponding to each value 
of k, which is a complex number. Let k=^exp(c + i)^ be repre- 
sented by points in a complex plane. We wish to see how the trans- 
formations in the one-parameter group Hi(AA')c are distributed in 
the plane. We have the equation k = exp(c + i)^, where c is a 
constant and 6 a variable. Let k = x + iy. Then we have : 

x + iy = expc^(coBd+ isin^); (33) 

X = exp c6 cos ; 
hence, y = exp cO sin ; 

therefore, x* + y* = exp2 cO ; 
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putting X- -^ y^-^r^^ we have r = expc^. But this is the polar equa- 
tion of a logarithmic spiral about the origin cutting the axis of real 
numbers at an angle whose cotangent is c. Hence the locus of points 
in the complex plane which correspond to the transformations in the 
one parameter group H(AA')c, is a logarithmic spiral about the zero 
point cutting the axis of reals at an angle <^, such that cot <l> = c. 

Different values of c give diflPerent spirals, each of which cor- 
responds to a one-parameter subgroup of H2(AA'). The real number 
c may assume in turn all values from — oc to + oo, so that these 
spirals lie infinitely close to one another. These spirals all pass 
through the unit point. For c ^^ o, the corresponding spiral becomes 
the unit circle ; for c -= oo, the spiral reduces to a straight line, the 
axis of real numbers. 

ThB family of spirals for which c is positive fills the entire plane, 
and no two of them intersect except in the unit point. The same is 
true of the family of spirals for which c is negative. But every spiral 
of one family intersects an infinite number of times every spiral of the 
other family; thus these spirals cover twice over the entire plane. 
Every iDoint in the plane not on the unit circle lies on two of these 
spirals, from which we infer that every loxodromic transformation in 
the group H2(AA') belongs to two distinct loxodromic one-parameter 
8ubgroui)s. 

Every hyperbolic transformation in H2(AA'), except the involu- 
toric transformation for which k-^ — 1, belongs to three one-parameter 
subgroups ; for two spirals and the axis of real numbers pass through 
every point for which k is real. The elliptic transformations in 
H2(AA') belong only to the elliptic subgroup. The involutoric 
transformation is common to the elliptic and the hyperbolic sub- 
groups. The identical transformation is common to all subgroups, 
and the two pseudo- transformations, for which k^^o and k^^ oo, are 
common to all subgroups except the elliptic. Two loxodromic sub- 
groups for which the c's have the same sign have no transformations 
in common other than the identical and the pseudo- transformations, 
while two loxodromic subgroups for which the c's have opposite^ signs 
have in common an infinite number of discrote transformations. 

Theorem 10. Every elliptic transformation in H2(AA') belongs to 
one and only one subgroup; every loxodromic transformation in 
H-2(AA') belongs to two distinct subgroups; every hyperbolic trans- 
formation in H-2(AA'), except the involutoric transformation, belongs 
to tlnve distinct subgroups. 

Gcnerfftion of Ih{AA') from inf/n'tesi7)ial transformations. — 
The same geometric representation enables us to discuss intuitively 
the generation of finite transformations in H^CAA') by the repetition 
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of an infinitesimal transformation. Every spiral passes through the 
unit point, and, corresponding to the two points on a spiral adjacent 
to the unit point, we have two infinitesimal transformations belonging 
to a one-parameter group. These are given by k = exp(c + i)B6 and 
k = exp — (o + i)^- The indentical transformation divides the 
group Hi(AA')c into two portions, each of which contains an in- 
finitesimal transformation. Every finite transformation in each 
portion of Hi(AA)c can be generated by the repetition of the cor- 
responding infinitesimal transformation. 

Since every loxodromic transformation in H2(AA') belongs to two 
distinct subgroups, it follows that every such loxodromic transforma- 
tion can be generated from either of two distinct infinitesimal trans- 
formations. In the elliptic group, for which the spiral reduces to the 
unit circle, every finite transformation can be generated from either 
elliptic infinitesimal transformation. Every hyperbolic transforma- 
tion for which k is positive can be generated from three infinitesimal 
transformations, while every hyperbolic transformation in Hi(AA') 
for which k is negative, except the involutorio transformation, can 
be generated from two distinct loxodromic infinitesimal transforma- 
tions, but not from either hyperbolic infinitesimal transformation. 

Theorem 17. Every hyperbolic transformation in H2(AA'), for 
which k is positive, can be generated from three distinct infinitesimal 
transformations belonging to H2(AA') ; every other finite transforma- 
tion in H2(AA') can be generated from two distinct infinitesimal 
transformations of the group. 

TAree-parametei* mbgrmips of Ha{A), — The four- parameter group 
H4(A) breaks up, as we already know, into (x? two parameter sub- 
groups H2(AA'). We shall now show that the transformations in 
H4(A) may be distributed into oo^ three-parameter subgroups. The 
law of combination of parameters k within the group H4(A) is ex- 
pressed (Theorem 12) by kki^=k2. Written in another form, this is 

exp(c2-hi)^2 = exp| (c-hi )d+ (oi -fi)d |. 

If ci = o, we have exp(c2-hi)^2 = exp(c-}-i)(^-f ^i); whence ca = c and 
$^z=0 -{- $1, Hence we see that if we choose from each of the two- 
parameter groups, H2(AA'), in H4(A), the one-parameter group 
characterized by a certain constant value of c, the aggregate of the 
transformations contained in these one-parameter groups forms a 
three-parameter group H8(A)c. It is clear that there is one such 
group in H4(A) for every real value of c. 

In particular, all elliptic transformations in H4(A) form a group 
eH3(A); likewise, all hyperbolic transformations in H4(A) form a 
group bH8(A). 
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Theorem 18. All transformations having a common invariant 
point A, and for which the value of c in the formula k = exp(c+ i)B 
is the same, form a three-parameter subgroup H8(A)c of H4(A) ; 
eH8(A) and hH8(A) are among the subgroups H4(A). 

§7. Interpretation of He in Complex Plane. 
The linear fractional transformation, 

T:z.=-^' (34) 

in which the coefficients and variables are complex quantities, is 
capable of interpretation as a point transformation of the complex 
plane. We proceed to the development of the transformation from 
this point of view. 

T is a circular transformation. — We shall first show that the 
transformation T transforms circles into circles. The equation of a 
real circle in Cartesian coordinates is 

x! + yf + 2gxi + 2fyi + c = o. (35) 

Let xi + iyi = z, xi — iyi = z^, g + if = «, g — if = P- Making these 
substitutions in (34), we get as the equation of the circle : 

Zi7i + Pz\ + a^i + y 1^ o. (36) 

a and P are conjugate complex quantities ; so, also, are zi and z^i, but 
y is real. 

If we change the sign of i throughout the equation of T, we have : 

i,=||±J, (37) 

c z + d 

where the quantities under the dash are the conjugates of those with- 
out the dash. Substituting (34) and (37) in (36) and clearing, we 
have : 

Kzz^ Lz + Mz+N = o, (38) 

where K --- aa + )3 a^ + a a^c + y Cc^, 

L ^^ a b 4- )3 ad 4- a cb -\- y cd, 

M^-abH )3 cb + a ad + y c^d, 

N bb -I- )3 bd + a bd + y dd. 

On examination, K and N are found to be real and L and M con- 
jugate imaginary. These are the necessary and sufficient conditions 
that equation (38) represents a circle. Thus circles are transformed 
into circles by T, which is, therefore, called a circular transformation. 

Straight lines are transformed into circles. — It may happen for 
certain values of a, b, c, d that K in equation (38) vanishes. In this 
case (38) represents a straight line. If we substitute (34) and (37) 
in Ax + By + C-- o, we find that this line is transformed into a circle. 
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Hence, circles are sometimes transformed into a straight line, and 
straight lines usually into circles. 

In the geometry of the complex plane, a straight line is regarded 
as a special case of a circle, and every circle passing through the one 
point at infinity of the complex plane is a straight line. Regarding 
a straight line as a particular case of a circle, our transformation 
always transforms circles into circles. 

Theorem 19. A linear fractional transformation in complex varia- 
bles is a circular transformation of the complex plane. 

T is a conformal transformation, — Another fundamental property 
of our transformation T is that angles are transformed into equal 
angles. To show this, consider a small triangle formed by the points 
z, z', z", and compare it with the triangle formed by their correspond- 
ing points zi, z'l, x"i. In ^,' ~ '^' substitute their values from (34) ; 
we get : 



z', — z, cz" 4- d 



(39) 



2",— z, cz'+d z"— z 

The ratio ^r^ tends to unity as the triangles become very small. 

The quantities z'l — zi, z' — z, etc., are the cx)rresponding sides of the 
two triangles; hence, when the corresponding triangles are very 
small, the corresponding sides are proportional and the triangles are 
similar. Angles are therefore transformed into equal angles. A 
transformation which leaves angular magnitudes unaltered is called a 
conformal transformation. 

Theorem 20. A linear fractional transformation of the complex 
plane is a conformal transformation. 

T is a direct circular transformation, — The two triangles, z, z', z" 
and zi, z 1, z"i, are not only in the limit similar triangles, but they are 
also congruent triangles. The homologous sides are arranged in the 
same order around the two triangles, and if they were of the same size 
the two triangles could be made to coincide. 

Suppose that the three sides of the triangle z, z', z" are colored red, 
green, and blue, and that an observer at z, facing the opposite side, 
has on his right the red, on his left the blue, and before him the 
green. The transformation T changes the triangle z, z\ z" into the 
new triangle zi, z'l, z"i, and the observer at his new position at zi still 
finds the red on his right and the blue on his left. Such a trans- 
formation is a direct circular transformation. 

There are other transformations which are both circular and con- 
formal, but which interchange the parts of the triangle, so that in his 
new position the observer finds the blue on his right and the red on 
his left. These are called indirect circular transformations. 
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Theorem 21. A linear fractional transformation of the complex 
plane is a direct circular transformation. 

Path curves of the group IIi{AA')c. — The effect of the successive 
transformations of the group Hi( AA)c upon a point P of the complex 
plane is to move it to new positions, Pi, Pa, Pj, etc., which lie on the 
path curve of the point P. By a transformation T(AA')c every 
point of the plane is moved along its path curve. The character and 
properties of these path curves are now to be determined. 

Starting with normal form, 

^ = exp(c+i)e^^, 

for a given value of 0, z is transformed into zi ; for another value of ^, 
z is transformed into Z2, etc. The point z may thus be regarded as a 

fixed point, and '~^= C, a constant. Let z denote the moving 

point zi, Z2, etc. We thus get : 

z— A' = Cexp(c-f i)dz'— A. 

Let z'l — A = r'exp2V, C = f)exptV, and z — A = rexpi^; we then 
have 

r expi^'=f)expzV . exp(c-hi)^ . rexpt^. 
Whence, t' = p exp {St and <t>' = ilf + 6+ <!>, (40) 

These two equations enable us to determine the path curves of the 
group Hi(AA')c. 

In the first place, let c = o; we then have r'=pr, where p is a 
constant. The locus of a point z, which moves so that the ratio of its 
distances from two fixed points A and A' is a constant, is a circle 
having A and A' for a pair of inverse points. Hence, the path curves 
of the elliptic group eHi(AA') form an elliptic system of coaxial cir- 
cles having A and A' for vanishing points. 

In the second place, let exp(c + i)^^f>expid be real; whence 
^ = 0. We now have ^' — ^=^^i where ^ is a constant angle. The 
locus of a point z, which moves so that the angle AZA' is constant, 
is a circle passing through A and A'. Hence, the path curves of the 
hyperbolic group hHi(AA') form a hyperbolic system of coaxial 
circles intersecting in A and A'. 

In the third place, let us consider the most general case where c in 
exp(c-}-i)^ is any real constant. In the equation r'=pexpotfr, the 
quantity p exp cO is not constant, but increases as increases from o 
to 27r, from 2^ to 47r, etc. Thus the locus of z is not a circle returning 
into itself, but a spiral about both A and A'. It is known as the double 
spiral of Holzmtiller. The equation, <l>' — <^=r^ + d, shows that the 
spiral cuts the hyperbolic system of circles through A and A' at a con- 
stant angle i/^. Hence the path curves of the loxodromic group 
Hi(AA')c form a system of equiangular double spirals about A and 
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A'. There is a dififerent system of spirals for each value of c. For 
c = o and c = oo this system of spirals reduces, respectively, to elliptic 
and hyperbolic systems of circles. 

Theorem 22. The path curves of a one-parameter loxodromic group 
Hi(AA')c form a system of double spirals about the invariant pointa 
A and A'; the path curves of eHi(AA') and hHi(AA') are, re- 
spectively, elliptic and hyperbolic systems of circles about and through 
A and A'. 

Path curves of H\{A)B, — The path curves of the one-parameter 
parabolic group Hi(A)dmay be determined in the following manner*. 
The normal form of a parabolic transformation is 

i:^=f^+t- (41) 

Suppose that z is a fixed point and zi a movable point whose locus w& 
wish to find. Equation (41) may be written : 

zi — z== — t (z — A) (zi — A). 

Putting 

(zi — z)=R'expt<^, — t = pexpi(d-fT), (z — A)=exptV, 

(zi — A) = R exp i<^, 
this becomes 

R' exp tV = p exp i{B -\-v) , r exp i^ . R exp t^. 

Whence we have R' = p rR and <^' = ^ + tt + <^ + i/r. (42) 

Since ^, B and v are constants, we have ^' — ^ = const. Thus we see^ 
that the locus of zi is a circle passing through A and z, two fixed 
points. 

If now z be given different positions in the plane, we have a system 
of circles all passing through A. The angle ^ varies with the posi- 
tion of z, but ^ is a constant ; consequently, all circles of the system 
are tangent at A, and B is the angle which the common tangent line 
at A makes with the axis of real numbers. Hence the path curves of 
the group Hi(A)^ consist of a parabolic system of circles tangent to 
each other at A and to the line through A which makes with the axis 
of reals an angle B, 

Theorem 23. The path curves of the one-parameter group Hi(A)^ 
consist of a parabolic system of circles through A and having in 
common the lineal element A^. 

§8. Other Subgroups of He. 

The group hH2{AC), — The developments of § 6 enable us to find 
some other subgroups of great importance in He. Let us consider 
the hyperbolic group hH8( A) ; it contains, as we know, oo^ subgroups 
hHi(AA'). The resultant of any two transformations, hT(AA') and 
hTi(AA'i), in hH8(A) is a hyperbolic transformation hT2(AA'2). We 
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know that k2=kki. We wish to find the position of the point A'n. 
The path curves of the two groups hHi(AA') and hHi(AA'i) have 
one circle in common, viz., C, the circle through the points A, A', A'l. 
This circle is therefore invariant under the resultant transformation 
T2( AA'2). Hence, A'2 is somewhere on the circle C. The system of 
transformations which leave A and C invariant have the group 
property and form a two-parameter group hH2(AC). This group 
contains oo^ one-parameter hyperbolic subgroups, one for each point 
on C, and one parabolic subgroup. Hi (A)d, which has C among its 
path curves. 

The group II^{C). — There is a two-parameter group hH2(AC) 
corresponding to each point on C. These oc^ transformations all 
leave C invariant, but they do not form a group, as we shall show. 
There are also oo^ elliptic transformations which leave C invariant. 
Let A be any point within C, and A' its inverse point with respect to 
C. The one-parameter group eHi(AA') has C among its system of 
path curves. In like manner all one-parameter groups of elliptic 
transformations, whose invariant points are a pair of invariant points 
with respect to C, leave C invariant. There are oo*'' such pairs of 
points, and hence there are 00^ elliptic transformations leaving C in- 
variant. 

The aggregate of all transformations leaving C invariant forms a 
three-parameter group H8(C). This group contains oc** hyperbolic, 
Qc^ elliptic and oo*-^ parabolic transformations. It breaks up into sub- 
groups as follows : 

a(C) = 00^ H2(AC) + 00*^ eHi(AA') = oo^ hHi( AA') + 

oo'^eHi(AA') + oGiH'i(A), 

Evidently the group H« contains oc^ subgroups of the kind H8(C), 
one for each circle in the complex plane. 

Theorem 24. All transformations of the complex plane, which 
leave a circle C invariant, form a three-parameter group H8(C). 
This group is composed of all hyperbolic transformations whose in- 
variant points are on the circle, of all elliptic transformations whose 
invariant points are a pair of inverse points with respect to the circle, 
and of all parabolic transformations whose invariant point is on the 
circle and whose invariant line is tangent to the circle at the invariant 
point. 

The group H»{iC).— There is another type of the three-parameter 
group consisting entirely of elliptic transformations, which is closely 
related to the group HaCC). This group of transformations of the 
complex plane leaves invariant an imaginary circle (iC). The rela- 
tion of this group H8(iC) to the group }3U{C) with real invariant circle 
is as follows : 
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The elliptic system of coaxial circles which form the path curves of 
a one-parameter elliptic group contains imaginary as well as real 
circles. Let us select from the path curves of the group eHi(AA') an 
imaginary circle (iC), with its center at a real point O and radius 
€qual to iR. The center O is on the line AA', between A and A', and 
the points A and A' are a pair of inverse points with respect to iC ; 
whence we have OA . OA' = — R'^ In the case of a real circle C, we 
have OA . OA'^=R^. All transformations in the group eHi(AA') 
leave invariant the circle iO and also oc^ other circles. 

There are oo^ pairs of points in the plane which are inverse points 
with respect to iC. These all satisfy the relation OA . 0A'=^ — R^. 
Each of these pairs of points are the invariant points of a one- 
parameter group of elliptic transformations, and iC is one of the path 
curves of each of these groups. Thus we see that there are cx>^ trans- 
formations which leave iC invariant ; these form a three-parameter 
group H8(iC), which contains only elliptic transformations. Evi- 
dently the group He contains cx^ subgroups H8(iC), one for each 
imaginary circle in the complex plane. 

Theorem 25. There are n? transformations of the complex plane 
which leave invariant any given imaginary circle iC ; these form a 
group H8(iC). This group is composed entirely of elliptic trans- 
formations whose invariant points are a pair of inverse points with re- 
spect to (iC). 

No other subgroups of Ih. — A circular transformation transforms 
points into points and circles into circles. We have considered all 
possible groups which leave one or two points invariant; a trans- 
formation leaving invariant more than two points is identical. We 
have also considered all possible groups of transformations leaving a 
circle invariant. If there be a continuous group characterized by the 
invariance of some curve other than a circle, such a curve must 
be the path curve of a one-parameter group. The only other path 
curve besides the circle is the double spiral of Holzmtiller. This has 
two singular points, and is invariant only under those transformations 
whose invariant points are these two singular points; hence, there is 
only one one-parameter group leaving invariant such a double spiral. 
These considerations indicate that there are no other subgroups of He. 

§9. The Real Subgroup of He. 

RHz a special case of Hz{C). — In the geometry of the comi^lex 
plane a straight line is regarded as a special case of a circle, and since 
every circle in the plane is the invariant circle of a three-parameter 
group H«(C), it follows that every line in the plane is also invariant 
under a group H8(L), isomorphic with HaCC). One of these groups 
RH8(L) leaves invariant the axis of real numbers in the complex 
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plane. It is called the real subgroup of H«. The equation of 
RH8(L) is 

in which the variable and coefficients are all real quantities. The 
structure and properties of RH8(L) are identical with those of Hg(C). 

Theorem 26. The three-parameter group of real projective trans- 
formations of points on a real line is a special subgroup of the six- 
parameter group of circular transformations of the complex plane. 

Properties of }iHz{L), — The properties of the real projective 
group in one dimension, which we shall now designate by BGs, may 
be determined in two ways. They may be deduced from the proper- 
ties of the group H8(C), or they may be derived directly from equation 
(43). The analytical developments of §§ 1, 2, 3, 4 apply equally well 
to equation ( 1 ) whether the coefficients a, b, c, d are real or complex. 
From the known properties of H8(C), given in §8, we may deduce 
the following for RGs : 

The real group of projective transformations RGs contains three 
kinds of transformations, viz., hyperbolic, elliptic, and parabolic. A 
hyperbolic transformation has two real invariant points ; an elliptic, 
two conjugate imaginary invariant points; a parabolic, one real in- 
variant point. RGs breaks up into oo^ subgroups RG2( A), one for each 
real point on the line. It further breaks up into one-parameter sub- 
groups, as follows : cx2hRGi(AA'), oc-^eRGiCAA'), and ooipRGi(A). 
The natural parameters of hRGi(AA') are A, A' and k, which are all 
real. Those of eRGi(AA') 6ire A, A' and k where A and A' are con- 
jugate imaginary and k is of the form exp iB, The parameters of 
pRGi(A) are A and t, both real. 

Generation of real gro^cps from infinitesimal tran^ormations, — 
The generation of the real groups of one-dimensional transforma- 
tions requires special notice. We consider first the grouphRGi(AA'). 
The natural parameter of this group is k, which is always a real 
number. The identical transformation of the group is given by 
k = l. The two transformations of the group given by k=d:d, 
where d is a real, positive, infinitesimal quantity, are infinitesimal 
transformations. The transformations of hRGi(AA'), for which k is 
between 1 and oo, may be generated from the infinitesimal trans- 
formation for which k^=l + d; for (1 + d)" may be made any 
positive number greater than unity by proper choice of n. In like 
manner we see that the transformations of the group for which k is 
between 1 and may be generated by a repetition of the infinitesi- 
mal transformation for which k--l — d. The transformations in 
hRGi(AA') for which k is negative cannot be generated from either 
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infinitesimal transformation of the group. They may be generated 
from complex infinitesimal transformations but not from real. 

Hence, we distinguish three subdivisions of hRGi(AA') : those 
transformations of the group for which k is positive and less than 1 
constitute subdivision I ; those for which k is between 1 and oo con- 
stitute subdivision II; those for which k is negative constitute sub- 
division III. 

Theorem 27. The group hRGi(AA') is composed of three subdi- 
visions characterized by 0<k<l, l<k<oo, k<0; subdivisions I 
and II contain each a generating infinitesimal transformation; the 
transformations in subdivision III cannot be generated from either 
infinitesimal transformation of the group. 

Properties of the group eGHi{AA'). — In an elliptic subgroup of 
RGs the natural parameter k has the form of exp iO. The value of 
may be restricted to the interval — tt < ^ < tt. The identical and in- 
volutoric transformations of the group for which d— ihTr, i. e, 
k-= — 1, divide the group into two subdivisions. Each subdivision 
contains an infinitesimal transformation given hy 0^=--±:B where 8 is 
an infinitesimal real number; every transformation in the group may 
be generated from either infinitesimal transformation of the group. 

Theorem 28. The group eRGi(AA') contains two infinitesimal 
transformations given by ^ ^— ± S, each of which may generate the en- 
tire group. 

Properties of the group pRG\{A), — The parabolic group 
pRGi(A) has the real parameter t, and the law of combination of 
parameters is ta = t + ti. Since the identical transformation is given 
by t = o, it follows that the group has two infinitesimal transforma- 
tions given by + ^ and — 8. Each infinitestimal transformation gen- 
erates its corresponding portion of the group, which, therefore, is 
composed of two subdivisions. For one subdivision t is positive ; for 
the other, negative. 

Theorem 29. The group pRGi(A) is composed of two subdivi- 
sions, each of which contains its generating infinitesimal transforma- 
tion. 

TABLE OF CONTINUOUS GROUPS IN ONE DIMENSION. 

In the following table the fourteen varieties of continuous groups 
of one-dimensional transformations are classified according to their 
types, and the structure of each is shown. 

LOXODROMIC GROUPS. 

First cfas8. 
Symbol. Structure. iDvariaot figure. 

H2(AA') = H2(AA')-hhHi(AA') -f eHi(AA'). Two points. 

H4(A) = oc«H2( A A' -I- pHsl A) + hHaC A) -f eHs( A). One point. 

H6= OD^HslA A') ^ aD2pH2( A) -f oo^hHsC A) -f oo^eH8(A). No invariant figure. 
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Hi(AA')c. 



Second class. 



H8( A)c = oc'HiC A A')e + pH2( A). 

HYPERBOLIC GROUPS. 
hHi(AA'). 

H2( AC) = QDihHi(A A') -I- pHi( A)o. 
hH8(A) = oo2hHi(A A') _(- pHsCA). 
Hs(C) = c»«hHi( A A') -I- a8eHi( A A') ^ oo^pHiC A)o. 

ELLIPTIC GROUPS. 

eHi(AA') 

eH«(A) = a^Hi( A A') + pH2( A). 
H8(iC) = cx2eHi(AA'). 



pHi(A)o. 

pH2(A) = c»ipH2(A)o. 



PARABOLIC GROUPS. 



Two points and a system 
of double spirals. 

One point. 

Two points and a hyper- 
bolic system of circles. 

Circle and point on it. 

One point. 

Circle. 

Two points and an elliptic 
system of circles. 

One point. 

Imaginary circle. 

One point and a parabolic 
system of circles. 

One point. 
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NEW FOSSILS FEOM THE UPPEE OAEBONIFEEOUS OF 

KANSAS. 

BY J. W. BEEDE. 
With Plate V. 

The following will be of interest and value in completing the 
faunal succession of the uppermost part of the Carboniferous, as well 
as for the biologic interest of one of them. 

CeriocrinnB harshbargeri, n. sp. Plate V, figs. 1-lc. 

The distinctive features of this species are : Surface ornamented 
with both pustules and granules, large interradial supporting plate 
above calyx, ten short, massive arms. 

Description : Calyx basin-shaped, shallow, quite concave below. 
Infrabasals partly covered, but located entirely within the body cavity. 
Stem small and apparently round. The five basals are large, recurved 
below the middle, concave in the center of the more depressed part, 
four apparently hexagonal and one heptagonal, and larger than the 
others supporting the interradial ; all higher than wide, sutures not 
much depressed. There are five large, massive radials a trifle more 
than twice as wide as high, well beveled, faceted, and apparently sag- 
ging a little on the upper eirticular surface. Interradial large, fully 
half within the calyx, higher than broad, and the upper portion very 
strongly curved inward. This plate supports another entirely with- 
out the calyx, which is comparatively large and appears to be pentagonal 
when seen from without, the two upper sides being much longer than 
the rest, making the plate appear triangular at first sight, fitting 
closely between the arms on either side. The five brachial plates are 
large, contiguous save on the posterior side, and produced into an 
obtuse spinous process. Much of the upper surface of these processes 
is faceted, supporting the costals, and in this manner giving the ani- 
mal its greater lateral diameter above the calyx, and affording more 
room for the massive arms which, when closed, form a box around 

(147) 
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the inner part. The costals are ten in number, two to each brachial, 
large, nearly three times as broad as high, and convex. The distichals 
are sometimes present and sometimes wanting, very broad and thin 
when present. Arms ten, broad, outer surface of each nearly flat 
massive, composed of two series of interlocking plates, each one of 
which bears a pinnule. Pinnulae long and narrow. The articular 
surface of the arm plates is minutely crenulated. These plates de- 
crease in length though but little in height as they approach the tips 
of the arms. The surface of almost the entire animal was ornamented 
with granules, and the lower part with both granules and pustules. 

« 

Measuremeats: height, breadth. length. 

Calyx 11 mm. 30 mm. 

Basals ( vertical ) 5J *' 12 »' 

Radials 9 *' 18-f** 

Brachials 7 " 17 ** 8 mm. beyond calyx. 

Costals 4 ** 9 to 11 mm. 

Distichals 2 ** 9 *» 

Arm plates 2 ** 3 to 5 ** 

Interradial 7 ** 6 ** 

Aside from the markings mentioned, the calyx is also ornamented 
with depressions which look at first like borings of some kind, but 
which have the same granular character as the rest of the surface. 

Position and locality : Carboniferous, Upper Coal Measures, To- 
peka, Kan., from the Osage City shales, over the Osage coal. 

The type was collected by Prof. W. A. Harshbarger, in honor of 
whom it is named. Type now in the collection of Washburn College. 

In general appearance this species is strikingly like C, craigii 
Worthen, but differs in the following respects: The body is not 
smooth but highly ornamented, and the anal piece is much larger. 
In all specimens of C. craigii that I have seen the body is smooth 
and glossy, and shows (even when apparently unworn) no indications 
of former surface-markings, while this species possesses both pustules 
and granules, the latter covering about the entire specimen. In ma- 
ture individuals the interradial is much larger. Two smaller speci- 
mens, probably younger ones of this species, are figured in the 
accompanying plate, showing the relative growth of the calyx and 
interradial. In both the ornamentation is the same as described in 
this species. C, montieitlafus Beede is from the same locality and 
horizon, but has long, slender arms, brachials not spinous, and the 
calyx is deeper. The most fundamental difference, however, is the 
number of arms possessed by the latter species, the number being 
sixteen or eighteen, while the one liere described has but ten. 

C. nodidifera Butts differs from this species in having a node at 
the upper part of each basal and also on the radials. It also has 
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more acute and apparently longer spines. Mr. Butts makes no men- 
tion of finer surface-markings. The Topeka specimen is from a much 
higher horizon. 

Aviculopecten subequivalvas, d. sp. Plate V, figs. 3, 3a. 

Shell thick, moderately large, subequivalvular, rather convex, quite 
oblique, ears well developed. The hinge is nearly straight, the beak 
does not project, the angle of divergence of its sides is about eighty to 
ninety degrees. The left valve, exclusive of the ears, is ovate ; anterior 
ear well developed, obtusely angular, marked only by strong lines of 
growth ; the rise from the ear to the body of the shell is abrupt ; the 
marginal sinus separating the ear from the rest of the shell broad, 
shallow, and ill-defined. The posterior ear is unknown. The anterior 
margin below the ear forms an ovate curve, which is probably con- 
tinued on the ventral and postero- ventral margins. The surface of 
this valve is apparently marked only by stronger and fainter concen- 
tric lines except on the front and back sides, where there are radiating 
rows of vaulted lamellae. It is entirely probable that these marks 
once extended over the entire surface, but have been worn off from 
the more convex portions. Judging from another specimen, the right 
valve is somewhat flatter than the left and quite as oblique. Posterior 
ear very small and obtuse ; anterior ear quite large, marked by obscure, 
large, radiating ribs and probably vaulted lamellae, as well as strong 
conc-entric markings; separated from the shell by a deep sulcus. 
Margin from the beak around the posterior to near the middle of the 
shell is a regular ovate curve, antero- ventral margin somewhat pro- 
duced but rounded, extending obliquely toward the beak until the 
deep byssal sinus is reached. Ornamentation as in the other valve. 
In this specimen it seems that the radiating rows of scales covered 
the entire surface before being worn away. Length, 36 mm.; height, 
32 mm.; hinge, J7 mm.; thickness, about 5 ram. 

Position and locality: Thin limestone, south of Dover, Kan., in 
Upper Coal Measures. Type in author's collection. 

This shell may prove to be a Pseiido7nonotis, as the critical charac- 
ters are not well known. It is not liable to be confused with any 
other shell from the Coal Measures. 

Pinna lata, n. sp. Plate V, fig. 4. 

Shell small for this genus, not very convex, probably plain except 
the usual growth marks, acutely pointed at the beaks, which are ter- 
minal. The angle of divergence of the shell is thirty degrees. This: 
species is based on three casts. The type is not distorted, but the 
posterior end is broken away. There are two other specimens from 
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the same locality, but compressed dorso-ventrically, which show the 
same characters as the type. The size is about that of Aviculopinna 
americana Meek, but the form and markings as shown on the cast 
are very different, and the beaks are terminal. Length of type along 
hinge, 27 mm.; height (20 mm. back of beak), 11 mm. 

Position and locality : Carboniferous, Upper Coal Measures, How- 
.ard limestone, Topeka, Kan. 

The small size, great angle of divergence at the beak and sharp- 
pointed beaks easily distinguish this species from other members 
of the genus from the Coal Measures. 

Pleurophoms whitei, n. sp. Plate V, figs. 5, bb. 

Pleurophorus — ? White, Bull. U. 8. Geol. Surv. 77, p. 27, pi. iv, figs. 5-10. 

Shell of medium to large size, transversely ovate, with the depth 
of the shell greater at the anterior than at the posterior end. Beaks 
moderately prominent, subterminal ; umbonal ridge prominent, ex- 
tending obliquely to postero-ventral margin. Hinge straight or arcu- 
ate, usually about three-fourths the length of the specimen. The 
right posterior lamina is well shown on good casts. The anterior ad- 
ductor impression is usually prominent, being set apart by the depres- 
sion produced by the ridge behind it. The impression of the two 
cardinal teeth is also visible. The anterior margin drops obliquely 
downward from the beak nearly to the middle of the shell, when it 
rounds, rapidly at first, into the ventral margin, which may be straight, 
somewhat sinuous or even convex on approaching the postero-ventral 
region : at the end of the umbonal ridge it rounds rapidly into the 
posterior, oblique truncation, reaching the hinge at an oblique angle. 
The lines formed by the hinge and ventral margins converge toward 
the posterior, thus leaving the greatest depth of the shell in front. 
Above the umbonal ridge the shell is obliquely flattened to the hinge. 
The surface, as shown in excellent molds, is ornamented only by fine 
lines of growth, which are sometimes a little stronger beneath the 
beak than elsewhere, and weaken on and above the umbonal slope. 

Position and locality : This species is found in the Upper Coal 
Measures, upper Wabaunsee stage, east of Barrett, Ean. This is the 
only locality known to the writer where this shell, abundfint in the 
Permian, is found below the Wreford limestone. Types from Per- 
mian west of Stockdale, Ean., "about 100 feet above Cottonwood 
limestone." Collected by Prof. E. A. Popenoe. 

This species is extremely variable, as shown in Professor White's 

figures, above cited. The short shell with the posterior shallower 

than the anterior end is in sharp contrast to most of the species of 

; the genus. In surface ornamentation it resembles P, tropidaphorus 
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more closely than any other species. It is distinguished from P, sub- 
cuneatus Meek by its short, thick form and larger size. This species 
is the more abundant of the two in the Permian rocks of the Big Blue 
series, while P, aubcuneata only has been identified from the Cimar- 
ron series. 

AUorisma kansasensis, n. sp. Plate V, figs. 6, %d. 

Shell small, rather gibbous, transversely subovate. Beaks promi- 
nent, incurved, approximate, located about one- third the length of the 
shell from the anterior end. Anterior outline descending obliquely 
from the beaks nearly to the ventral margin, where it turns rather 
abruptly backward along the nearly straight basal edge to the pos- 
terior extremity, where it rounds ofiF regularly upward and then for- 
ward to meet the hinge. The hinge is apparently straight and more 
than half as long as the shell. The umbonal ridge is prominent, 
rounded, ill-defined, fading away at the extremity of the shell. Above 
this ridge is a depression which, with the smooth, elevated hinge, 
would cause a strong keel on the shell back of the beaks. The con- 
centric ribs are prominent, fading out at the upper part of the um- 
bonal ridge and near the anterior border. These ribs are quite as 
prominent on the casts as on the shell itself. On the central and 
postero-central regions are the characteristic distant, radiating rows 
of fine, closely set granules. The shell is less convex below and back 
of the beak than on either side of this region, though it is not con- 
cave. The length varies from 1.7 to 1.4 the height. 

Position and locality : Upper Coal Measures, Howard limestone, 
Topeka, Kan. 

This species is very closely related to A. curta Swallow, but differs 
from it in having a straighter hinge and a more remote beak. It is 
from a lower horizon. In the latter respect it differs from McChes- 
ney's species also. 

Palbontolooical Labobitobt, Indiana Univbbsitt, 

Mat 22. 1902. 



Explanation of Plate V. 

All figures about natural size. Drawings by C. McK. Beede. 

CeHocrin us h a rshhargeri. 

Fig. 1. Right posterior view of type. 
Fig. Ir/. Diagram of anal plates of same. 
Fig. 16. Surface detail enlarged. 
Fig. Ic. Diagram of basal view. 

Fig. 2. Calyx of another specimen, probably of this species. 
Fig. 2a. Diagram of a portion of posterior view of another slightly smaller speci- 
men, showing variation in size of anal plate. 

A viculopecten suhequivalvtis. 

Fig. 3. View of type. One side incomplete. 
Fig. 3c£. Opposite valve of another specimen. 

1^ in Hit lata. 

Fig. 4. View of type, a left valve. 

I^leurojphorus whitei. 

Fig. 5. Type specimen ; cast of a left valve on the same slab as the two following^ 

and the cephalothorax of a large limuloid. 
Fig. 5a. Cast of a broken specimen, showing the anterior muscular impressions. 
Fig. 55. Specimen of different outline. 

AUorisma kansaseusis. 

Fig. 6. Imperfect cast, showing strong concentric undulations impressed upon it. 
Fig. 6a. Lateral view of type. Shell exfoliated in front. 
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YAEIATION OF THE SPIRALIA IN SEMINULA ARGENTIA 

(Shepard) Hall. 

BY J. W. BEEDE. 
With Plate VI. 

Owing to the systematic importance and the rarity of good ma- 
terial of the brachial framework of the brachiopods, any light on the 
extent of individual variation of these parts is of considerable impor- 
tance. In the spring of 1899 the University of Kansas received from 
Prof. C. N. Gould a set of ten specimens of Semimila argentia 
( Shepard ) Hall that show the position of the spires. These speci- 
mens were all from the same horizon in the Lower Permian. The 
University also had another specimen showing these characters, as did 
a specimen in the writer's collection. Reicently the study of these 
specimens was taken up and some remarkaf^le results developed. 

Both valves of this species are quite convex and not infrequently 
as broad as long. The older specimens are quite ventrioose. How- 
ever, the shell is subject to a considerable variation in form. Four of 
the twelve specimens studied were somewhat compressed, but it so 
happens that three of these approach the normal type very closely, 
while the fourth does not vary from it greatly. Those showing 
greatest variation have not been subject to any visible external de- 
formation. The specimens under discussion are of about the average 
size and form. 

The normal position of the spire is with its apex pointing to the 
side, near the line where the valves meet, at, or a little in front of, the 
middle of the shell, which is also the widest point. In the central 
I)art of the shell cavity the edges of the spires nearly meet. In front 
they flare apart, leaving a large, subcircular opening. For convenience, 
in this paper, this opening will be spoken of as the frontal aperture 
of the spiralia. It will also be necessary to orient the specimens so 
that definite positions may be referred to. For this purpose we will 
-consider the specimens as front toward ( back away from) the observer, 
with the brachial valve uppermost. 

A specimen from the Topeka limestone, Upper Coal Measures, at 
Topeka, Kan., shows the spires with the apex of one of them pointing 
almost directly forward toward the anterior end of the shell, turned 
through a horizontal angle of about ninety degrees from its normal 
position, while, as nearly as may be determined from the specimen as 
cut, the apex of the other one is directed toward the median line of 

(155) 
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the pedicle valve just in front of the hinge. This specimen was se- 
lected to be ground, because it was a good specimen, of normal form. 
Another specimen (No. 3), from the Permian of Cowley county, Kan- 
sas, has the apices of the spires turned at an angle of about forty-five 
degrees or more in a vertical direction, causing the point of the spire 
to be located near the middle of the right side of the brachial valve^ 
while the other points to the opposite of the pedicle valve. The spire 
is quite flattened, approaching disk shape, with the apex quite ob- 
tuse and the frontal aperture very narrow and almost slit-like (this 
may be partially due to a very slight compression, but the compres- 
sion, if present, is so slight as to modify it very little), owing to the 
position of the spires in the shell, which prevents their flaring much 
at the front. The shell is not an old one, and, for this reason, is some- 
what less ventricose than many adults. The young specimens are 
much flatter than the old ones in this species. 

The spiralia of No. 10 are turned in a similar manner, but through 
a much smaller angle. The frontal aperture is typical, as is also the 
general form of the shell. The spiralia are conical, and the tips prob- 
ably acute. In No. 6 the position of the spiralia, their form and that 
of the aperture are normal. Nos. 6 and 9 show spines on the spires 
The spines are closely set, thick, blunt, and nearly twice as long as 
broad. In fact, some appear to be nearly as large at the tips as at the 
base. In No. 9 the spires are normal, except that, instead of being 
flaring conical, they are more in the shape of a folded shield shape 
with acute apex. In other words, the frontal aperture is produced by 
the dorso- ventral compression of the entire cone rather than the flar- 
ing of the frontal portion. The apex of the left spire is bent somewhat 
downward. The position of the spiralia in No. 7 is about normal, 
the tips obtuse, the spires almost perfectly depressed conical, frontal 
aperture only slightly wider than the space farther back on the side 
next the brachial valve. No. 5 has apparently been compressed later- 
ally, through this compression did not affect the positions of the 
spiralia, for they are normal. They appear to have been of the typical 
form in every respect. In No. 8 the spires seem to have been 
turned through a slight vertical angle, though the incompleteness of 
the specimen prevents a close study of position. The form was ap- 
parently normal, except that the lower edges may have been somewhat 
pressed inward. Nos. 1 and 4 are about normal throughout. No. 2 
is normal as far as can be seen, except that the apices are turned 
through a small vertical angle. The anterior portion of the pedicle 
valve is crushed in. No. 12 is normal throughout. 

It is unfortunate that none of the specimens show the crural at- 
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tachment of the spiralia. Such structures must certainly vary in 
order to support the spires in their various positions. 

The above facts would seem to indicate the following conclusions : 
First, in those spire-bearing brachiopods in which the form of the 
shell does not govern the position of the spires, the Athyridse in par- 
ticular, the spires may be subject to a considerable variation in both 
position and form. Second, that the crural supports are probably so 
modified as to accommodate the spires in their various positions. 

In the light of the foregoing, it will be seen that in the future it 
will be necessary to study the structure of several specimens before 
using small variations of internal structure in these shells as bases 
for group divisions. 

One might expect greater individual variation among the Flint 
HiUs specimens, owing to the physical changes that were taking place 
<luring the close of the Carboniferous and the early Permian ; changes 
which soon caused this species, together with many others, to become 
fixtinct. However, this cannot be said of the most striking case 
( No. 11) from the Topeka limestone. It would seem that such varia- 
tions as are found in Nos. 3 and 11 would be decidedly detrimental to 
the well-being of the animal, though the latter of the two seems to 
have been a vigorous individual. 

Indiana Unitbbsitt, Bloomikoton. 
Apbil 8, 1902. 



Explanation of Plate VI. 

Drawings by Sydney Prentioe, except No. 12, whieh is by C. MeK. Beede. 

All specimens naturfti siae. 

Seminuia argentia* Variation of spires. 

Fig. 1. Specimen brachial side up. 

Fio. 2. This specimen shows spires viewed with pedicle side partly removed. 

Fio. .3. Pedicle view, showing part of spire. 

Fio. 3ci. Above individual, brachial side up. 

Fig. 4. Brachial side of fig. 4a. 

Fio. 4a. Pedicle view of specimen, showing position of spires. 

Figs. 5 and 5a are the brachial and pedicle views of a somewhat laterally com- 
pressed specimen. 

Fig. 6. Pedicle view of specimen. 

Fig. 6a. Brachial view of fig. 6. 

Figs. 7 and la are the brachial and pedicle views of a specimen. 

Fig. 8. This figure probably shows the brachial side of specimen, while fig. 8a 
is the opposite side. 

Fig. 9. Brachial view. 

Fig. 10. The pedicle view of a specimen, and fig. 10a the brachial side of the 
same. 

Fig. 11. Brachial valve nearly ground away, to show spire. The sickle-shaped 
structure is probably the base of the opposite spire. Beede 's collec- 
tion. 

Fig. 12. Specimen with brachial valve largely broken away. 

All specimens but No. 11 in collection of University of Kansas. 
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COAL MEASURES FAUNAL STUDIES, II. 

( BT J. W. BBSDB AND AUSTIN F. BOOB&8.) 



FAUNA OF THE SHAWNEE FORMATION (Haworth), 
THE WABAUNSEE FORMATION (Prosser), 

THE COTTONWOOD LIMESTONE. 

BY J. W. BEEDE. 

Being a coDtinuation of the foregoing lists of Rogers, pub- 
lished in this journal, vol. IX, No. 4, pp. 232-254.^ 

The present paper deals with the fauna of the rocks, begin- 
ning at the base of what Haworth has called the ''Shawnee 
formation "* and continuing upward to the top of the Cotton- 
wood limestone. The strata are treated in ascending order. 
It must be borne in mind that it is the object of these papers to 
bring out the fauna of the rocks of the Kansas Coal Measures 
in sufficient detail to establish time divisions on a paleonto- 
logical basis. These lists are, of course, incomplete for the 
horizons in toto, but it is hoped that they do give the character- 
istic fossils of the rocks of the Kansas river section in sufficient 
fulness to warrant some deductions of value. The fauna of the 
Lower Coal Measures still remains to be completed. 

20. Kanwaka Shales (Adams MSS., by permission U. S. 
Geological Survey). Bennett's description :' ** Above the last 
(Oread ) limestone lies a heavy shale deposit, at least ninety-seven 
feet thick at Lecompton. The lower sixty-five feet of this is a 
clay shale, then sixteen feet of arenaceous shale, then five feet 

1. Id jostice to Mr. Boffera, it should be stated that he did not see the proof of the first article 
and is not to blame for the very bad errors which it contains. 

2. UoiT. Qeol. Sarr. KanH., Ill, pp. 98, 91, 1888. 
8. U niT. Oeol. SurT. Kans., I, p. 116, 1896. 

(163) 
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of sand rock, above which lies eleven feet of sandy buff shales.*' 
No fossils known from this horizon. 

21. Lecompton Limestone. Bennett's description : *' Cap- 
ping the hills around Lecompton is a five-foot limestone in two 
layers, which we will provisionally name the *Fusulina' lime- 
stone ; not that it alone bears that fossil, but because of the 
abundance of Fusulina in it. It is the lower of another triple 
system [formation] of limestones, the members of which are 
separated by a few feet of shale, and which retain this order as 
far as observed to the west. Above the * Fusulina' stratum are 
five and one-half feet of clay shales, then one and one-fourth 
feet of blue limestone, which weathers dark buff, like all its as- 
sociate strata. Above this are four feet of shales having a 
bituminous streak in the middle ; then ten feet of light gray, 
easily disintegrated limestone. This group [formation] may be 
called the Lecompton limestone, on account of their outcropping 
being near Lecompton. At Spencer, six miles west of Lecomp- 
ton, the upper part of the series [formation] finally disappears 
below the alluvial soils of the valley*." 

From near the horizon of the above formation, from a well in 
the road in the bed of Deer creek (the one emptying into Waka- 
rusa creek) , near the Shawnee-Douglas county line, the follow- 
ing species have been collected : 

Fusulina secalica ( Say) . 

Campophyllum torquium Owen. 

Archaeocidaris cf. agassizi Hall. 

Fenestella limbata Foerste. 

Fenestella limbata remota Foerste. 

Pinnatopora sp. 

Polypora diatincta Ulrich ? 

Polypora elliptica Rogers ? It is quite probable that this is a 
distinct species. It has fenestrules arranged in two intersecting 
series when viewed on the reverse side, and the branches are 
not striated. The fenestrules appear nearly square on account 
of their arrangement, but in reality they are subcircular. On 
the obverse side the nodes are very prominent and some of them 
appear to possess acanthopores. 

Polypora cf. nodocarinata Ulrich. 

Rhoinhopora lepidodendroides Meek. 

Chonotes granulifer Owen. 



BBBDB : FAUNAL STUDIES, II. 165 

Prodnctus nebraskensis Owen. 

Productus pertenuia Meek. 

Reticnlaria perplexa (McChesney) Schuchert. 

Seminula argentia (Shepard) Hall. 

Spirifer cameratus Morton. 

Avicidopecten carboniferus (Stevens) Meek. 

Aviculopecten maccoyi Meek and Hayden. 

Aviculopecten occidentalis (Shumard) White. 

Liwopteria gibbosa ( Meek and Worthen ) . 

22. Tecumseh Shales. A stratum of shales about seventy- 
five feet in thickness, nearly non-fossiliferous, of fine texture, 
containing abundant ferruginous concretions and occasional lay- 
ers of soft shaly sandstone. According to Bennett, these may 
represent the Kanwaka shales.^ 

23. Deer Creek Limestone.* Three layers of limestone 
separated by layers of shale. The total thickness of the forma- 
tion is fifteen to twenty-five feet. The principal stratum is the 
uppermost, which is from seven to twelve feet thick. Most of 
the fossils below are collected from this upper layer. It is a 
massive, light gray limestone, tinged with yellow. The texture 
often varies much in a short distance, grading into inclusions 
or banks of blue argillaceous limestone in which the fossils are 
excellently preserved. It is best exposed at Calhoun's Bluflfs, 
in the cut of the Union Pacific railroad three miles northeast 
of Topeka. 

Fusxdina secalica ( Say ) . 

Lophophyllum profundum (Milne-Edwards and Haime) Foerste. 

Archfcocidaris agassizi Hall. 

()ligoporu9 minutus Beede. 

Crinoid stems. 

Fenestella hexagonalis Rogers ? 

Fenestella sp. 

Pinnatopora pyriformis Rogers. 

Polypora distincta Ulrich ? Probably a new species. It dif- 
fers from this species in having fenestrules broader and shorter 
and slightly more slender branches. However, this may be due 
in a large part to the particular portion of the zoarium of which 
our specimens are fragments. 

4. ** Deer Creek Ldmestone,'* UdIt. G^l. Surv. Kans., II, p. 117. 
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Polypora nodocarinata Ulrich. 

Septopora pinnata Ulrich. 

Amboccclia pla7ioconvexa (Shums^rd) Hall and Clarke. 

Chonetes granulifer Owen. 

Crania modesta White ? 

Derbya craasa (Meek and Hayden) Waagen. 

Derby a keokuk (Hall and Clarke). 

Dielasma bovidens (Morton) White. 

Enteletes hemiplicata (Hall) Hall and Clarke. 

MeekeUa striaticosiata (Cox) White and St. John. 

Productus cora d'Orbigny. 

Productus costatus Sowerby ? de Koninck. 

Productus longispinus Sowerby. 

Productus mbraskensis Owen. 

Productus pertenuis Meek. 

Productus punctatus ( Martin) Morton. 

Productus semireticulatus (Martin) d'Orbigny. 

Pugnax utah (Marcou) Hall and Clarke. 

Reticularia ptrplexa ( McChesney ) Schuchert. 

Semiuula argintia (Shepard) Hall and Clarke. 

Spirifer earner atus Morton. 

Spiriferina cristata ( Schlotheim ) Dawson. 

Allorisma gravosum (Shumard) Keyes. 

AUorisma subcuneatum Meek and Hayden. 

Aviculopecten occidentalis (Shumard) Meek and Hayden. 

Aviculopecten sp. 

Entolium aviculatum (Swallow) Meek. 

Myalina kansasensis Shumard? 

Myalina swallowi McChesney. 

Pinna peracuta Shumard. 

Pinna subspatulata Worthen ? 

Bellerophon crassus Meek and Worthen. 

Trachydomia wheeleri (Swallow) Keyes. 

Pleurotomaria tabulata Hall. 

Conularia crustula White ? (Very large for this species.) 

24. Calhoun Shales. This formation is fifty to sixty-five 
feet in thickness. The lower part is a layer of soft argillaceous 
sandstone from twelve to twenty feet thick. The upper portion 
of the formation is a bluish shale, arenaceous below, clayey 
above, and of comparatively fine texture. No fossils have been 
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collected from this formation, except a few fragments of Gala- 
mites and Cordaites in a soft sandstone immediately beneath 
the Topeka limestone, in the eastern part of that city. The 
type exposure is at Calhoun's Bluffs, three miles northeast of 
Topeka. 

25. Hartford (Topeka) Limestone. (Adams's MSS., by 
permission of U. S. Geological Survey.) The following section 
of the rocks is about as given by Doctor Bennett when he first 
described them : 

ft. in. 
g. Limestone weathering buff 2 

/. Drab shales 3 

e. Limestone weathering buff 1 6 

d. Buff calcareous shales with abundant fossils 2 

e. Blue to brown limestone, always weathering to a brown buff, cherty 

near the top, fossiliferous 5 8 

b. Blue shales 1 6 

a. Blue limestone, weathering dark buflf 6 

Total thickness of formation 21 8 

Most of the fossils enumerated below were taken from layers 
c and df though the entire set is more or less fossiliferous, with 
about the same species running through them. 

Fusulina aecalica ( Say ) . 

Amblyaiphonella prosseri Clarke. 

Lophophyllum profundum ( Milne-Edwards and Haime) Foerste. 

Crinoid stems and plates, referred by Bennett to Zeacrinus 
mxicrospinus and Z, acanthophorus , 

Archfeocidaris agassizi Hall. 

Archseocidaris trudifer White. 

Worm. 

Fenestella shum/irdi Prout. 

Fenestella remota Foerste. 

Polypora elliptica Rogers. 

Polypora submarginata Meek. 

Rhombopora lepidodendroides Meek. 

Septopora biserialis (Swallow) Foerste. 

Septopora sp. 

Ambocoelia planoconvexa (Shumard) Hall and Clarke. 

Chonetea granulifer Owen. 

Derby a crasaa (Meek and Hay den) Waagen. 

Derbya keokuk (Hall) Hall and Clarke. 

D ielasma bovidens {MoTton) White. 
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Hmtedia mormoni (Marcou) Hall and Clarke. 
Meekella stricUicostata (Cox) White and St. John. 
Orbiculoidea misaouriensis (Shumard) Hall and Clarke. 
Productus cora d'Orbigny. 
Product U8 costaius Sowerby ? de Koninck. 
Productus longispinus Sowerby ? 
Productus nebraskensis Owen. 
Productus pertenuis Meek. 
Productus punctatus (Martin) Morton. 
Productus semireticulatus (Martin) d'Orbigny. 
Reticularia perplexa ( McChesney) Schuchert. 
Seminula argentia (Shepard) Hall and Clarke. 
Spirifer cavieratus Morton. 
Spiriferina cristata ( Schlotheim) Dawson. 
Allorisma granosum (Shumard) Keyes. 
Allorisma subcuneatum Meek and Hayden. 
Astartella vera Hall. 

Aviculopecten occidentalis (Shumard) Meek and Hayden. 
Entolium aviculatum (Swallow) Meek. 
Limopteria marian ( White) Beede ? 
Macrodon Cf. tenuistriatus Meek and Worthen. 
MacTodon sp. 

Myalina stvallowi McChesney. 
Pinna peracuta Shumard. 
Schizodus curtus Meek and Worthen. 
Schizodus curtiformis Wolcott. 
Schizodus rossicus de Verneuil. 

Aclisina swalloviana (Geinitz) Meek, and other gastropods too 
poorly preserved to be identified. 
Bellerophon carbonarius Cox. 
Orthoceras sp. 
Griffithides scitula (Meek and Worthen) Vogdes. 

26. Severy Shales. These shales are blue below, varying 
through yellow to black in places above the coal. They are 
fifty to seventy-five feet in thickness. The texture varies, and 
in the upper part they contain the Osage coal, which is mined 
at Topeka, Burlingame, Osage City, and other places. 

In correlating isolated sections the rocks between the Topeka 
limestone and the Barclay ( = Burlingame = WyckofiF, etc.) lime- 
stone have been somewhat confused. Under the title, '' Stratig- 
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raphy of the Kansas Coal Measures,"** Haworth describes them 
as follows: ** Above them (Topeka limestones) lies another 
shale bed fifty feet thick, at the top of which lies the Topeka 
coal, a seam about eleven inches thick, which has been mined 
in different places. The coal is immediately overlaid by two 
thin limestone beds, separated by less than three feet of shales. 
Above the limestone is the Osage City shale, more than 100 
feet thick, at the top of which is the Osage coal, averaging 
eighteen or twenty inches thick. . . . Above the Osage 
coal is a thin limestone system [formation] , superseded in turn 
by the Burlingame shales, a body about 150 feet thick in the 
vicinity of Burlingame, and possibly more in places. Both the 
Burlingame and Osage City shales extend for long distances to 
the southwest and northeast, and are important landmarks in 
stratigraphy." Bennett* describes the succession at Topeka 
correctly, but supposes the coal above the Topeka coal corre- 
sponds to the Osage horizon, instead of to the one already indi- 
cated in this paper as its equivalent. 

Haworth's statement in Vol. I, p. 162, of the Kansas Survey, 
is practically a repetition of the one just quoted, but he corrects 
the correlation of the coals in a foot-note at the bottom of page 
161. In volume III of the same reports (p. 94) he uses the 
term ** Osage shales" for all the shales between the Topeka 
limestone and the Barclay limestone. The section is correctly 
given by Hall in his '^Section from Boicourt to Alma,"^ though 
it is not clear just what is meant by his ** Osage City Shales, 
Coal, and Limestone." 

From the foregoing, it will be seen that the terms '* Osage 
City" and ** Burlingame," when strictly applied, are proposed 
for one and the same set of rocks, namely, those above the 
Osage-Topeka coal, while the shales below the coal and above 
the Hartford limestone are not designated at all. Later, in 
Vol. Ill of the University Survey (p. 66), in quoting Doctor 
Adams's notes. Professor Haworth gives the following : '^ Sever y 
Shales. — 'Above the Elk Falls limestone is a bed of shales aver- 
aging fifty to seventy-five feet in thickness, which, with the pro- 
tected limestones above, forms a light escarpment that may be 

6. Kans. UdIt. Qaart., Ill, p. 278, 1885. 
6. UniT. Oeol. Sarr. Kans., I, pp. 118, 119, 1896. 
Ibid., p. 394. 
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i;raced from a few miles below Eureka to Cedar valley, forming 
a line from two to five miles west of the Elk Falls escarpment. 
This shale bed is therefore sufficiently prominent to be recog- 
nized in the field, and to be of considerable local and stratigraphic 
importance. The town of Severy lies within it, and therefore 
it may be called the Severy shales.'" Dr. George I. Adams, 
of the United States Geological Survey, under whose direction 
the work of correlating the Coal Measures rocks of Kansas was 
done last summer, informs me that the names used in this paper 
and accredited to him have been passed upon by the committee 
on nomenclature, and he has kindly permitted me to use them in 
advance. 

So far as known these shales are not fossiliferous, save for a 
few fragments of fern leaves, below the coal, but are very fos- 
siliferous locally just above it. 

Lophophyllum profundxim ( Milne-Edwards and Haime) Foerste. 

Ceriocrinus craigi (Worthen) Wachsmuth and Springer. 

CeriocrinuB harahbargeri Beede. 

Ceriocrinus h emispheri cus {Shumard) Wachsmuth and Springer. 
These three species of crinoids are from the dump, and may be 
from the shales between the two layers of the Howard limestone 
above . 

Spirorbis sp. 

Feneatella den lata Rogers. 

Fenestella limbata Foerste. 

Fenestella mimica Ulrich. 

Pinnatopora elliptica Rogers. 

Polypora whitei Foerste. 

Amboc(dia planoconvexa (Shumard) Hall and Clarke. 

Chonetes glaber Geinitz. 

Chonetes granulifer Owen. 

Derby a crassa (Meek and Hay den) Waagen. 

Dielasma bovidens ( Morton) White. 

Hustedia mormoni (Marcou) Hall and Clarke. 

Lingula umbonata Cox. If this species is considered separate 
from L. mytiloides, the specimens here referred to would prob- 
ably be classed with the latter. 

Productvs cora d'Orbigny. 

Produdus longispinus Sowerby. 

Productus nebraakensis Owen. 
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Producius pertenuis Meek. 

Producius aemireticulatus (Martin) d'Orbigny. 

ProductuB syvimetricus McChesney. 

Pugnax utah (Marcou) Hall and Clarke. 

Reticularia perplexa (McChesney) Schuchert. 

Seminula argentia (Shepard) Hall and Clarke. 

Spirifer cameraius Morton. 

Spiriferina cristata (Schlotheim) Dawson. 

Aatartella vera Hall. 

Aviculopecten occidentalis (Shumard) Meek and Hayden. 

f Aviculopecten whitei Meek? 

Cardiomorpha missouriensis Shumard ? 

Edviondia sp. 

fMyalina exasperata Beede. 

Myalina perattenuata Meek and Hayden. 

Myalina swallowi McChesney. 

Nucula ventricosa Hall. 

PUurophorus tropidopherus Meek. 

Schizodus curtus Meek and Worthen. 

Schizodus sp. 

Solenomya radiata Meek and Worthen. 

Sedgwickia topekenais (Shumard) Meek and Hayden. 

Belleraphon Cf. bellus Keyes. 

Euomphahi8 aubrugosus ( Meek and Worthen) Meek. 

Pleurotoviaria perhumerosa Meek. 

Pleurotoniaria sphserulata Conrad. 

Pleurotomaria subdecussata Geinitz. 

Orthoceras cribosum Geinitz. 

Griffithides acittda (Meek and Worthen) Vogdes. 

27. HowABD Limestone. This consists of two thin layers 
of limestone separated by two to ten feet of shales. The lower 
of these is a hard, blue limestone from twenty inches to two 
feet in thickness, quite fossiliferous in places, and sometimes 
quite full of crinoid stems and of fish teeth. The upper layer 
is usually coarser and more shaly. The clay between them is 
often very fossiliferous. 

From Doctor Adams's notes, published by Professor Haworth,^ 
it will be seen that the Howard limestone is the same as the 

8. Ibid., pp. 66, 67. 



172 KANSAS UNIVERSITY SCIENCE BULLETIN. 

rock over the Osage coal, and that his Severy shale is the same 
as the Osage City shales. 

Some of the fossils here listed were collected from ballast near 
Lawrence, on the old Carbondale railroad, which was taken 
from this layer of rock at Carbondale. These references are 
marked with an asterisk. 

* Fusulina secalica ( Say ) . 

* Cavipophyllum torquium Owen. 

Lophophyllum profxmdum ( Milne-Edwards and Haime) Foerste. 

* Lophophyllum westii Beede. 
CeriocrinuB moniiculatus Beede. 
Erisocrinus megalobrachma Beede. 
Scaphiocrinus washburni Beede. 
Spirorbis sp. 

* Chainodictyon laxum Foerste. 
Fenestella dentata Rogers. 
Fenestella remota Foerste. 

* Fenestella shumardi Prout. 
Fistulipora nodulifera Meek. 
Pinnatopora pyriformipora Rogers ? 
Pinnatopora tenuilineata (Meek) Ulrich. 
Polypora aspera Rogers. 

Polypora elliptica Rogers. 

* Polypora sp. 

Rhombopora lepidodendroides Meek, 

Streblotrypa prisca Gabb and Horn. 

Ambocoelia planoconvexa (Shumard) Hall and Clarke. 

Chonetes glaber Geinitz. 

Chonetes granulifer Owen. 

Derbya crassa ( Meek and Hayden) Waagen. 

Derbya keokuk (Hall) Hall and Clarke. 

Dielasma bovidens (Morton) White. 

Enteletes hemiplicata (Hall) Hall and Clarke. 

Productus cora d'Orbigny. 

ProdiLctus costatus Sowerby ? de Koninck. 

Productus longispinus Sowerby. 

Productus nebraskensis Owen. 

Productus pertenuis Meek. 

Productus punctatus (Martin) Morton. 

Productus semireticulatus ( Martin) d'Orbigny. 



BBSDB : FAUNAL STUDIES, II. 173 

Piignax utah (Marcou) Hall and Clarke. 

Seminula argentia (Shepard) Hall and Clarke. 

Spirifer cameratus Morton. 

Spiriferina cristata (Schlotheim) Dawson. 

Allorisma costatum Meek and Worthen. 

Allorisma geinitzi Meek. 

Allorisma granosum (Shumard) Keyes. 

Allorisma kaiisasensis Beede. 

Aviculopecten carboniferus ( Stevens) Meek. 

Aviculopecten hertzeri Meek. 

Aviculopecten maccoyi Meek and Hayden. 

Aviculopinna americana Meek. 

Edmondia aspenwallensis Meek. 

Edmondia n^braskensis (Geinitz) Meek. 

Entolium aviculatum ( Swallow) Meek. 

Lima retifera Shumard. 

Limopteria gibbosa (Meek and Worthen). 

Macrodon of. tenuistriata (Geinitz) Meek and Worthen. 

Modiola subelliptica Meek. 

Myalina kannasensis Shumard. 

Myalina swallowi McChesney. 

Nuculaf sp. (cast, very small). 

Nuculana bellistriata attenuata Meek var. 

Pinna lata Beede. 

Placxmopsis carbonaria Meek and Worthen. 

? Pseudomonotis hawni equistriata Beede var.? 

* Pteria longa (Geinitz) . 
Schizodxis alpina (Hall) Keyes. 
Schizodus circulus Worthen. 
Schizodus wheeleri (Swallow) Meek. 
Voldia subscitula Meek and Hayden. 
Bellerophon carbonaria Cox. 
Bellerophon crassus Meek and Worthen. 
Bellerophon mont/ortianus Norwood and Pratten. 

* Bellerophon percarinatus Conrad. 
Bulimorpha nitidula (Meek and Worthen) Keyes. 
Capulus parvus Swallow. 

Pleurotomaria illinoiensis Worthen ? Differs from this species 
in being much smaller and in having a larger number of nodes 
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to the whorl. The notch in the lip extends back some distance 
as a thin, almost linear slit. 

Pleurotomaria tabulata Conrad. 

Soleniscus sp. 

Sphwrodonia mediaUs (Meek and Worthen) Keyes. 

Sphasrodoma ponderosa (Swallow) Keyes? 

Sphferodovia sp. 

Stropho8tylu8 nana (Meek and Worthen) Keyes. 

fGlyphaeoceras si>. (Two specimens, very small and not so- 
preserved as to be well identified.) 

*GoniatUe8 subcavus Miller and Gurley. 

*Metacocera8 sangamonensis (Meek and Worthen) Hyatt. 

* Nautilus planovolvis Shumard. 

Orthoceras Cf. rushensis McChesney. Fittings on part of the 
surface. 

Solenocheilus Cf. collectus Hyatt. 

Stearoceras gibbosum Hyatt ? Perhaps a young specimen of 
this species, though it will probably prove to be diflferent. Tho 
cast preserves a fine line down the center of the ventral surface 
which disappears before reaching the deep sinus. The sinus is 
somewhat shallower than that figured by Hyatt, and it may be 
an Endolobus, 

Griffithides scitula (Meek and Worthen) Vogdes. 

28. BuRLiNGAME Shales. Olivc shales, generally very ar- 
gillaceous, though arenaceous in streaks, and in places even con- 
tain sandstone. These shales are 120 feet or more in thickness, 
and for the most part are not fossiliferous, though in places fossils 
are very abundant. In the upper part is the Dover-Silver Lake 
coal, and above it usually a layer of impure limestone. 

Chonetes granulifer Owen. 

Hustedia mormoni (Marcou) Hall and Clarke. 

Lingula umbonata Cox. ( See previous note to this species.) 

Orbiculoidea miasouriensis ( Shumard ) Hall and Clarke. 

Produdus nebraskensis Owen. 

Seminula argentia (Shepard) Hall. 

Aviculopecten occidentalis ( Shumard) Meek and Hayden. 

Aviculopecten whitei Meek ? 

Myalina congeneris Walcott ? 

Mxjalina peraitenuaia Meek and Hayden. 
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Myalina swallowi McChesney. 

Nucula ? sp. 

Nucalana bellistriata attenuata Meek var. 

Pinna peracuta Shumard. 

Pleuraphorus Of. angulattis Meek and Worthen. 

Pleurophorus tropidopherua Meek. 

Psevdovionotis hatvni Meek. 

Sedgwickia topekensia (Shumard) Meek and Hayden. 

Bellerophon carbonariua Cox. 

Bellerophon marcouianua Geinitz. 

Dentalium meekianuvi Geinitz. 

Exiomphalua aubrugoaua (Meek and Worthen) Meek. 

Gastropod, minute, undetermined. 

Pleurotomaria aubdecuaaata Geinitz. 

Oatracoda. 

29. Barclay Limestone. (Adams, MSS., by permission 
of U. S. Geological Survey.) Base of the Wabaunsee forma- 
tion. For the present it seems best to group several strata in 
this formation.' They cannot well be mapped on the scale of 
the U. S. folios, and they are also intimately connected faunally, 
and usually all assist in producing a high escarpment with th& 
upper part retreating. The rocks aggregate about seventy feet 
in thickness. The following section will serve to give an idea 
of these rocks : 

ft. in. 

g. Gray, argillaceous, fossiliferous limestone, from 1 foot to 2 O 

/. Bluish calcareous shales with Enteletes^ Myalina^ AUorisma and 

BcUerophotk fauna, fronoi 8 feet to 20 O 

€. Hard, shelly, bluish linoiestone 4 O 

cf. Shales with thin limestones, varying from 21 feet to 40 O 

e. Hard gray limestone weathering light yellow, from 1^ feet to 1 O 

6. Thin layer of shale 6- 

a. Massive yellowish-gray limestone, very hard, with but few fossils, 

from 4 to 7 feet thick, averaging about 6 O 

Most all of the fossils listed below are from layers e, /, and g^ 
by far the greater part ranging through all three. 

Somphoapongia multiformia Beede (from Robinson, Brown 
county ) . 

Aulacorhynchua millepunctaiua (Meek and Worthen) Hall and 
Clarke ? 

Derbya craaaa (Meek and Hayden) Waagen. 

9. For a more detailed desoriptioD of these rocks, see Trans. Kans. Acad. 8ci.. XV, p. 30» 
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. Dielasma bovidena (Morton) White. 
Enteletea hemiplicata (Hall) Hall and Clarke. 
Meekella striaticostata (Cox) White and St. John. 
Produdus cora d'Orbigny. 
Productus punctatua (Martin) Morton. 
Seminula argentia (Shepard) Hall. 
Allorisma costatum Meek and Worthen. 
AUorisma geinitzi Meek. 
Allorisma granosum (Shumard) Meek. 
Allorisma subcuneatum Meek and Hayden. 
Allorisvia sp. 

Aviculopecten occidentalis (Shumard) Meek and Hayden. 
Edmondia aspenwallensis Meek. 
Edmondia ovata Meek and Worthen. 
Edmondia cf. nebraskeiisis Meek. 
Macrodon sp. 

Myalina perattenuaia Meek and Hayden. 
Myalina subquadrata Shumard. 
Pinna per acuta Shumard. 
Pleurophorus sp. 

Psexidomonotis kanBasensis Beede. 
Pseudomonotis hawni Meek and Hayden. 
Pseudomonotis cf. robusta Beede. 
i Sedgwickia altirosirata Meek and Hayden. 
Bellerophon carbonarius Cox. 
Bellerophon raarcouianua Geinitz. 
Bellerophon cf. monifortianus Norwood and Pratten. 
Bellerophon percarinatxLS Conrad. 
Bulimorpha nitidula (Meek and Worthen) Keyes. 
Capulus sp. 

Soleniacus paludinwformis (Hall) White. 
Sphserodoma iexana (Shumard) Keyes. 
Orthoceras sp. 
Tainoceras occidentalis (Swallow) Hyatt? 

30. WiLLARD Shales. These shales are fifty-five feet thick 
in their thinnest exposure, and are thicker in some places. Ben- 
nett gives their thickness at Willard at from seventy-five to 
eighty-five feet, including a thin stratum of limestone." The 

10. Univ. Qeol. Sunr. Kans., I, pp. n9, 120. 1S96. 
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Bennett collection contains the following specimens taken from 
this thin limestone : 

Fusuliyia secalica ( Say) Fischer. 

Meekella striaticostata (Cox) White and St. John. 

Productus semireticulaiuB ( Martin) d'Orbigny. 

Bellerophon sp. 

31. Chocolate Limestone. This name, as well as the one 
preceding and the one following, are used merely for conven- 
ience here, as they have been used before for the designation of 
these rocks, knowing that with further study and careful tracing 
they will be found to be the equivalents of similar rocks on the 
Neosho river section. This limestone is buff brown in color, 
varying from seven to ten feet in thickness, composed princi- 
pally of two layers of massive stone, the upper of which is com- 
posed largely of the large variety of Fusulina secalica. In the 
Kansas river region it always forms high escarpments with 
rocky edges. It is not rich in any fossils except tlie Fusuliiias. 

Fusulina secalica ( Say) . 

Lophophyllum j[>ro/?/ndwm( Milne-Edwards and Haime) Foerste. 

Chonetes granulifer Owen. 

Enteletes hemiplicata (Hall) Hall and Clarke. 

Meekella striaticostata (Cox) White and St. John. 

Productus cor a d'Orbigny. 

Productus nebraskensis Owen. 

Seminula argentia (Shepard) Hall. 

32. Shales and sandstones shown near Dover, eighty-five 
feet in thickness, varying from light yellow to brownish red. 

33. Dover Limestone. A limestone about four feet in 
thickness and of grayish color. 

34. Somewhere from forty to seventy feet of shales, with oc- 
casional thin limestones with Myalina perattenuata. 

35. Ten to twelve inches of very fossiliferous limestone in 
thin layers. Numbers 32 to 85 are as exposed on Mission creek 
and its tributaries near Dover. Number 35 is shown in ravines 
southwest of Dover, in the high region east and south of Mis- 
sion creek. 

Fenestella sp. 

Productus nebraskensis Owen. 

IS-Kan. Univ. Sei. Ball., No. 7, VoL I. 
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Avicxdopeclen maccoyi Meek and Hayden. 

Aviculopecten occide7itali8 (Shumard) Meek and Hayden. 

Edmondia sp. 

Limopteria marian (White) Beede. 

Myalina perattenuata Meek and Hayden. 

Myalina swallowi McChesney. 

Pseudomonotis hawni Meek and Hayden. 

P^eudomonotis cf. kansasensis Beede. 

Schizodus sp. 

Schizodus sp. 

Gastropod cast. 

Loxonema sp. 

Pleurotomaria perhumerosa Meek. 

36. Owing to lack of detailed study of the rocks from the 
last described to the Cottonwood limestone, it will be necessary 
to combine the less important strata into groups and mention 
only the more important. It is a matter of regret that the rocks 
of this part of the Kansas river section cannot be referred with 
certainty to the corresponding rocks of the Neosho river and 
Cottonwood river sections, which have been studied by various 
geologists. As near as I am able to judge, No. 13 of Bennett's 
Buffalo Mound section ^^ corresponds to the Americus limestone 
near Emporia." All the rocks between No. 35 and No. 13 of 
Bennett's Buff'alo Mound section are put under No. 36. They 
consist of an alternation of thin limestones and shales. These 
shales form a part, at least, of the **01pe'' shales of Dr. (Jeo. 
I. Adams (by permission, from his MSS.) 

37. No. 13 of Bennett's Buffalo Mound section. Probably 
is the equivalent of the Americus limestone before mentioned. 

38. Elmdale Formation. Prosser and Beede, MSS. Shales 
with occasional thin limestones, quite fossiliferous in the lower 
portion. This is probably the same horizon as No. 2 and No. 3, 
except the limestone at the top, of Prosser's Manhattan sec- 
tion." It is also, in all probability, the same horizon as No. 8 
of my section on the South Fork of the Black Vermillion river.** 

11. Ibid., p. 120. 

12. Ibid., p. 80. See. aUo, Smith, Ball. Geol. Lyon Co. ( Kans.), Emporia, 1901. 

13. Ball. Geol. Soc. Amer.. VI, p. 33. 

14. Kans. Uoiv. Qaart., IX, p. 193, 1901. (For Jaly, 1900.) 
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However, the fossils from the latter place are given in a sepa- 
rate list. The thickness of these shales on the Kansas river 
and Mill creek are from 111 to 118 feet. Grouping the Mill 
creek and the Manhattan equivalents, we have the fossils of this 
horizon as follows : 

Fusulina secalica (Say). 

Lophophylbim pro/undum ( Milne-Edwards and Haime)Foerste. 

Chieletesf sp. 

Crinoid stems and plates. 

Archeeocidaria sp, 

Ardueocidaris sp. 

Dichotrypa subramosa Rogers, MSS, 

FUtulipora nodulifera Meek. 

Rhombopora bpidodendroides Meek. 

Sepfopora biserialis (Swallow) Foerste. 

Amboccelia planoconvexa (Shumard) Hall and Clarke. 

Chonetes glaber Geinitz. 

Chonetes gramdifer Owen. 

Crania modesta White ? 

Derby a crassa (Meek and Hayden) Waagen. 

Dielasma bovidens (Morton) White. 

Eiiteletes hemiplicata (Hall) Hall and Clarke. 

Husiedia mormoni (Marcou) Hall and Clarke. 

Lingula umbonata Cox. 

Meekella striaticostata (Cox) White and St. John. 

Orbiculoidea marthattanensis (Meek and Hayden) Hall and 
Clarke. 

Productits cora d' Orbigny. 

Productus longispimis Sowerby. 

Productua nebraskensis Owen. 

Produ<:tu8 aemireticulatus (Martin) d' Orbigny. 

Productus symmetricus McChesney. 

Pugnax utah (Marcou) Hall and Clarke. 

JRhipidomella pecosi (Marcou) Hall and Clarke. 

Seminula argentia (Shepard) Hall and Clarke. 

Spirifer cameratus Morton. 

Spiriferina cristaia (Schlotheim) Dawson. 

Allorisma aubcuneatum Meek and Hayden. 

Aviculopecien occidentalis (Swallow) Meek and Hayden. 

Niiculana bellistriata attenuata Meek var. 
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Daivsonella meeki Brady ? ( Prosser's identification. ) 
Griffithides sp. 

From about the same horizon on the South Fork of the Black 
Vermillion : 

Fusulina secalica ( Say) . 

Lophophyllum profundum ( Milne-Edwards and Haime) Foerste. 

Dichotrypa subramosa Rogers, MSS. 

Fenesiella limbata Foerste. 

Fistulipora nodulifera Meek. 

Septopora sp. 

Tkamniscus octonarius Ulrich. 

Crinoid stems. 

Archxocklaris sp. 

Archirocidaria sp. 

Amboccelia planoconvexa (Shumard) Hall and Clarke. 

Chonetes granulifer Owen. 

Derbya crassa ( Meek and Hayden) Waagen. 

Hustedia mormord (Marcou) Hall and Clarke. 

Meekella striaticostata (Cox) White and St. John. 

Productns cora d' Orbigny. 

Productus longispinus Sowerby. 

Productus nebraskensis Owen. 

Productus semireiiculatus (Martin) d' Orbigny. 

Pugnax utah (Marcou) Hall and Clarke. 

Rhipidoniella pecosi ( Marcou) Hall and Clarke. 

Spirifer cameratus Morton. 

Allorisyna subcuneata Meek and Hayden. 

Aviculopecten occidentalia (Shumard) Meek and Hayden. 

Chfenomya sp. 

Pleurophorus whitei Beede. 

f Sedgwick la altiroslrata Meek and Hayden. 

Euomphalus subrugosus ( Meek and Worthen) Meek. 

Griffithides scitula ( Meek and Hayden) Vogdes. 

39. Neva Limestone. Prosser and Beede, MSS. This is 
the ''dry bone '' limestone of Swallow.^' It is a gray limestone 
six or eight feet in thickness, in two layers, separated by a layer 
of shale. It tv^eathers very rough, from which fact Swallow 
called it the *'dry bone" limestone. 

15. See discusHioQ in Ball. Geol. Soe. Amer., VI, p. 88 and p. 88. 
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40. EsKRiDQB Shalbs. Prosser, MSS. About thirty feet 
of shales between the above and the base of the Cottonwood 
limestone. 

41. Cottonwood Limbstone. Six feet of light buff-gray 
limestone, in two layers, the upper usually somewhat cherty^ 
and filled with a small form of Fusulina secalica ( Say) . An ex- 
cellent dimension stone, of wide distribution. Fossils rare. 

Fusulina secalica (Say) . 

Lophophyllum profundum ( Milne-Edwards and Haime) Foerste. 

Archseocidaris sp. 

Cystodictia inequimarginata Rogers. 

Feiu Stella limbata Foerste. 

Fenestella remota Foerste. 

Fistulipora noduh'fera Meek. 

Pinnatopora sp. 

Rhabdomeson americanus Rogers. 

Rhombopora lepidodendroides Meek. 

Septopora biserialis (Swallow) Foerste. 

Streblotrypa prisca Gabb and Horn. 

Chonetes granulifer Owen. 

Pinna sp. 

Griffithides scitula (Meek and Hayden) Vogdes. 

Obolooicai< Labobatobt, Indiana University, 

June 14, 1902. 
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I. INTRODUCTION. 

Under the title, *'A Peculiar Nuclear Element in the Male 
Reproductive Cells of Insects "(16), I published a preliminary 
account of the process characterizing the maturation divisions 
of the LocustidsB. This was of a general character and served 
merely as a basis for a description of the accessory chromosome 
in these cells. It is my present intention to give a detailed his- 
tory of the spermatocyte divisions occurring in this family, 
after the manner followed previously in considering correspond- 
ing stages in the Acrididse (17) . Besides giving this account 
of processes, however, I shall be able to draw some compari- 
sons between the two families. Eventually I hope to complete 
such a comparative study of all the Orthopteran families. Ma- 
terial for this larger investigation is now partially on hand, 
and is being added to as circumstances permit, so that it may 
be possible to carry through a study of the maturation stages 
in this order of insects within a few years. 

(185) 
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The value of comparative cytological study was urged by 
Vom Rath (25), and its importance in relation to the accessory 
chromosome and the maturation mitoses received recognition 
in both ray earlier papers (16, 17) . Recently Montgomery (15) 
has added his influence to the movement. 

The observations upon which the present paper are based 
were originally made upon Xiphidium, The cells in this genus 
are, unfortunately, small in size, and much difficulty was ex- 
perienced during the early work in getting clear images. This 
embarrassment was further increased by the large number of 
chromosomes and their habit of compact arrangement. Later 
it was found that species of Anahrus, OrcheaticuSf Microcentra and 
Scudderia have cells much better adapted for study, and because 
of this they have been largely utilized. The account which fol- 
lows is therefore based upon a study of all these genera, and is 
considered representative of the family. The accompanying 
figures are principally from Orchesticus, since the number of 
stages represented exceeded those in material derived from 
other genera. I am indebted to a friend and former student, 
Mr. W. S. Sutton, now of Columbia University, for a generous 
supply of Orchesiicus and Anabrua testes from his collections. 

II. TECHNICAL METHODS. 

For the fixation of material used in these studies, it has been 
found that the osmic acid mixtures of Flemming and Hermann 
are the most generally applicable and are productive of the best 
results. In connection with these, however, Gilson's aceto- 
nitric-sublimate mixture has been tried, and frequently affords 
an excellent fixation. Extensive shrinkage in the melted par- 
affin is sure to follow the use of sublimate mixtures unless 
celloidin is used to support the soft tissue. This double infil- 
tration of celloidin, followed by paraffin, has been found the 
best method of securing clear and accurate figures, for, because 
of the lessened shrinkage, the elements are not crowded together 
and rendered indistinct. This circumstance is particularly for- 
tunate in the case of the Locustid cells, where the nuclear ele- 
ments are so numerous and crowded. 

The stains employed are the iron-hsematoxylin of Heidenhain 
and the safranin-gentian violet-orange combination of Flem- 
ming. For general purposes, nothing excels the hematoxylin 
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Stain, but it is frequently advantageous to trace the chemical 
changes undergone by the different cell elements in the process 
of mitosis, and the aniline stain above mentioned serves excel- 
lently for this. Kernschwarz has also been found a valuable 
stain for some purposes. 

III. NOMENCLATURE. 

The terminology as outlined in a former paper (17) will be 
followed in the present one. 

IV. OBSERVATIONS. 

i 

(a) General Form and Structure of the Testes. 

The testes of the Locustidse are paired structures lying in the 
anterior dorsal portion of the abdomen. Each organ is made up 
of numerous short follicles, which are bound together by a con- 
nective tissue investment. In adult animals the testes are a 
bright yellow color, while in nymphs the color varies from 
white in the youngest to yellow in the oldest. The pigment 
is lodged in the connective tissue sheath about the testis, and is 
seen in sections as irregularly rounded masses in the cytoplasm. 

(b) The Spermatogonia. 

No further discussion of the spermatogonia will be given 
here than is necessary for an understanding of the derivation 
of the first spermatocytes. As appears to be universally the 
case, the second spermatogonia, in their last generation at 
least, are much reduced in size as compared with the primary 
spermatogonia that preceded them and with the first sperma- 
tocytes that arise from them. The entire cell stains dark with 
almost all stains and, as the nucleus occupies nearly the whole 
cell body, the chromatin appears relatively large in amount. 
A cyst of spermatogonia, therefore, looks as if composed almost 
entirely of chromatin aggregated into rounded masses — the 
nuclei. 

The chromosomes are of the rod type, and divide longitudi- 
nally in each mitosis. The number of chromosomes is large 
and could not be determined with absolute certainty, but a 
number of careful enumerations makes it evident that there are 
most probably thirty-three. In most species of Locustids, one 
chromosome is easily distinguished from the others by its larger 
size and tardy division in the act of metakinesis. This is the 
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element as described for Xiphidium^ which passes into the first 
spermatocyte as a formed chromosome, while its fellows break 
up into the spireme. 

In the anaphase the chromosomes are drawn away from the 
equator, and extend lengthwise of the spindle as long rods. 
During the telophase the disintegration of the chromosomes 
takes place rapidly, and, for a time, the individual chromosomes 
may be distinguished in the loose masses of chromomeres. 
This distinction, however, is soon lost, and the nuclear vesicle 
becomes covered with fine and apparently unrelated chromo- 
meres. It is at this point that the transformation of the cells 
from second spermatogonia to first spermatocytes takes place. 
So long as the chromosomes are present in the somatic number, 
we have to deal with spermatogonia, but when the disintegrat- 
ing process comes upon them and they are lost to view as 
distinct entities, then is reached the end of destructive sper- 
matogonial changes, and upon their reconstruction they are 
chromosomes of the spermatocytes. 

(c) The First Spermatocytes. 

The main features characterizing the next steps in the proc- 
ess are the rapid increase in size of the cell and nucleus, and 
the arrangement of the chromomeres into a fine thread or 
threads (figs. 2-4). This is well called the growth stage, for 
all parts of the cell engage in the work of regaining the ground 
lost during the period of multiplication in the secondary sper- 
matogonia. As a result of this metabolic activity, the first 
spermatocytes at the end of the prophase have reached a vol- 
ume often as much as ten times that possessed by the last gen- 
eration of the secondary spermatogonia from which they were 
derived. Nucleus and cytoplasm, in about an equal degree, 
participate in this enlargement, and, at the end of the period, 
present an appearance much diflferent from that of the sper- 
matogonia. This consists most strikingly in th6 greater clear- 
ness of alt the parts, due to the increased amount of hyaloplasm 
which separates by greater distances the more solid structures 
of the cell. 

In the nucleus, for insance, the chromatin aggregates are 
now definitely apparent, and each stands free and clear except 
for connecting threads of linin. The cytoplasm, likewise, in- 
stead of showing a coarsely granular aspect, exhibits a clearly 
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reticular structure, with such large intervening hyaloplasmic 
areas as to suggest an almost alveolar structure, especially in 
the later stages (figs. 3-9) . This increased amount of fluid be- 
comes evident by an examination of sections under even a low 
power of the microscope, principally by the lessened density of 
the general stain in the cell. 

A peculiarity of the archoplasm in these early prophases is 
the persistence manifested by the spindle fibers of the previous 
generations. Often connecting fibers may be seen, joining cell 
to cell, as has been described by many writers, but, in addition 
to this, the spindle remains of more remote ancestral mitoses 
show themselves. In figure 3 is represented a cross-section 
through three persisting spindles of as many generations. 
Their age is suggested by size and intensity of stain, both fac- 
tors being least marked in the oldest structure. 

Centrosomes and astral radiation do not present themselves 
with the prominence and frequency of such structures in corre- 
sponding cells in Hippiscus. 

The main interest of these studies, however, attaches to the 
movements of the chromatin granules. As was suggested in 
an earlier paper (17), it is only by an understanding of the 
constructive processes in the prophase that we can appreciate 
the structure and changes of the chromosomes in the meta- 
phase. It is to this period in the history of the chromosomes 
that I have given the most attention and to which I will devote 
the most space in the record of observations. 

Apparently the chromomeres resulting from the disintegra- 
tion of the spermatogonial chromosomes are loosely scattered 
through the nucleus, so that no formed structure is to be seen. 
With the increase in size of the cell, however, a linear arrange- 
ment of the elements becomes apparent, so that it seems as if 
a thread is formed. Whether this is continuous or segmented 
it is not possible to determine. The large amount of chromatin 
and the tortuous course of the filaments put a solution of the 
problem beyond the range of assured observation. It is with 
much regret that this fact is recognized, for one of the most 
important questions connected with the maturation mitoses 
hinges upon the method by which the chromosomes, as such, 
are derived from those of the spermatogonia. Upon this point 
the evidence of the ordinary chromosomes of these cells would, 
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if anything, tend to confirm the view that there is a possibility 
of complete rearrangement of the chromomeres in the diflFerent 
chromosomes. Concerning this, however, the accessory chro- 
mosome is much more conclusive and convincing, as will be 
shown later. 

Disregarding the relations of the chromosomes of the two 
generations, it is evident that from the material of the sperma- 
togonial elements there is formed the thread of the spermato* 
cyte prophase. As indicated in figures 3 and 4, this is at first 
composed of a single series of chromomeres. But in a slightly 
later stage, represented by figure 5, it becomes plain that the 
thread is wider and at the same time double. A careful inves- 
tigation will show that the halves of the thread are exact dupli- 
cates of each other, each granule of the one having its mate in 
the other. There is but one conclusion to be derived from the 
appearances just described, which is that the double thread is 
formed by a longitudinal division, granule by granule, of the 
original filament. The evidence afforded, not only by the 
Locustids, but by all the Orthoptera, is unequivocal on this 
point. The cleavage of the thread is not exaggerated in the 
accompanying figures, and is distinctly in evidence even under 
ordinary conditions of illumination and magnification. 

Much controversy has recently arisen among both botanists 
and zoologists concerning an appearance of the chromatin in 
the prophase, which has received the common designation 
** synapsis," by which is meant, usually, a one-sided contrac- 
tion of the chromatin in the nuclear vesicle. No such stage in 
the nucleus could be found in Hippisciis, and it is likewise ab- 
sent in the Locustid cells. I therefore repeat the assertion 
made in the previous paper (17), that in properly fixed mate- 
rial derived from Orthopteran sources the first spermatocyte 
prophase shows no unilateral massing of the chromatin. 

Shortly after the formation of the double spireme, it is to be 
seen that the thread is no longer — even if it was previously — 
continuous, but is composed of segments (figs. 5-10) . So early 
as this it is possible to observe that the segments are of very 
unequal lengths. The extent of this inequality may be gath- 
ered by consulting figures 6 and 7. Even in this early stage 
the real structure of the segments may be determined, and in 
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those favorably situated the quadripartite nature of the future 
chromosomes manifests itself very distinctly. 

This important stage in the history of the first spermatocyte 
chromosomes first received attention at the hands of Paulmier 
in his studies upon Anasa. Almost at the same time I found 
structures in the Orthopteran spermatocytes so nearly identical 
that it would be impossible to distinguish any marked difi'er- 
ence between them. The Locustid material, equally with the 
Acridian, permits an exact determination of the chromosome 
structures, which later become so masked as to be indeter-^ 
minate. 

The interest attaching to the construction of the spermato- 
cyte chromosomes is so great as to warrant an account of the 
process, although, in general, it is largely a repetition of what 
has been given for Anasa and Hippisciis. As early as the stage 
represented in figure 6, it becomes noticeable that the chroma- 
tids near the middle of the thread tend to diverge from each 
other, leaving a diamond-shaped space. This becomes more 
pronounced, and it is soon seen that each half of the thread ia 
broken across at the same level, resulting in the production 
of a chromosome of four parts. Still retaining their general 
shape, these segments shorten and broaden until they are al- 
most the size of the metaphase chromosome. 

All variations conceivable upon the wider separation of the 
halves along the longitudinal split, the movement of the parts 
upon the line of separation at right angles to the original cleft^ 
or of approximation and rotation of the free segmented enda 
are found. Thus do we get the cross-shaped, the double-V, the 
figure-of-8, the Y-shaped and ring figures, in figure 11. Many 
of the rings give the impression, upon superficial examination,^ 
of loops with their free ends crossed. A careful examination 
will always reveal the fact, however, that what appears to be 
the crossed ends is really the middle portion of the segment, 
with the chromatids drawn out along the plane of the cross- 
division. In segments that are favorably placed, there is never 
any difficulty in correlating the structures with the typical one 
of a cross-split lengthwise of each arm. 

The quadripartite nature of the chromatin segments may be 
determined, as already indicated, almost as soon as the longi- 
tudinal split occurs. From this time on until the chromosomes* 
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are divided in the metaphase, it is possible to trace the forma- 
tioQ of the tetrad chromosomes and to be sure of the relation 
existing between the longitudinal and cross planes of separa- 
tion. As evidence of the existence of a longitudinal division of 
the chromatin thread and of the sequence of the two divisions, 
I do not see how more could be asked of any material. In the 
■early prophase the greatly elongated and granular thread be- 
comes twice split, once along its length and once across it. As 
the cell ages, a continuously closer approximation of the chro- 
tnomeres occurs, without obliterating the lines of separation 
between the four parts of the segment ; accompanying this, the 
segment becomes shorter and thicker, and the previously ex- 
isting linear arrangement of the chromomeres is superseded. 
When the segments have reached approximately the size of the 
definitive chromosomes of the metaphase, the nuclear mem- 
brane disappears and distinction between cytosome and nu- 
cleus is lost. As a coincident step, the formerly granular 
segments become homogeneous in structure by the disappear- 
ance of the chromomeres as individual structures ; all lines of 
separation between parts are lost to view, so that an examina- 
tion of the formed element would betray no indication of com- 
posite structure. But, having traced the formation of the 
chromosomes in this way, one is at no loss to identify each part 
of the preexisting quadripartite chromatin segment. This is 
possible because, while all trace of internal structure is gone, 
the general outline is retained and the crosses and rings of the 
early stages are still, even up to the metaphase, crosses and 
rings. 

Having traced the formation of the ordinary chromosomes 
through the various stages of the prophase, I should like to re- 
turn to the beginning again and bring up to a like degree of 
<levelopment the aberrant element which I have called the ac- 
cessory chromosome. This has already been given in general 
outline in my first paper upon Xiphidium (16) i but a number 
of important observations since made render a general discus- 
sion desirable. 

I have not yet found it possible to make a detailed study of 
the spermatogonia of the Locustids, as was done for the Ac- 
rididic by Sutton in this laboratory, but sufficient observations 
have been made to be assured that the accessory chromosome 
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participates normally in the mitoses of the* secondary sperma- 
togonia. It is here distinctly visible because of its large size, 
which causes it to extend down to the equatorial plate, while 
the other chromosomes are in a late anaphase. 

At the close of the spermatogonial divisions, when the dis- 
ruptive processes reduce the other chromosomes to masses of 
chromomeres in which chromosome identities are not apparent, 
the accessory chromosome, with apparently more cohesive vigor 
than the others, retains its general form and is at all times dis- 
tinguishable. It is marked off from the others, not only by 
persistence of form, but also by the difference in staining reac- 
tion, this being such as is usually exhibited by chromatin when 
concentrated into homogeneous masses. While studying the 
cells of Xiphidium, I noticed that, at one stage, this color re- 
action changed somewhat and more nearly approached that of 
the diffused chromatin. At this time the accessory chromo- 
some had the form of a flattened, apparently fenestrated, plate. 
I have been fortunate enough, in preparations of OrchesticuSy to 
•discover that the accessory is really at this time in the form of 
a long, coiled thread (fig. 5) . It is thus seen that, even in re- 
spect to the spireme stage, the accessory chromosome is com- 
parable to the others, the only difference being that the diffusion 
of the chromomeres is less, and the independence of the element 
greater, than is the case with the other chromosomes. 

As the chromatin segments shorten and thicken, the thread 
of the accessory likewise increases in diameter at the expense 
of its length, and is finally observable in various degrees of 
contortion, as shown in figure 12. By the time the chromo- 
somes are ready for division, the accessory has assumed a form 
very similar to that it shows in the spermatogonia. With the 
establishment of the equatorial plate, the accessory moves to one 
pole of the spindle and there remains undivided during the first 
spermatocyte mitosis. It is accordingly a member of only one 
second spermatocyte resulting from the division of each first 
spermatocyte. 

Returning to the group of chromosomes preparing for meta- 
kinesis, we find that in their earlier stages they lie so that their 
longer diameter is in the equatorial plate, while attached to the 
enlargement in the center of each, representing the point of 
separation laid out for the second spermatocyte division, are 
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the mantle fibers running to the centrosomes. The changes 
now ensuing are easily decipherable, because the chromosomes 
do not all undergo division at the same time. Since the main 
differences at present existing between insect spermatologists 
relate to the sequence of the divisions in the spermatocyte 
mitoses, I shall again describe the process, although it is iden- 
tical with that already given for Hippiscus. 

The necessity for a thorough understanding of the chromo- 
some construction here becomes evident. Knowing how the 
chromatids were associated in the chromosomes, one can follow 
understandingly their movements during metakinesis. 

It is first to be noted that the chromosomes lie with their 
longer axis in the equatorial plate. This, as we have seen, is 
the plane along which the longitudinal cleft occurred, so that 
a separation in this way means the longitudinal division of the 
chromosomes in the first spermatocyte. This is, in reality^ 
what occurs. The contracting mantle fibers attached to the 
middle of the segments drag the adhering chromatids apart 
without at any time exposing a separating space. It is in this 
way that in the beginning the longer axes are at right angles 
to the spindle axis and at the end parallel with it, while dur- 
ing intermediate periods crosses with arms of varying length 
exist (figs. 13, 14). 

The previously disguised lines of separation become at once 
visible in the daughter chromosomes, for, instead of remaining 
closely apposed, as formerly, the chromatids spring apart at 
the free ends and the chromosomes pass through the anaphase 
as V-shaped bodies instead of as simple rods. The space thus 
disclosed represents that which separates what would be the 
ancestral spermatogonial chromosomes, assuming that the re- 
duced number occurs by the end-to-end union of chromosomes 
of the secondary spermatogonia. As already stated, the acces- 
sory chromosome does not divide at this time. 

At the end of the anaphase we find the ordinary chromo- 
somes massed at the poles of the cell, and, in addition, at one 
the undivided accessory chromosome. The second spermato- 
cytes are therefore of two kinds, one possessing the accessory 
chromosome and the other not. One additional feature of in- 
terest that becomes apparent during the migration of the daugh- 
ter chromosomes to the poles is the retarded division of one 
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of the elements (figs. 22-24). Some cysts contain cells that 
almost invariably exhibit this peculiarity. The lagging chro- 
mosome is always one of the small ones, but whether the same 
in each case could not be determined. 

In the telophase, the main interest is centered in the ques- 
tion as to whether there is a loss of identity of the chromo- 
somes or not. The evidence afforded by the Locustid cells is 
strongly in favor of the conception of persisting elements. As 
is usually the case, I believe, the chromosomes, when not under 
the active influence of the archoplasm, loosen up, and their 
homogeneous structure gives way to the granular appearance 
noticeable in the prophase. Although the chromosomes be- 
come closely massed and granular, their outlines can usually 
be distinguished (figs. 23-27) . The accessory chromosome does 
not change its form and structure at this time (figs. 25, 27). 
The telophase ends with the ingrowth of the dividing cell-wall, 
and the second spermatocyte mitotic figure is established with- 
out any real prophase. Between the two generations it is evi- 
dent that there exists no such thing as a ''rest stage." 

(d) The Second Spermatocytes. 

In the metaphase of the second spermatocyte are formed exact 
duplicates of the chromosomes seen in the anaphase of the first 
spermatocyte. These arrange themselves radially in the equa- 
torial plate, one chromatid immediately above the other, so 
that the plane separating the halves is at right angles to the 
spindle axis. Mantle fibers attach to the inner ends of the 
-chromatids at the point at which, in all probability, the fibers 
of the first spermatocyte were connected. I am inclined to re- 
gard this as true because the opposite ends, during the ana- 
phase, seemed to be mutually repulsive. 

The spindle itself is small and weak as compared with that 
of the first spermatocyte, and does not long survive the ana- 
phase condition. The material composing it, however, persists 
as the nebenkern of the spermatid. 

A marked difference between the second spermatocytes that 
contain the accessory chromosome and those which do not is 
observable. In the metaphase, the element, already longitudi- 
nally split in the prophase of the first spermatocyte, projects 
from the equatorial plate for some distance into the cytoplasm. 
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It is very much larger than most of the other chromosomes, as 
may be seen in figure 28. It divides readily in metakinesis, 
and its chromatids travel to the poles with those of the other 
chromosomes, but, on account of their greater length, project 
downward from the mass (fig. 31). Here, as always, the ac- 
cessory stubbornly maintains its independence, and can be seen 
extending out from the mass of other chromosomes at each end 
of the mother cell (fig. 32) . 

The division of the other class of second spermatocytes is^ 
of course, unaccompanied by modifications due to the presence 
of the accessory chromosome. Aside from this, no difference 
between cells of the two classes is noticeable. 

To summarize, we may say, that resulting from the division 
of each first spermatocyte are two second spermatocytes, one of 
which contains an accessory chromosome while the other does 
not. The second spermatocyte containing the accessory di- 
vides, and with it the accessory, so that each of the spermatids 
derived from it contains a chromatid from the accessory. The 
other second spermatocyte, not containing the accessory, also 
divides, producing two spermatids in which the accessory is 
absent. Thus half of the spermatids contain accessory chro- 
mosomes while the other half does not. 

(e) Number of Chromosomes. 

The enumeration of the chromatic elements, while a very im- 
portant part of any study upon the nucleus, is unsatisfactory at 
the best. If there is any great number of chromosomes in the 
cell, it is impossible to secure a determination of it in a lateral 
view of the metaphase, because the elements overlie one another 
so as to render their distinction very uncertain. A polar view 
is much more desirable, but even here one is never certain that 
all the elements are represented, or that only entire chromo- 
somes of one cell are present. The first of these contingenciea 
arises from the fact that, in the event of a cell being cut in two, 
some of the chromosomes may drop out and not appear in the 
sections ; or, if still on the slide, and in a small group, they 
may lie so close to a mass of chromosomes in another cell as to 
be confused with them. An excess in number may be found if 
a portion of the chromosomes have already divided in the equa- 
torial plate, while the remainder are still united (cf. fig. 19) ^ 
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or if one or two from the fragment of another cell are in the 
neighborhood. All these embarrassments are increased when 
an independent structure like the accessory chromosome i» 
present. These difficulties exist when the conditions are most 
favorable, i. 6., when the chromosomes are arranged in the 
equatorial plate ; they become practically insurmountable dur- 
ing any other stage of mitosis by the intertwining of the chro- 
matic segments or by fusion of chromosomes in later stages. 

Because of these considerations, I do not put implicit confi- 
dence in conclusions drawn from numerical relations when they 
involve the question of whether or not tliere is a difference of 
one chromosome between two cells. What I have to say, there- 
fore, concerning the numbers of chromosomes in the different 
cell generations of the Locustid testis, I must state as my best 
judgment in the matter, based upon the most careful observa- 
tions I could make upon cells showing the elements with the 
greatest clearness. While I regard them as in all probability 
correct, I do not rely so thoroughly upon them as I do upon 
observations of structural details, and have therefore based no 
conclusions upon numerical relations alone. 

As is stated elsewhere, the number of chromosomes in the 
spermatogonia appears to be thirty- three. This was ascer- 
tained by selecting the clearest possible cases of the metaphase 
that could be found and drawing them under the camera lucida. 
Subsequent countings were made, and in most of the cell& 
thirty-three chromosomes were found. An inspection of figure 1 
will show that there is a characteristic arrangement of the chro- 
matin bodies, the larger ones being on the outside of the group, 
the smaller within. Amongst the large ones, it was impossible to 
distinguish the accessory chromosome, but a lateral view of the 
anaphase shows it clearly. From the fact that it was a single 
element in the spermatogonia, it was to be expected that an 
uneven number of chromosomes would appear in this cell gen- 
eration . 

In the spermatocytes, as in the spermatogonia, the polar view 
of the metaphase was the stage selected for use in counting the 
chromatin elements. A large number of cases showed that six- 
teen and seventeen were the prevailing numbers. The smaller 
of these is easily accounted for when it is recalled that the ac- 
cessory chromosome is at one pole of the spindle, and would 
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very pften lie in another section, where it would not be possible 
to be sure of its relations. I am convinced from these counts 
that seventeen is the reduced number in the first spermatocyte, 
sixteen of the elements being ordinary chromosomes, the other 
one being the accessory chromosome which has come over un- 
altered from the spermatogonia. This coincides with the theo- 
retically expected number, deduced from the independently 
determined number of spermatogonia! elements. 

In view of the divergences found in insect spermatogenesis, 
the established theory that the reduced number of chromo- 
somes is exactly half the normal or somatic number is not a 
strictly accurate one, for in this case the reduction is from 
thirty-three to seventeen. Similar instances may be found in 
the forms investigated by Montgomery and de Sin^ty. 

When we come to consider the second spermatocytes, sperma- 
tids, and spermatozoa, it is necessary to divide them into two 
classes, because of the unequal apportionment of the accessory 
chromosome consequent upon its remaining undivided in the 
first spermatocyte mitosis. There are formed, accordingly, two 
numerically equal classes of second spermatocytes — those con- 
taining sixteen chromosomes plus the accessory chromosome, 
and those with merely the sixteen chromosomes. The mem- 
bers of each of these classes divide and double their kind, form- 
ing spermatids marked as were the second spermatocytes — one 
<5lass with seventeen chromatic elements, and the other with 
sixteen. From these, by the usual transformations, are derived 
the mature male elements, which are thus of two distinct kinds. 

(/) Spermaiida. 

The limits set to this paper preclude anything more than 
passing mention of the spermatids. As stated above, cells at 
this stage of development are of two classes, depending upon 
the presence or absence of the accessory chromosome. The dis- 
tinction thus set up continues to exist visibly far through the 
transformation stages of the spermatid, by reason of the per- 
sisting independence of the accessory chromosome. Of the 
dual nature of the sj^ermatids I was very early convinced, be- 
cause the accessory chromosome is so strikingly displayed by 
the nuclei in which it exists that it is impossible to overlook 
its absence in a large proportion of the cells. As to the 
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certainty of this partial distribution in the transforming sper- 
matozoa, I am rendered positive by the most careful and pains- 
taking study. This is valuable corroboration of the observed 
fact that the accessory chromosome remains undivided in one 
of the spermatocyte mitoses. 

V. COMPARISONS AND CONCLUSIONS. 

The literature relating to the spermatocytes of insects was 
reviewed at some length in my previous paper upon the history 
of these cells in the Acrididae (17). It is not my purpose to 
go over this same ground again except in so far as increased 
knowledge makes it necessary. More recent papers by Mont- 
gomery, Wilcox and others will, however, be discussed in detail. 
The policy previously announced, of restricting comparisons to 
results derived from insects, will again be adhered to. I be- 
lieve that the main features of the maturation divisions are 
essentially the same in all insects, and I desire to see this be- 
lief either well established or overthrown. If it can be demon- 
strated that so large a class as the insects are characterized by 
a common process, it will be a firm basis upon which to con- 
duct further comparative studies into more comprehensive 
groups. On the contrary, if it is shown that there is no type, 
even in the class, then it is useless to seek agreements between 
widely removed species. 

(a) Nomenclature. 

A necessary basis for any comparative work is a common 
terminology. Confusion inevitably follows the loose applica- 
tion of names to the structures compared. This is perhaps 
unavoidable in the early stages of an investigation, but should 
be overcome as soon as possible. There is surely no reason for 
continuing uncertainty after terms have received general ac- 
ceptance. Believing this, I feel called upon to repeat my criti- 
cisms of Montgomery's application of the well -accepted terms 
** prophase," **metaphase,'' "anaphase," and ** telophase." 

In reply to my previous objection directed against this part 
of his work, Montgomery acknowledges the validity of the criti- 
cism so far as it relates to the metaphase, but denies the appli- 
cation to the other phases, particularly to the anaphase. He 
alleges in support of his position that the introduction of an 
unusual condition, the ''synapsis," makes it impossible to cor- 

14— Kan. Univ. Sci. Ball.. No. 8, Vol. I. 
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relate strictly the stages of the germ-cells with those of ordinary 
divisions. Upon this point I must again disagree with him. 
It is impossible for any known modification of the prophase to 
change the essential character of the anaphase, so as to make 
it precede instead of follow the metaphase. This stage marks 
the movements of the chromosomes from the equatorial plate 
to the poles, and terminates when they are massed Ground the 
centrosomes. How can the ** synapsis'' in the least affect the 
duration or character of this process? It is apparent enough^ 
I think, that Montgomery's subphases of the ** anaphase" do 
not belong to this portion of the mitotic cycle at all, but are 
really portions of the telophase of the spermatogonia and pro- 
phase of the first spermatocyte. Further, it may be noted that, 
even were these subphases properly included in the anaphase, 
they would belong to the spermatogonia and not to the sperma- 
tocytes. 

Montgomery himself seems to be rather uncertain of the posi- 
tion of his ** anaphase." In the first paper, upon Euchistus (12) » 
it was put down as the anaphase of the first spermatocyte ; in 
his later paper (14), upon Ptripatus^ it is recorded as the ana- 
phase of the spermatogonia. Still more confusing is his use of 
the ** telophases," for in the article upon Peripaiits (14) it is, 
in the '^ Contents," placed as a substage of the spermatogonia} 
anaphase, and in the body of the work, page 307, as the telo- 
phase of the spermatocyte ! Neither the anaphase nor the telo- 
phase can, by any possible construction of their proper meanings, 
be made to apply to the ** growth period" of the germ cycle, as 
Montgomery insists; they are the last stages of the ''division 
period," in reality. The prophase of the first spermatocyte is 
the initial stage in the constructive process marking the growth 
period . 

Montgomery's translocation of the terms makes the "synap- 
sis" occur in the anaphase. This is manifestly an impossible 
condition of the chromatin at this time, and his figures show 
definitely enough that it is a prophase, or, at the earliest, a 
spermatogonia} telophase, that witnesses the contraction of the 
chromatin. The objection urged in my earlier paper (17) to 
the use of the term as a designation for the mere contracted con- 
dition of the chromatin cannot apply to Montgomery's latest 
use of it; for he here recognizes the justice of my contentioa 
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that it was primarily designed to indicate the fusion of the 
spermatogonia! chromosome to produce the chromosomes of the 
spermatocyte. He states this clearly in the following words : 
** Moore (1895) first gave the name 'synaptic phase' to that 
stage in the growth period of Elasmobranchs when the reduc- 
tion in the number of chromosomes takes place. Accordingly, 
the criterion of the synapsis stage is, first of all, the combina- 
tion of univalent chromosomes to form bivalent ones ; whether 
the chromosomes are then densely grouped or not is of second- 
ary importance." 

(b) The Spermatocytes of the Locuatidfe and Acrididfe, 

The formation of the first spermatocyte chromosome gives 
us an insight into the later changes undergone by these ele- 
ments such as cannot be obtained in any other way. The great 
importance attaching to this part of the spermatogonia! process 
renders it desirable to exhaust every eflFort in obtaining a knowl- 
edge of the actual changes here taking place. This thoughib 
has been held constantly in mind during the progress of these 
investigations, and every point of resemblance or of difference 
between the various species studied has receiyed careful atten- 
tion. Despite variations in details, however, I must state tbalb 
the essential features of the maturation divisions are the same 
in all species of the Orthoptera examined. It is true that as 
yet only two families, the Acrididse and the Locustidse^ have 
been worked out in a detailed way, but the close agreement be- 
tween these raises a strong presumption in favor of the general 
prevalence of the type. The processes of the two families havd 
already been described in detail, but it will perhaps be well to 
call particular attention to some points worthy of mention. 

The general appearance of the material derived from the two 
families is quite diflferent in sections. Even the hastiest obser- 
vation will show this. The spermatocytes of the Locus tid testis 
are much smaller, denser and more deeply staining than those 
of the Acrididse. The relative quantity of chromatin is greater, 
so that it is possible by microscopical examination of a section 
to tell whether it was prepared from Locustid or Acrididan ma- 
terial. 

The transformation from the telophase of the last spermato- 
gonial division to the prophase of the first spermatocyte is 
marked by practically the same changes in both families. It 
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is to be observed, however, that the derivation of the spireme 
from the disintegrating chromosomes of the previous genera- 
tion is not so clearly indicated in the Locustid cells, and it was 
for this reason that in the examination of Xiphidium I was not 
able to determine certainly that the accessory chromosome came 
over from the spermatogonia into the spermatocytes as a formed 
element. Upon this point, as upon others, my later material 
is clearer, and I was able to reconcile the appearances in the 
two families. In both, unfortunately, it has been found im- 
possible to determine the exact origin of the first spermatocyte 
chromosomes. 

In connection with the transformation of the chromatin from 
the sperm atogonial condition to that of the spermatocyte, we 
must take notice of that stage which is commonly denominated 
the ** synapsis.'' The evidence aflForded by the Orthopteran 
cells is entirely negative regarding this. In properly fixed ma- 
terial there is no distortion of the chromatin in the nucleus at 
any time. It would, if present, be particularly easy to observe, 
,as was stated in my previous paper, for during the entire win- 
ter the spermatocytes exist in the spireme stage, and in a longi- 
tudinal section of a follicle all stages may be discerned. On 
the other hand, in poorly fixed or hastily prepared material the 
synapsis is present, and always in such a form as to indicate 
its artificial character. What is here said regarding the syn- 
apsis refer to the appearance commonly thus designated, but, 
as has already been stated, such an application of the term does 
not meet the spirit of the definition as intended by Moore (20) . 
A fusion of the spermatogonial chromosomes of some sort must 
certainly occur, but that it is always marked by a unilateral 
massing of chromosomes, I deny. 

Diiring the prophase the chromatin segments in the cells of 
Orchesticfts and other species of the Locustids are heavier, more 
granular and denser than they are in Hippiscus. It is to be 
observed, also, that there is a greater variation in the size of 
the elements. This fact is observable from the earliest appear- 
ance of definite segments down through both the spermatocyte 
mitoses. This disproportion may be such that one chromosome 
will exceed another in the same cell by twenty or thirty times 
its volume. We have here, as is pointed out in another place, 
a strong proof concerning the individuality of the chromosomes, 
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for in some species it is possible to distinguish a particular 
chromosome in all the spermatocytes. This is strikingly the 
case in Anabrus, where there is always one chromosome, very 
much larger than any of the others. It exceeds in size even 
the accessory chromosome, and might be mistaken for it were- 
it not for the difference in form. It is, however, typically a 
tetrad, and shows the four chromatids, while the accessory 
chromosome exhibits the usual spermatogonial condition. 

As was indicated under the head of ** Observations,*' the pro- 
phase tetrad characteristic of Anasa and Hippiscus is again ex- 
emplified in the Locustid cells. So close is the resemblance of 
the maturation chromosomes of these various insect cells in 
their early stages, that I now regard it as practically established 
that they are commonly present in all insect spermatocytes. 
No more important evidence regarding chromosome structure 
and behavior can be obtained than that afforded by these ele- 
ments. Particularly are the ring figures of value in the deter- 
mination of the sequence of the longitudinal and cross divisions, 
and upon this point the material from the two families is 
equally convincing and positive in demonstrating that the first' 
spermatocyte mitosis witnesses a separation along the longitu- 
dinal cleft of the spireme thread. 

I should like to emphasize the fact that the chromosomes in 
both the Orthopteran families studied have been carefully 
traced from their earlier appearance down to the time of their* 
dissolution in the spermatid through such a gradual series of 
changes that there can be no reasonable doubt of the accuracy 
of the conclusion set forth in these papers. The Orthopteran 
material possesses one distinct advantage over the Hemipteran, 
in that the point of cross-division is always marked by the same 
sort of a protuberance as is to be distinguished in the jearly 
chromatin segments. When the two free ends of the element 
are brought around to form a closed ring, the last particle of 
doubt regarding the position of the planes of separation marked 
out for the two spermatocyte divisions is dispelled. 

This diagnostic character seems to be lacking in the chromo- 
somes of the Hemiptera, and Paulmier, in his work on Anasa^ 
depends for his criteria of orientation upon the relative lengths 
of the chromosome axes. Such a feature would be valueless in 
Orthopteran cells, because, as has been shown, the chromatids 
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move upoQ each other in such a way as to exactly reverse the 
preexisting relation between the axes. How applicable this 
observation may be to conditions in the Hemipteran cells, I do 
not know ; but, judging from the great resemblance of the ele- 
ments in the prophase, it would seem most reasonable to ex- 
pect a similarity of the divisions. 

Paulmier (22) advances the suggestion that in the double-V 
figures we may find a structure that will serve to reconcile the 
divergent accounts concerning the longitudinal and cross divi- 
sions of the tetrads. The only way in which this might be ac- 
complished would be to suppose that each of the interspaces 
represents a longitudinal cleavage of the thread, the first being 
at right angles to the second. I have given this suggestion 
careful consideration, and find no evidence to support it. The 
double Vs are only of rare occurrence, the common element 
being a straight rod, in the center of which is a diamond-shaped 
clear spot representing the two planes of division laid out for 
the spermatocyte mitoses. If two longitudinal divisions occur, 
one must precede the other considerably and the resulting 
halves become mutually repulsive, so that they move apart and 
lie in one plane with only a slight connection at the point of 
final separation. Moreover, the second cleavage must begin at 
the opposite end of the segment and proceed in a reverse direc- 
tion from the first. Not only this, but the first spermatocyte 
mitosis divides the elements along what is generally conceded 
to be the longitudinal split, and this must necessarily succeed 
the supposititious first longitudinal cleavage by some time. 
Without going into a consideration of these points, I may say 
that they suggest such deviation from normal processes that 
only extensive and acccurate observations would make Paul- 
mier's suggestion worthy of further consideration. 

(c) Formation of the Tetrads, 

In my former paper I reviewed the results obtained by Mont- 
gomery upon the Hemiptera, but further notice of his work 
will now be necessary, since on almost every important point 
relating to chromosome structure he has changed his opinion. 
His late extensive comparative study upon the Hemipteran 
cells, as well as that upon Peripattis, will at the same time re- 
ceive consideration. 

It appears from Montgomery's account that at the point 
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where the Orthoptera are least valuable in demonstrating chro- 
mosomal relations the Hemiptera and Peripatus are most con- 
vincing. I refer here to the derivation of the first spermatocyte 
chromosomes from the chromatin of the spermatogonia. He 
claims to have observed the union by pairs of the secondary 
spermatogonial chromosomes during the anaphase (his synap- 
sis) so clearly as to be positive of this fusion. I hope this may 
be verified, for it oflFers a logical explanation of the process of 
reduction, and is a confirmation of what has previously been 
assumed true without sufficient basis in observed fact, as was 
suggested in my paper on Hippiacua, This, if established, 
would also be a strong support of the theory relating to the 
constancy of the chromosomes. If this true synapsis is accom- 
plished at this time, however, it must be noted that it occurs 
during the last phase of the final spermatogonial mitosis, and 
is not an act of the spermatocyte prophase. But as to the exact 
location of this point no contention need be made, for it is con- 
ceivable that the time of its occurrence might vary considerably 
without aflFecting the essential nature of the process. 

With regard to such an origin of the first spermatocyte chro- 
mosomes, there is an important difference to be noted between 
the earlier and later work of Montgomery, and one which he 
fails to mention. In his paper (12) upon Euchiaius he states 
the matter as follows: ''But in the post synapsis we do not 
find seven chromosomes, the definitive number present in the 
spermatocyte divisions, but a smaller number ; hence, in the 
synapsis the true (i. e., exactly half) reduction of the chromo- 
somes does not take place, but the number is reduced to less 
than one-half." This statement is based, he says, upon a most 
careful and painstaking enumeration of the chromatic segments 
in a number of nuclei, and is unhesitatingly declared correct. 

In his later paper, on the contrary, he is just as positive that 
the definitive reduction is here accomplished, for he says : 
** Since then I have been able to demonstrate that this numer- 
ical reduction is effected in the synapsis by the union into seven 
pairs of the fourteen chromosomes, each of the seven bivalent 
chromosomes (pairs) being composed of two univalent chro- 
mosomes joined end to end." This statement is made without 
adducing any specific proof, as was formerly done. By what 
means we are to reconcile these diametrically opposite state- 
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ments Montgomery does not say. He, however, insists that he 
has always known that the fusion by pairs takes place. How 
this was to be brought about under his previous assumption 
that one of the fourteen spermatogonial chromosomes became 
removed from participation in the usual processes of the cell to 
form a '* chromatin nucleolus/' he fails to state. Until the con- 
fusion is cleared up by corroborative evidence on one side or 
the other, a most important part of Montgomery's work must 
still be regarded as uncertain. 

Despite his recognition of the fusion of the chromosomes in 
the synapsis as the essential feature of this stage, Montgomery 
is insistent upon the concentration of the chromatin as its dis- 
tinguishing characteristic. Regarding this he says : *' McClung 
considers the appearance of the synapsis stage as artefacts. It 
is hardly necessary to reply to this criticism, since in all Metazoa 
where the spermatogenesis has been carefully examined, with 
the exception of certain Amphibia, the dense massing of the 
chromosomes (?) in the synapsis stage has been shown to be a 
perfectly normal phenomenon." 

Concerning two points in this statement- 1 wish to take excep- 
tion. First, as was suggested in my previous paper (17), the 
term synapsis is usually applied to a condition of the prophase 
in which the apparently unsegmented spireme exists. It must 
be remembered that most investigators consider that the reduc- 
tion of the chromosomal number takes place by the segmenta- 
tion of a spireme into half the usual number of segments. In 
the second place, I must resent the implication that the work 
done in this laboratory is not ''carefully" conducted. Many 
'^Metazoa" have been examined ** carefully," and in none has 
the ** synapsis" occurred when the material was well fixed and 
prepared. It has, moreover, been found possible to produce 
the appearance at will. One case of this kind is sufficient to 
raise the presumption that it may not be normal even when 
constantly found in certain preparations. I have not, however, 
absolutely denied the possibility of such an occurrence, because 
it is conceivable that from the telophase of the preceding divi- 
sion the massing of the chromosomes may persist during their 
elongation. My contention is that the appearance is not a con- 
stant or necessary condition in **all the Metazoa,'^ and this I 
have proven. 
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In rather striking contrast to the work of Montgomery, in^ 
which an effort is made to formulate a typical process for the 
entire Metazoa from the study of a single order, is that of WiK 
cox, wherein a general denial of any apparent system in the 
maturation divisions of animals is based practically upon the 
study of a single species. As was stated in m^^ former paper,. 
I regard Wilcox entirely in error upon the vital point of his 
theory of tetrad formation, not by ** forced interpretation'' of 
his own views, but by an actual examination of the object upon 
which he worked. There is no point upon which Orthopteran 
material affords more indisputable evidence than upon the oc- 
currence of the longitudinal division of the chromatin thread in- 
the early prophase. My statement regarding Wilcox's position 
on this subject was in no sense '* misdirected criticism," but 
an actual statement of fact ; it was not an attempt to explain 
away ''abundant and evident cases which cannot be made to fit 
into the scheme," but simply the presentation of proof that one 
case was wrongly interpreted. 

Wilcox claims the distinction of being the first and only in- 
vestigator to doubt the hypothesis that longitudinal and cross^ 
divisions of the chromatic thread produce chromosomes of a^ 
different character. It is perhaps well that this is so, in view 
of the reasoning by which such a distinction is secured. Upon 
his own unconfirmed and disputed statement that there is no- 
longitudinal division of the spireme, Wilcox presumes to dis- 
parage the accepted view of practically all cytologists. The- 
constructive thought of the last two decades is summarily dis- 
posed of by this author in the following language : *'The whole- 
question, therefore, whether a certain division is longitudinal 
or transverse loses its practical significance, since the theoret- 
ical interpretation which has long been placed upon these divi- 
sions is shown to be impossible and absurd!" The showing: 
alluded to consists in the statement that the chromosomes con- 
sist of an indefinite number of granules, which cannot be- 
expected to arrange themselves in any order, and which, there- 
fore, may be divided in any way without affecting the results. 

Laying aside for a moment the question as to the occurrence- 
of a longitudinal division, we may well inquire whether the- 
belief that, "In view of this manner of the formation of the- 
chromosomes (by the aggregation of the chromomeres), it 
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seems absurd to assume that the separation of an individual 
chromosome by one plane could be quantitative while the sep- 
aration by another plane was qualitative," is well founded. 
At the basis of such an assumption lies the implication that 
any definite arrangement of chromomeres is impossible ; for if 
any definite order were possible, then the supposed argument 
against the longitudinal disposition of the chromomeres would 
be invalid. 

The argument of Wilcox is therefore directed against order 
in general, and not against order in any one particular, as he 
would have it appear. For it must be admitted that if it is 
possible for the scattered chromatic granules of the early pro- 
phase to arrange themselves at all (and this even Wilcox does 
not deny) , it is equally possible for them to come together in a 
definite order. That they do this is amply evidenced by the fact 
that later they appear in definite groups or chromosomes. It is 
to be noted, moreover, that the later investigations tend to sug- 
gest that the apparently unorganized chromatic granules in the 
first spermatocyte prophase are really bound together and rep- 
resent merely a diffuse condition of the spermatogonial chro- 
mosomes. 

Wilcox's chief error, however, is not to be sought in specu- 
lative theories, but rather in his faultv observations. He 
repeatedly denies the occurrence of any longitudinal split in 
the chromatic thread of the first spermatocyte prophase. That 
he is mistaken here I am thoroughly convinced, both from a 
study of his own object and from investigations upon many 
other species of the same family. At the present time, also, 
practically every spermatologist is aligned in support of the 
view denounced by Wilcox. For a while Wilcox had some 
backing, but most of those who advocated only cross-divisions 
of the thread have later been able to demonstrate the longitu- 
dinal cleavage in better prepared material. 

There is general acceptance of the opinion that the chromo- 
meres of the last secondary spermatogonia appear in a linear 
arrangement to form what is commonly known as the ** spi- 
reme." Wilcox declared that while in a very fine condition 
this thread breaks across into segments, which unite by pairs 
to form the chromosomes of the first spermatocyte. The great 
majority of other investigators are unanimous in the opinion 
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that this fine thread, made up of granules, becomes double by 
the division of each granule individually, thus producing a 
-double thread. Thus it is that the two halves of a longitudi- 
nally divided chromosome are made equivalent, not by the 
sifting apart of preexisting granules, but by the division of 
these after they are arranged in a linear series. It need hardly 
be mentioned that the formation of the thread has here a reason 
for existence which is entirely lacking according to Wilcox's 
scheme. 

This much space has been devoted to Wilcox's statements, 
not because they present any arguments against the generally 
accepted views of his fellow workers, but because he represents 
a rapidly lessening minority which is content to work in a very 
limited field and to resort for the explanation of diverse results 
to the very convenient theory that great differences may be 
expected in the normal processes of even closely related forms. 
One needs only to glance at the work of all insect spermatolo- 
gists to see how closely the agreement now is upon the impor- 
tant points of the process. This accordance of results Wilcox 
notes, but interprets in his own way, which may be regarded 
as not exactly complimentary to the skill and judgment of his 
•colaborers. "It is only necessary," he says, *'to refer to any 
recent publication on the subject to find examples of this at- 
tempt to force the divergent processes in different species to fit 
the same formula." This is certainly a very easy and con- 
venient way to dispose of the accumulated observations of the 
many careful investigators who have come to an agreement 
upon the important questions under discussion, but I venture 
to think will hardly satisfy any one except its sponsor. 

After handing in this article for publication, I fortunately 
secured a copy of the paper by R. de Sin^ty (37) in which the 
spermatogenesis of various Orthopteran species is described. I 
regret that the available time is so short that I shall not be 
able to bestow upon this contribution to insect spermatogenesis 
the attention it deserves, but I shall try at least to consider 
the principal points wherein a difference exists between the re- 
sults of de Sin6ty and of myself. 

It is unfortunate that we have here a further complication of 
the problem concerning the character of the two maturation 
divisions in insects. At this time it had begun to appear as if 
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there was every possibility of insect sperm atologists coming to 
an agreement with regard to the maturation processes. Indeed, 
with the exception of Wilcox, who occupies a unique and 
solitary position in the field, workers upon the subject are 
committed to a belief in the occurrence of a cross and a longi- 
tudinal division of the chromosomes in the spermatocyte mito- 
ses. The sole difference of opinion relates to the sequence of 
the divisions. We have now to consider in connection with 
insects the remaining possibility in tetrad formation — that 
of two longitudinal divisions — which finds an advocate in de 
Sin^ty. 

Because of a thorough acquaintance with the forms upon 
which this author has worked, I do not hesitate to say that he 
is entirely mistaken with regard to the character of the second 
spermatocyte division. I am convinced of this because of the 
fact that in the early period of my work upon Orthopteran 
spermatogenesis I was inclined to place just such an interpre- 
tation upon the phenomena encountered in the spermatocytes 
of the Acrididae as does de Sin^ty. I soon became convinced, 
however, that I was proceeding upon a wrong assumption, and 
abandoned it in favor of the one which more extended observa- 
tion taught me is correct. I hope to demonstrate here the^ 
ground for my plain statement that de Sin^ty is in error upon 
the question of a double longitudinal division of the chromatin 
thread during the formation of the tetrads in insect sperma- 
tocytes. 

It is fortunate that our author has properly appreciated the 
value of the early prophase in the determination of the struc- 
ture of the first spermatocyte chromosomes, for we are here 
upon common ground, and need only compare like stages in 
order to reach our conclusions. As will be recalled, the statement 
is made elsewhere in this paper that the typical chromosome of 
the first spermatocyte is an approximately straight rod, split 
longitudinally, and again cleft in its middle by a second fissure 
at right angles to the first. Such an element is represented in 
figures 15a, 17, D and E of my paper upon the Acrididae, and 
in figures 7, 9, 11 and 38 of the present one. Although this is 
extremely common, and, as the photomicrographs show, unde- 
niably present, de Sin^ty does not figure it at all. The nearest 
approach to such a structure is found in figure 123c, where a. 
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cross with two nearly equal arms is represented. My interpre- 
tation of this figure, based upon a great number of careful ob- 
servations, is that this represents merely an extension of the 
shorter arms at the expense of the longer ones. In support of 
this, I have stated that all intermediate stages between a rod 
with a mere enlargement at the center and a cross with equal 
arms could be found. How, according to de Sin^ty^s concep- 
tion of overlying free elements, could these structures be ex- 
plained ? 

It is not necessary, however, to have these gradations in 
order to disprove the theory under discussion. One needs only 
to carefully examine one of these crosses to be convinced that 
the two arms lie in one plane where they intersect, and are not 
superimposed one upon the other as de Sin^ty shows in his 
figure 123. Our author clearly realizes the importance of the 
cross, as may be judged by the following quotation : 

"La croiz est de toutes oes figures celle dont la gen^se peut le plus facilement 
•doDDer lieu k des interpr^tatioDS en sens contraire. — C'est pr^cisdment pour 
cette raisoD que nous croyons devoir I'dtudier sp^cialement au point de vue 
critique, persuade que, cette figure une fois rattach^e k une th^orie, les autrea 
doivent en suivre le sort." 

It is unfortunate, therefore, that he was not able to trace the 
formation of the element in its very early stages and through 
the various modifications which connect it with the typical rod 
already described. 

As the simplest modification of this basic form, we find the 
one where it is evident that the change consists merely in a 
flexure of the rod at the weak spot in its center. Such forms 
are shown in figure 14 of my former paper (17) and in figures 
8, 9 and 11 of this one, but are not illustrated by de Sin^ty. It 
occasionally happens that in chromosomes of this character the 
halves diverge widely at the center, producing the double- Vs of 
Paulmier, as is represented in figure 14 of my paper upon the 
Acrididsp (17) and in figure 8 of the present one. These struc- 
tures are not shown by de Sin^ty and would be diflBcult to ex- 
plain in agreement with his conception of the tetrad. 

I have consistently placed great reliance upon the frequent 
ring-shaped chromosomes in determining the structure of the 
first spermatocyte elements, and have no occasion to change 
my opinion of them since examining the work of de Siu^ty. 
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This investigator joins issue with me upon my interpretation 
of these structures, and states his attitude in the following^ 
language : 

'^McCluDg fait grand fond, pour appuyer son interpri^tation, sur une forme 

8p<^ciale, la forme en anneau, qui pour lui derive du bfttonnet ^-^t Buppoe6 plac6 

transversalement sur le fuseau, ins^r^ par son milieu et incurv^ en dehors jusqu*^ 
k rapprochement et soudure de ses extr(^mit^8. 

"Le chromosome en anneau est en effet tr^s frequent chez les acridiens; 
mais il nous a 6t6 possible d'en reconstituer I'histoire, grftce k des details qui ne 
semblent pas s*6tre rencontres dans les figures de McClung. On se souvient que 
nous avons ^tabli les deux points suivants en complet disaccord avec la th^rie 
de I'auteur am^ricain : 

** I. Les deux moiti(^s de Tanneau proviennent de la premiere division longi- 
tudinale. 

"2. L'insertion est terminale." 

With equal emphasis, I must deny that the enclosed space in 
the ring represents any plane of division in the chromatin 
thread ; and that the insertion of the spindle fibers is at any 
place except at the center of what would be the typical rod- 
shaped chromosome were the ring straightened out. We en- 
counter in de Sin6ty*s interpretation of these rings the very 
error against which I was careful to caution elsewhere in thi& 
paper, i. e., of regarding the points where the fibers are attached as 
the crossed ends of a simple segment. This mistake de Sin^ty has 
made, and has thereby vitiated all his conclusions concerning 
the structure of the tetrads. It is not necessary to repeat here 
the proof which I have brought forward in support of my views. 
No one, I am sure, will find diflBculty in reducing the various 
forms of chromosomes found in the first spermatocytes to the 
type of a doubly split rod, in which one plane of division i& 
parallel to the long axis and the other at right angles to it. 
The explanation offered by de Sin6ty requires us to conceive a 
doubly split rod in which one separating space may vary indefi- 
nitely while the other is constant. There is here no common 
type, but an infinitely variable one, which differs with every 
modification of the interspace between the first pair of chro- 
matids in each chromosome. 

As a constructive basis for the foundation of his theory of a 
double longitudinal division, de Sin^ty uses particularly the 
chromosomes of Gi^dipoda (Hippiscvs) miniata, represented in 
figures 129 and 130, concerning which he says : 

** Survient le phdnom^ne ezceptionnellement important de la seoonde division 
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longitudinale ; nous regardons comme un point capital dans Dotre travail d'en 
mettre I'existence hors de doute et pour cela nous desirous ne faire appel qu*& 
des images extrdmement claires. Nous coD8id<^roDs comme telles les fig. 129 et 
130 rapproch^es I'une de Tautre. 

'*I1 est de toute Evidence que le chromosome a, fig. 130, n'est que le chro- 
mosome de m6me designation, fig. 129, dont les deux anses jumelles se sont 
clir^es. De m^me, le chromosome en forme de boucle, c, fig. 129, dont les 
deux branches repr^sentent, comme nous I'avons fait remarquer, deux anses 
jumelles, se retrouve avec un clivage tr^s Evident en d, fig. 123. On pourrait 
faire les m^mes rapprochements entre 6, fig. 105, et a, fig. 107; ici, le clivage 
est moins avanc^, mais les granules sont nettement divis^s." 

I am obliged to confess that I have never seen in other spe- 
cies of this genus any appearances that would incline me to 
place an interpretation upon them such as does our author upon 
these. I would venture to suggest, on the contrary, that the 
chromosomes represented in figure 129 have not as yet demon- 
strated any division, but show merely irregular spaces between 
chromosomes. At even an earlier stage (figs. 5, 37, and 38)^ 
I have shown the formation of the tetrads by means of simul- 
taneous cross and longitudinal divisions so clearly that pre- 
sumed successive divisions, as represented by de Sin^ty, cannot 
be regarded as occurring. 

Finally, I would emphasize the fact mentioned in connection 
with the discussion of the cross-shaped chromosomes, that 
where the elements of one of these compound chromosomes in- 
tersect they lie in one plane, and are not svperimposed vpon each 
other, as de Sin^ty's theory demands and as his figures represent. 
This was shown clearly in Paulmier's figures as well as in my 
own, and is even more clearly demonstrated, if posssible, in 
the very long, slender chromosomes of the myriapods, which I 
have observed in Mr. Blackman's preparations. This, and the 
continuity of the chromatin in contiguous arms of the cross, is 
alone sufficient to disprove de Sin^ty's theory, and, fortunately, 
is easily demonstrated. This same fault of de Sin^ty's is en- 
countered, in another form, in his discussion of the ring figures. 
He asserts that the halves of the rings are pulled past each 
other while they lie in the plane of the spindle axis. Herein 
my observations fail entirely to agree with his. The rings lie 
in the plane of the equator, and no elements of the mitotic 
figure show a lateral displacement of the separating halves 
equal to the width of the chromosome when viewed in this 
plane. 
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(d) The Spermatocyte Divisions. 

I approach a discussion of Montgomery's conclusions regard- 
ing the form of the chromosomes in the first spermatocyte, and 
the sequence of their divisions, with considerable hesitation, 
because of the difficulty I experience in appreciating his exact 
position. This is due, not to any lack of positive statements on 
his part, but to the partial contradictions that result from his 
frequent changes of opinion. The most important statement 
in his first paper upon Euchistus reads as follows : **From the 
resting stage of the first spermatocyte to the formation of the 
spermatid, there is absolutely no longitudinal division of the 
chromosomes. I have studied hundreds of nuclei in these 
stages, and at the first with a hope of finding a trace of such a 
process, but observation shows that all divisions of the chro- 
matin elements are transverse divisions." 

This would certainly seem to be as strong a stand as one 
could take upon the subject, but in later papers Montgomery 
assumes with equal assurance the opposing position, which 
holds for a longitudinal division. Regarding this he says : 
** During the synapsis stage the chromosomes become split 
longitudinally, as was first shown by Paulmier (1898, 1899) for 
Anasa — a process that I had overlooked ( I ) in my former 
paper (1898)." Throughout his later investigations this hy- 
pothesis serves as the basis of all his theories, and the careful 
longitudinal division of the thread is assigned an important rote 
in the maturation process. So far as positive assertions to the 
contrary are concerned, a general acceptance of the theoretical 
importance attaching to this act is to be supposed. 

Notwithstanding this, I find nowhere in his later writings 
any statement that he abandons the conception formerly enter- 
tained regarding the non-importance of the longitudinal cleav- 
-age. This attitude is indicated in the following language : 
'*If it can be proved that the mode of division of a chromo- 
some, i. e., the axis of the line of division, is merely a function 
of its chromomeres, then it would be of no theoretical value 
whether the division be longitudinal (equation) or transverse 
(reduction). But it happens that the postulated difference 
forms one of the main premises of Weismann's theoretical 
superstructure. On account of the diflFerences observed in dif- 
ferent objects in regard to the modes of division of the chromo- 
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somes, it would appear that the differences have no theoretical 
value, but that the halving of the mass of chromatin is the 
process of importance — the standpoint taken by Hertwig. 

**In the two reduction divisions the chromosomes may split 
by two longitudinal divisions, by two transverse divisions, by 
one longitudinal and one transverse division, or by one division 
(longitudinal or transverse) preceded or followed by an elimi- 
nation division. The facts show already that there is no gen- 
eral uniformity in the mode of division of the chromosomes in 
the reduction mitoses. The long line of observations on diflFer- 
ent objects show this to be the case, and demonstrates that the 
expected uniformity does not occur." 

Herein lies the essential conclusion of the work upon Penta- 
toma, which, so far as a specific retraction is concerned, stands 
yet. If this be abandoned, then the first work upon the chro- 
matin structure of Pentatomais practically discredited, for Mont- 
gomery has definitely retreated from his positions concerning 
the absence of the ** chromatin nucleolus'* in the spermato- 
gonia, the non-occurrence of a longitudinal cleft in the spireme 
thread, the lack of an equational division of the chromatin in 
the spermatocyte, the origin of the ''chromatin nucleolus," 
and the fragmentation of the ''chromatin nucleolus." In ad- 
dition to these specifically acknowledged errors, we may infer 
that Montgomery (12) considers himself at fault in his views 
upon the production of chromosomes from the "three to six 
chromatin loops" by breaking apart in the prophase, and upon 
the occurrence of both longitudinal and cross divisions of or- 
dinary chromosomes in the same mitosis. The observations 
recorded in his last paper (15) upon the production of the sper- 
matocyte chromosomes by the end-to-end union of those in the 
last spermatogonial division warrant this assumption. 

It follows from all this that we may practically disregard 
Montgomery's earlier work upon chromosomal structure and 
take his views as expressed in the later papers (14, 15) as rep- 
resenting his opinions upon the subject. These later theories are 
largely the result of his investigations upon Peripaiua, but they 
seem to be carried over and applied to the Hemiptera without 
essential modifications, and we may regard this concept as ap- 
plicable to the forms studied by him. 

I called attention in my previous paper to the fact that, by 

15— Kan. Uniy. Sci. Boll., No. 8, Vol. I. 
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many investigators, the definitive form of the chromosome i» 
used as the basis for determining the direction and sequence of 
the chromosome divisions. This fact and the danger attending: 
the practice was partly realized by Montgomery in his work 
upon Euchistus (12) , for he devotes considerable space to a con- 
sideration of the prophase segments, but in determining the 
character of the second spermatocyte division he regards only 
the formed element. With respect to this he says : '*And now 
a fact may be determined which i8 of the greatest importance 
in estimating the morphological value of the second division of 
the chromosomes. While the latter are still parallel to the axi& 
of the spindle, there may be clearly seen in some cases a trans- 
verse constriction on some of the chromosomes, so that they 
already acquire a dumb-bell shape." This constriction is not 
correlated with any similar one on the prophase elements, and 
is here observed for the first time. 

In his paper upon Peripatus, however, he definitely supports 
the contention that it is only in the prophase of the first sper- 
matocyte that we can learn the construction of the chromo- 
somes, for he says: *'The early stages in the prophase are of 
the greatest importance in determining the exact constitutioa 
of the chromosomes of the first maturation division. . . . 
Since, then, as has been shown in another section of the present 
paper, the split of the univalent chromosome of the second 
spermatocyte is a true longitudinal split, corresponding per- 
fectly in position with the longitudinal split of the early pro- 
phase, it follows that the univalent chromosome does not 
become turned upon its axis to take its place on the equator of 
the spindle." Orientation is in both spermatocytes based, ac- 
cordingly, upon planes determined in the prophase. Upon this 
point Paulmier and Montgomery, as students of Hemipteran 
spermatogenesis, are now agreed, and their results correspond 
with observations made upon Orthopteran cells. 

It is upon the sequence of divisions in the spermatocyte that 
differences now exist between these investigators and myself. 
In my previous paper I took occasion to elaborate the proof in 
support of my position regarding the early occurrences of the 
longitudinal division in the Orthopteran spermatocytes. Mont- 
gomery follows Paulmier in ascribing the reduction division to 
the first spermatocyte, and takes no account of my results upon 
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Hippiscus. The objections that I previously urged against Paul- 
mier's conclusions apply equally well to Montgomery's. Until 
the chromosomes are traced in a more detailed way through 
the prophase to the metaphase, I shall consider the presumj)- 
tion against the occurrence of the cross-division in the first 
spermatocyte mitosis. In this I believe that I am justified by 
the definite proof of my position brought forward in the work 
upon Hippiscus. Here, it may be recalled, I observed and pho- 
tographed in the same mitosis all stages of movement by the 
chromatids along the plane of the longitudinal split. In addi- 
tion, I was able to locate definitely the position of the future 
cross-division in the ring figures, so that it is impossible to 
mistake the character of the first division in them. These two 
proofs I consider incontrovertible so far as they apply to the 
Orthopteran families studied. 

Paulmier judged the planes of the division by the relative 
lengths of the chromosome axes, but, as I pointed out, this is 
not conclusive unless it can be shown that they have not 
shifted, as it is possible for them to do, during the prophase. 
The value of the ring figure, which is formed at such an early 
stage that it would be impossible for the shifting of the axis to 
occur, is here evident. 

Montgomery finds these rings in Peripatus, and realizes the 
importance of their evidence in determining the planes of divi- 
sion, but places his conclusions upon a much more insecure 
footing than those founded upon the Orthopteran cells, because 
of the criterion used in determining which point represents the 
junction of the paired chromosomes. The diagnostic feature 
he uses is the linin connection persisting between the ** central 
ends" of the chromosome, which holds them together until the 
•* distal fibers" connect with the centrosomes and cause the 
rupture of the "central" fiber. Since the whole of his elabo- 
rate theory regarding the continuance of the linin spireme is 
practically a theoretical conception with little basis in observed 
fact, the value of such proof cannot compare with that fur- 
nished by the definitely formed chromosomes themselves in the 
Orthopteran cells. 

In view of all these facts, I think it must still be held an open 
question as to which is the reduction and which the equation 
division in the Hemipteran spermatocytes, although it is not to 
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be doubted that the probability of the first spermatocyte being 
witness of the reduction division is much increased when thus 
interpreted by two independent observers. 

(e) The Accessory Chromosome. 

I have already, in another paper (19) , taken up a compara- 
tive study of the accessory chromosome in different insect sper- 
matocytes, and shall not be obliged, for that reason, to enter 
into a very lengthy discussion of the subject here. The great 
interest attaching to this structure, however, compels me to 
consider the work that has been done since the manuscript of 
the earlier article was sent in for publication. This review will 
concern, very largely, the investigations of Montgomery upon a 
considerable number of Hemipteran species, which are set 
forth in his paper under the pretentious title *'A Study of the 
Chromosomes in the Germ Cells of Metazoa." 

In his first work upon Euchistus, Montgomery describes a cell 
element under the name ** chromatin nucleolus" which corre- 
sponded so closely to my accessory chromosome that I con- 
cluded the two structures were identical. These similarities 
were, the origin from a spermatogonia! chromosome, the in- 
tegrity and constancy of staining power and position during 
the spermatocyte prophase, and participation in the division 
act during metakinesis of a spermatocyte. 

Among the numerous changes of opinion recorded by Mont- 
gomery in his latest work, there are several relating to his 
*' chromatin nucleolus'' that materially alter the aspect of the 
question. Perhaps the most important of these concerns the 
origin of the element. I was some time in determining that 
the accessory chromosome is a spermatogonia! chromosome 
which divides in the spermatogonia with the other chromatin 
elements and comes over into the first spermatocyte as a formed 
structure. The work of Sutton upon the early history of the 
element in Brachystolay however, was convincing in this respect 
and confirmed me in the opinion I had already formed. I 
therefore gave Montgomery the credit for this discovery, and 
set it down as strong confirmation of the assumption that we 
were dealing with similar structures in the two orders of insects. 

Upon this point Montgomery now completely reverses him- 
self, and declares that his '* chromatin nucleolus'' is not a 
spermatogonial chromosome, but may be noted in the earlier 
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generations as a nucleolar structure, which, however, divides 
in metakinesis. The most important feature to be noted in 
this connection is the fact that the structure does not exist 
as a simple element, but is observed as a number of gran- 
ules, and that this number varies considerably in different spe- 
cies. These granules fuse during the ** synapsis stage, ^' as do 
the chromosomes, to produce in the spermatocyte half the, 
number of ** chromatin nucleoli" that were present in the sper- 
matogonia. In this respect the ''chromatin nucleolus" dififers 
radically from the accessory chromosome, which has the same, 
valence in both cell generations. The indefinite number and 
insignificant size of Montgomery's structures are other charac-i 
ters that point to extensive diCFerences between them and the 
accessory chromosome. 

In his work upon Peripatus, Montgomery states that in re- 
studying his preparations of Euchisttvs he observes a continuous 
liniu spireme which involves the ** chromatin nucleolus" as 
well as the chromosomes. Here, again, there is a difference 
between the Hemipteran element and the accessory chromo- 
some ; for the latter is entirely free from linin connections in 
the prophase and is usually surrounded by a hyaloplasmic in- 
vestment. 

According to Montgomery, also, his "chromatin nucleolus'* 
usually takes part in both spermatocyte mitoses. In this re^ 
spect there exists an essential difference between his element, 
and that found in the Orthoptera, for, after extended and most 
critical studies, I have become convinced that only one division 
takes place in the spermatocytes. In those cases where Mont- 
gomery admits but a single division, it is stated to occur in the 
first spermatocyte, while in the Orthoptera the accessory chro- 
mosome remains undivided here and is halved in the second 
spermatocyte. 

If, therefore, Montgomery's recent observations are correct, it 
must follow, I think, that his ** chromatin nucleolus" and the 
accessory chromosome are different structures. I am free to 
admit, however, that his statements are far from convincing. 
So much dependence is placed upon the numerical relation- 
ships of elements that are admittedly very minute, and so little 
corroborative proof is given, that I entertain serious doubts as 
to the accuracy of the observations. In this connection I would 
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suggest a comparison between the figures of the ** chromatin 
nucleolus'' in the first paper upon EucJiistxis (figs. 55-68) (12) 
and those in the last one (figs. 1-17) (16). The showing here 
made would alone be sufficient to raise a question as to the 
nature of the ** chromatin nucleolus," and until further evi- 
dence is forthcoming the character of the peculiarly modified 
chromosomes in the spermatocyte of the Hemiptera must re- 
main in doubt. 

Aside from definite retractions that Montgomery has made re- 
garding his earlier views on the character of the ** chromatin 
nucleolus/* there are noticable diCFerent attitudes toward it in 
his earlier and later works. Thus, in his lecture at Woods 
Holl (13a) , we find the following : ** These remarkable 'nucleo- 
lar' structures which stain like chromatin have been observed 
by numerous writers, but as yet no satisfactory description has 
been given of their mode of origin. They have been observed 
by me in spermatocytes of various insects, in hypodermal and 
other cells of Carpocapsa, and in follicle cells of the testicles of 
Plethodon and Mus.*^ At this early stage of Montgomery's in- 
vestigations it is apparent that he views his ''chromatin nu- 
cleolus" primarily as a nucleolus with chromatic origin and 
characters, but the fact is equally apparent that he now re- 
gards it primarily as a "chromosome" with nucleolar attri- 
butes. This is made evident in his recent definition, which 
reads : "The chromatin nucleoli are morphologically chromo- 
somes, undergoing division in mitosis like the other chromo- 
somes, but differing from them in the rest stage by preserving 
a definite (usually rounded) form." 

What has here been said regarding the "chromatin nucle- 
olus" applies to those structures in Enchutus and other Hem- 
iptera to which Montgomery has given the name without 
qualification. According to his definition, however, there is 
present in the cells of Protenor and other species another form, 
the "chromosome x." Not only by inference is this classifica- 
tion operative, but by direct statement we learn that Montgom- 
ery regards this element as a member of the class of bodies 
which he calls "chromatin nucleoli." In speaking of Protenor 
chromosomes, he says : "This is the only case in the Hemip- 
tera where one chromosome becomes differentiated into a 
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* chromatin nucleolus' for the first time in the spermatocyte 
generation." 

The noteworthy thing about this *' chromosome x'* is the fact 
that in every essential detail it corresponds to the accessory 
chromosome of the Orthoptera. It is a spermatogonial chro- 
mosome that comes over intact into the spermatocyte ; it re- 
tains its form and staining power unchanged through the 
prophase of the spermatocyte ; it divides in only one of the 
spermatocyte mitoses ; and is a large and conspicuous element 
of the cell at all times. 

This ** chromosome x" agrees just as closely in its descrip- 
tion to the accessory chromosome as do the ordinary ones of 
the two orders, and, if Montgomery's account is correct, there 
-would seem to be no reason for doubting their identity. In 
two respects, however, there are differences between these 
structures. First, it is to be noted that the "chromosome x" 
divides in the first spermatocyte, while the accessory chromo- 
some undergoes separation in the second spermatocyte. Should 
Montgomery's observations prove correct, it would yet indicate 
no fundamental difference in the character of the element, for 
the result is the same whether division takes place in the first 
or second mitosis. In either event, one-half the spermatozoa 
are provided with the odd chromosome while the remaining 
half are not. 

The second point of difference would seem to be a more seri- 
ous one. Montgomery states that during the spermatogonial 
mitosis the *' chromosome x" regularly divides as do all the 
other chromosomes, i. e., longitudinally. In the spermatocyte 
mitosis, however, the element is broken across, and the longi- 
tudinal split, which is apparent in the early stages, disappears 
and is not utilized in division. We have here the remarkable 
occurrence of a chromosome entirely unchanged in its structure, 
but merely differing in its surroundings, which, instead of di- 
viding along the plane marked out for it, as it has done in all 
preceding mitoses, breaks across after it is a formed element. 
An occurrence of this kind, so different from the usual method 
of division, would require strong proof to establish it, and this, 
in my opinion, Montgomery has not brought forward. 

A criticism of the degeneration theory as advocated by Paul- 
mier and Montgomery has already been given (17) > so that it 
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would not be necessary to consider it here except in so far as it 
has been modified since its promulgation. As a rule, Mont- 
gomery refers to his ** chromatin nucleoli" throughout his late 
paper (15) as degenerating chromosomes, but in discussing 
their function specifically he makes important changes in this 
conception. These are stated as follows : ''When we find, ac- 
cordingly, the mutual apposition of them (true nucleoli) to 
chromatin nucleoli, it would be permissible to conclude that 
the chromatin nucleoli are chromosomes which are especially 
concerned with nucleolar metabolism. And this, I think, would 
be the correct interpretation. The chromatin nucleoli are in 
that sense degenerate that they no longer behave like the other 
chromosomes in the rest stages, but they would be specialized 
for a metabolic function ; and from this point of view they 
would certainly seem to be much more than degenerate organs. '^ 

It is difficult to comment upon a contradictory statement like 
this ; but, fortunately, it is not necessary to do so, since it carries 
with it its own refutation. The conception of a chromosome 
specialized in the direction of increased metabolic activity as 
being in the process of disappearing from the species can hardly 
be regarded seriously. 

Taking everything into consideration, it may be said that 
Montgomery's work upon the Hemiptera has left the subject in 
a very disturbed condition, and any prospect of a complete 
agreement between the accessory chromosome of the Orthop- 
tera and the ''chromatin nucleolus'' of the Hemiptera is made 
more remote than was previously the case. This, I think, is 
largely due to the inferior character of the Hemipteran mate- 
rial, which has lead to misconception of phenomena that are 
clearly marked in Orthopteran cells. 

It is gratifying to note that the recent work of de Sin^ty (37) 
practically corroborates the conclusions herein set forth regard- 
ing the history of the accessory chromosome. Aside from fail- 
ure to observe the important spireme condition of this element 
in the first spermatocyte prophase, de Sin^ty describes the same 
series of processes with scarcely an exception. His summary 
contains the following account of the accessory chromosome : 

**Le 'chromosome accessoire,' d^couvert par McClung chez Xiphidium 
fnsciatum^ se retrouve chez les locustiens que nous avons ^tudi^s. Chez Or- 
pftanicif il se divise dans les spermatogonies en deux masses volumineuses et 
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allonges, que Ton reooDDait daos lea nucl^oles, (^galement volumineux et al- 
longes, des spermatocytes de premier ordre en prophase. A la m(^'tapha8e de la 
premiere cin^se, on le trouve situ6 ezceDtriquement et plus pr^s de Tun des p6les; 
il va tout entier a Vune (hs cellule s-Jilles, Daos celle-ci, il ee divise comme 
un chromosome ordinaire, d'od il suit que t>ur quatre aperinntidea furmont la 
descendance dUtn spermatocyte^ deux se trouvent privilegiees. Par ce 
partage in^gal, non r<^ali8e dans Xiphidium fasciatum^ d'apres McClung, 1& 
chromosome special d'Orphania rappelle celui des h^mipt^res." 

A like series of processes is recognized in the Phasmids. 

As is elsewhere explained in this paper, the occurrence of two- 
divisions of the accessory chromosome in Xiphidhim, which was^ 
mentioned as a possible occurrence in my preliminary paper, is 
shown not to take place. While it is much more diflBcult to 
demonstrate the undivided condition of the accessory chromo- 
some in one of the spermatocyte mitoses of Xiphidium than it ia 
in the cells of OrchesticuSy AnabruSy Scudderia, and Microcentrum, 
I am convinced that it does not diCFer from the other Locustids^ 
in this respect. 

We may therefore feel assured that our knowledge of the^ 
morphological character of the accessory chromosome in the 
Orthoptera is fairly well established. This gives us a good 
base from which to conduct further comparative studies into- 
other groups, and it is to be hoped that our knowledge of this 
element will rapidly increase. 

Unfortunately, de Sin6ty has chosen to add another name ta 
the already overburdened list of synonyms, and ** chromosome 
special" now takes its place in the literature of insect sperma- 
togenesis. The reason for adding this name — 

**I1 re^u successivement lea noms de * accessory chromosome' (McClung), * small 
chromosome' (Paulmier), * chromatin nucleolus' (?), * chromosome x^ (Mont- 
gomery). Nous avons pr<^'f^r<^ (fviter ces appellations, qui semblent toute» 
supposer une signification qui n'a jamais ^t^ d^finie ou s'appuyer sur des car- 
act^res plus ou moins secondaires, pour adopter un nom indifferent, celui d& 

* chromosome special,' nous conformant k l'id<^e de Wilson, pour qui c'est un 

* extra chromosome,' " 

would seem to be at least insuflBcient, since ** accessory chromo- 
some '* can scarcely be regarded as implying any more primary 
or secondary function than can '* chromosome special." 

(/) Individuality of the Chromo8om(8, 

In each of my preceding papers I took the opportunity to 
point out the fact that, even were the accessory chromosome 
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of no Other value, it would certainly be worthy of study for the 
light it throws upon the question of the individuality of the 
chromosomes. On this point Montgomery has much to say in 
his late paper (15). I think it cannot be questioned that we 
have here indisputable proof that at least one chromosome may 
be identified through all the cell generations of the testis. 
While this does not prove that chromosomes are persisting and 
independent structures, it does evidence the fact that they may 
'be, and greatly strengthens the hypothesis that they are. 

In addition to the evidence here offered by the accessory 
chromosome, there must be noted that derived from a study of 
spermatocytes in which there is always present one ordinary 
•chromosome that greatly exceeds the others in size. Such a 
condition is found in the cells of Anabrua. The disproportion 
in size of the elements is here so striking that it would be im- 
possible to fail in distinguishing the giant chromosome. In each 
of the spermatocytes of Anabrua there are therefore two chro- 
mosomes which are plainly recognizable. It may be observed 
further that the remaining chromosomes are quite different in 
size, and it may be possible within reasonable limits of cer- 
"tainty to pick out one or more other chromosomes in each cell. 
Unless this could be done for each element, however, it would 
not definitely prove that all the chromosomes are distinct and 
recognizable structures. The actual recognition of two ele- 
'ments in each cell of the same generation and its ancestors or 
descendants in other generations goes far, however, to render 
probable the individuality of each chromosome. 

Beyond this point studies upon the Orthopteran cells will not 
permit me to go ; but Montgomery has been fortunate enough 
to find in Peripatua an object in which he considers it possible 
to demonstrate the continuity of the chromosomes from one 
generation to another, and their fusion by pairs in the early his- 
tory of the spermatocyte to bring about the reduced number. 
This is, in the main, a logical conclusion to my own work, and 
I am therefore bound to regard his results as probably correct. 
While doing this, however, I recognize that the absolute proof 
he brings forward in support of his hypothesis is very slight. 
I consider any deductions based upon observations of linin 
structures as very insecure, and it is upon these that Mont- 
gomery principally relies to demonstrate his theory. Further 
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observations upon the behavior of the chromosomes between 
the spermatogonia and the spermatocytes in objects favorable 
for study will be awaited with interest. In the meantime it 
must be conceded that the work upon insect spermatogenesis 
has at least lent strong support to the theory of the individu- 
ality of the chromosomes in general and has definitely shown 
that there is such a thing in some instances. 

(g) Nucleoli, 

Considerable importance is attached by some investigators to 
the nuclear structures, properly called plasmasomes, that occur 
in the spermatocytes. It is probable that there are marked 
differences between the cells of various species in regard to the 
occurrence of these bodies, for in the Orthoptera they either do 
not appear at all, or, if present, they are minute and incon- 
spicuous. This fact would tend to disprove any theory which 
would attach a fundamental importance to these structures, 
such as is conceived for the chromatin. The Orthopteran cells 
do not allow any observations which would add to our positive 
knowledge of the nucleoli, and I include this brief statement 
merely for the negative value it may possess. 

(h) Rest Stage. 

In his first paper upon Euchistus, Montgomery assigns an im- 
portant and conspicuous place to the ''rest stage" among his 
numerous subphases preceding the first spermatocyte mitosis. 
As a result of his later comparative work upon the Hemiptera, 
however, we learn that in certain families no trace of such a 
<;ondition of diffusion on the part of the chromatin is observ- 
able, from which we conclude that ''accordingly such a stage 
would appear to have no broad significance." It has already 
been announced that nothing like a rest stage intervenes be- 
tween the spermatogonia and spermatocytes of the Orthoptera, 
and the work of most investigators would tend to indicate that 
it is the exception rather than the rule. In those cases where 
such a condition of the nucleus exists, it would seem to be true 
that nothing more unusual than an excessive diffusion of the 
spermatogonia! chromosomes occurs, and this is of hardly suffi- 
cient importance to receive a special designation. 

The existence of a rest stage between the first and second 
:8permatocytes is also negatived by the conditions found in the 
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Orthopteran cells. The formation of chromosomes in the pro- 
phase of the first spermatocyte that are already prepared for 
two divisions would a priori render improbable the interven- 
tion of a rest stage here ; and the actual observed persistence of 
the chromosomes, as such, through the telophase of the first 
spermatocyte and through the modified prophase of the second 
spermatocyte gives actual proof in support of the view that com- 
monly prevails regarding the suppression of the second sperma- 
tocyte rest stage. 

Observations upon numerous species tend to show that the 
behavior of the chromatin during the period between the two 
spermatocyte mitoses varies considerably with the species and 
even within the species itself. The amount of diffusion would, 
in some measure, seem to be related to the form of the chromo- 
somes and to vary correspondingly in those individuals where 
the chromosomes are of diverse forms. Thus, where the ele- 
ments of the second spermatocyte metaphase appear as short 
double rods, the amount of diffusion is slight, and the indi- 
vidual chromosomes may be distinguished throughout the telo- 
phase of the first spermatocyte ; but in those cases where the- 
members of the mitotic figure are much elongated the diffusion 
is more extensive and the distinction between elements is made 
diflBcult or impossible. Since these two conditions may prevail 
in the same testis, it is probably only a question as to the ex- 
tent of elongation on the part of each chromosome. In those 
cases where the elements become very much extended the ap- 
pearance of the resting condition would be simulated closely^ 
while, on the contrary, chromosomes consisting of spherical or 
short cylindrical chromatids would never give a suggestion of 
such a stage. In this we may find, I think, an explanation for 
those cases in which a rest stage is described as occurring be- 
tween the spermatocyte generations. 

VI. SUMMARY. 

1. The secondary spermatogonia are much reduced in size at 
the end of their divisions and the cytoplasm is very small in 
amount. The rod-shaped chromosomes number thirty-three, 
and, of these, one is to be distinguished from its fellows by 
greater size and slower division. 

2. From the substance of the disintegrated spermatogonia! 
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chromosomes, the tetrads of the first spermatocytes are formed. 
It was impossible to determine the relation of the elements of 
the two generations, but the changes are rapid and there is no 
intervening resting condition of the nucleus. 

3. It could not be determined whether or not the spireme 
is continuous. A longitudinal split appears very early, and 
shortly after the chromatin segments may be seen. These 
soon betray at their centers an indication of the cross-division, 
producing crosses with arms that may vary considerably in 
relative lengths. No reason was found for considering both 
divisions longitudinal. 

4. The typical element is granular and more or less rod- 
shaped, with the longitudinal division merely indicated by a 
narrow line, and with but slight elongation of the chromatids 
along the plane of the cross-division. Various modifications of 
this occur, by which the longitudinal cleft is much increased in 
width at the center, the cross-arms are greatly extended, or ap- 
proximation of the ends of the rod brought about, producing a 
ring. 

5. The definitive chromosomes of the metaphase are pro- 
duced by a concentration of the prophase elements, whereby 
they become shorter, heavier, and entirely homogeneous in 
structure. Distinct lines of division between the chromatids 
are not visible, but the tetrad character of the elements is 
readily established by observing the steps in their formation. 

6. The accessory chromosome early becomes distinguishable 
because of its peripheral position and strong tendency to stain 
with safranin, while the remaining chromatin takes the gentian 
violet by Flemming's three-color method. At first it appears 
as a homogeneous plate, but later this is seen to be a closely 
coiled thread. As the chromatin segments shorten and broaden 
to form the chromosomes of the mitotic figure, this thread also 
grows shorter and heavier until it forms an element of essen- 
tially the same character as that of the spermatogonial chro- 
mosome from which it was derived. 

7. Upon the establishment of the mitotic figure, the chromo- 
somes arrange themselves in the equatorial plate with their 
longer axis perpendicular to the spindle axis. Division of the 
elements is not synchronous, so that all stages of the chromatid 
movements may be observed in one nucleus. By this means it 
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is possible to determine that separation of the chromosomes 
takes place along the plane which marked the longitudinal divi- 
sion of the prophase thread in such a way that the chromatids 
show no clear interspaces. The individual chromosome near the 
end of its division has the same form as that with which it 
started, except for the difference that the chromatids are now 
in contact for the greater part of their length along the plane 
of their cross-division. As the daughter chromosomes separate, 
this line of division comes into evidence through the springing 
apart of the two chromatids now composing each chromosome. 
The result is the formation of two V-shaped chromosomes with 
mantle fibers attached to their apices. The accessory chromo- 
some does not participate in this division, but passes unchanged 
to one pole of the spindle. 

8. By reason of the action of the accessory chromosome in 
the first spermatocyte mitosis, there are produced two numer- 
ically equal classes of second spermatocytes — (a) those con- 
taining sixteen dyad chromosomes and an undivided accessory 
chromosome, and (6) those with merely the sixteen dyad ele- 
ments. In both cases the mitotic figure quickly reforms with- 
out an intervening rest stage in which the chromosomes lose 
their identity. There is a loosening up of the chromomeres in 
all the elements except the accessory chromosome, so that they 
have a structure and staining reaction similar to that of the 
first spermatocyte chromosomes just before they enter the meta- 
phase. The dyads of the first spermatocyte telophase, and of 
the succeeding and greatly abbreviated second spermatocyte 
prophase, are quite as definite structures as are the chromo- 
somes of the first spermatocyte prophase. 

9. All the chromosomes of the second spermatocyte are 
paired structures and divide in a similar way. The spindle is 
small and weak as compared with that of the first spermato- 
cyte, and the chromosomes arrange themselves radially on its 
periphery in such a way that the pairs lie in the plane of the 
spindle axis with their joined ends inward. The space between 
the chromatids represents the line of cross-division observable 
in the prophase segments of the first spermatocyte, and their 
separation accordingly represents a reduction division. The 
accessory chromosome, on the contrary, divides along the plane 
marking the longitudinal cleft of the spermatogonia! spireme. 
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10. From each first spermatocyte there are formed, by two 
divisions, four spermatids, of which two are distinguished from 
the remaining pair by the possession of an extra chromosome 
in addition to the number — sixteen — common to them all. 
Both classes undergo a like series of transformations by which 
they become mature spermatozoa. These are necessarily of 
two kinds ; and it is believed that those containing the acces- 
sory chromosome, in the act of fertilizing the egg, determine 
that the germ-cells of the embryo shall be sexually male, or like 
themselves, while those from which it is absent are unable to 
impress their sex upon the egg and assist in producing female 
embryos. 
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DESCRIPTION OF FIGURES. 

Drawings were made with a camera luciday the optical com- 
bination being a 1-16 B. & L. objective and a Watson **Holo- 
scopic" ocular No. 7. Details were studied with a Zeiss 2-mm. 
apochromat, N. A. 1.30. As reduced in reproduction, an en- 
largement of 1500 diameters exists. Photomicrographs, except- 
ing those of figures 37 and 38, were made by the use of the arc 
light and horizontal camera. The exceptions represent illumi- 
nation by ordinary diffuse daylight. In all cases the lenses 
used were the Zeiss 2 mm., N. A. 1.30 objective and projection 
oculars. A Watson ** Parachromatic'' oil-immersion condenser 
of 1.30 N. A. was employed to illuminate the objects. In use 
it was stopped down to between .75 N. A. and 1.0 N. A. 



Explanation of Plate VII. 

Fig. 1. Pole view of spermatogonial metaphase, showing the thirty-three chro- 
mosomes. It will be observed that the chromosomes are of unequal sizes, and 
that the large ones arrange themselves in a circle on the outside of the figure. 

Fig. 2. Very young spermatocyte. The chromatin derived from the break- 
ing down of the spermatogonial chromosomes in a diffuse condition, with no trace 
of a linear arrangement. The accessory chromosome x on the periphery of the 
nucleus, darkly staining and homogeneous. 

Fi(i. 3. Early stage in the formation of the spireme. In the cytoplasm the 
remains of the spermatogonial spindle. The cell has entered upon the growth 
period. 

Fig. 4. A later stage in the spireme formation. The accessory chromosome 
larger and more flattened. A surface view shows it as an apparently fenestrated 
plate. The remains of the two spermatogonial spindles still persisting. 

Fig. 5. First appearance of definite chromosomes. One shown entire with 
longitudinal and cross-divisions marked. The accessory chromosome is here seen 
to be in a spireme condition. 

Fi(i. 6. Condition of the chromosomes after further contraction of the early 
segments. As here shown, they are more granular than is usually the case. 

Fig. 7. Common types of the prophase chromosomes. 

Fig. 8. A cell in which one of the chromosomes has its halves widely sepa- 
rated along the longitudinal division, forming Paulmier*s double-V figure. 

Fig. 9. In this cell may be seen the variation in form and size of the early 
spermatocyte chromosomes. 

Fig. 10. Two cells of the late prophase, with the chromosomes at almost the 
extreme degree of concentration. 

Fig. 11. Chromosomes of cells in the stage shown in figure 10. These repre- 
sent the different types of rings, crosses, etc., commonly observed in first sper- 
matocytes just before the formation of the mitotic figure. 

Fig. 12. Different forms assumed by the accessory chromosome in the pro- 
phase of the first spermatocytes of Xiphidium. 

Fig. 13. Metaphase of the first spermatocyte. The accessory chromosome is 
seen at one pole of the spindle, to which it has moved before the separation of 
the chromatids of the remaining chromosomes. 

Fig. 14. Another cell in about the same stage as that represented in the pre- 
ceding figure. 

Fig. 15. A first spermatocyte metaphase in which the accessory chromosome 
has not as yet moved to the pole of the spindle. This is uncommon in Orchen- 
fictiSf but frequent in Anab^'utt, 

Fig. 16. Pole view of a first spermatocyte metaphase, showing seventeen chro- 
mosomes. The variation in size of the elements, so marked in the spermatogonia, 
is even more pronounced here. This is a cell similar to that of figure 15, in which 
the accessory chromosome lies in the equatorial plate. 



Explanation of Plate VIII. 

Fig. 17. Two cells in metaphase — a pole view of one and an oblique view of 
the other. The accessory chromosome does not show in the former, the cell 
being such a one as is represented in figures 14 and 15. 

Fig. 18. Pole view of another cell, showing but sixteen chromosomes. 

Fig. 19. Early anaphase of the first spermatocyte, with the accessory chro- 
mosome already at one pole. 

Fig. 20. Mid-anaphase, with the giant chromosome still undivided. 

Fig. 21. Later anaphase, in which the accessory chromosome is seen at the 
lower pole. This figure shows, also, the character and extent of the intercellular 
material. 

Fig. 22. Later anaphase. The accessory chromosome at the upper pole. An 
undivided chromosome lying between the groups of daughter chromosomes. 

Fig. 23. About the stage of figure 22, but the lagging chromosome has divided. 

Fi(i. 21. Very late anaphase. Here, again, the lagging chromosome is divided. 

Fig. 25. Pole view of first spermatocyte telophase, showing the accessory 
chromosome at one side of the daughter chromosomes. 

Fig. 2G. Pole view of a cell in the same stage as that represented in figure 25. 
Here, however, the accessory chromosome is not present. 

Fig. 27. Lateral view of telophase, with the accessory chromosome in the 
lower daughter-cell. 

Fig. 28. Fragment of second spermatocyte, showing the chromosomes in 
metaphase. The relative sizes of the accessory chromosome and the remaining 
chromosomes is well shown. 

Fig. 29. Metaphase of a second spermatocyte, in which the accessory chro- 
mosome is not present. 

Fig. 30. Anaphase of second spermatocyte, in which there is no accessory 
chromosome. 

Fig. 31. Anaphase of second spermatocyte, where the accessory chromosome 
is present — a-' and x^. 

Fig. 32. Telophase of the same class of second spermatocytes. The acces- 
sory chromosome extends out from the mass of chromosomes at each pole — x^ 
and a;-. 

Fig. 33. Telophase of the class of second spermatocytes from which the ac- 
cessory chromosome is absent. 
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Explanation of Plate IX. 

Fig. 34. Photoqiicrograph of early spireme stage of first spermatocyte, show- 
ing peripheral position of the accessory chromosome x. At the left, secondary 
spermatogonia, last generation. X1300. 

Fio. 35. A late prophase, showing accessory chromosome j:, and spindle re- 
mains s ( o/. figs. 3 and 4 ). X 1300. 

Fio. 36. Coarse spireme of first spermatocyte. X 1300. 

Fig. 37. Prophase, with chromosomes in the form of long segments. At cr, 
the cell drawn in figure 9. In the cyst at the left are spermatocytes in a later 
stage, with the chromosomes homogeneous. X 1000. 

Fig. 38. Prophase with segments divided longitudinally and across. At a is 
is one shown en face. Accessory chromosome at x, XlOOO. 

Fig. 39. Metaphase and anaphase of first spermatocyte. The accessory chro- 
mosome X at one pole of the spindle. Lagging chromosome at c. X 1900. 
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Explanation of Plate X. 

Fig. 40. Anaphase of first spermatocyte. Aocessory chromosome x at one 
pole. The form of chromosome in the anaphase well shown. The lagf^ing chro- 
mosome c seen in two cells. X 1300. 

FiQ. 41. Anaphase of the first spermatocyte, showing the longitudinally di- 
vided condition of the accessory chromosome x in the cell near the center. Com- 
pare with the accessory chromosome in the metaphase of second spermatocyte, 
figure 43. X 1300. 

Fk;. 42. Second spermatocyte in metaphase. In most of the cells the focus 
is upon the ends of the chromosomes, but in one a side view is obtainable. Com- 
pare with the chromosome of the upper cell in figure 40. No accessory chromo- 
some in most of the cells in focus. X 1300. 

Fio. 43. Second spermatocyte metaphase and spermatids. Note the relative 
sizes of the accessory chromosome and the other chromosomes. In the sperma- 
tids the accessory chromosome has taken its place on the periphery of the 
nucleus in the same way that it does in the prophase of the first spermatocyte. 
X1300. 

Fig. 44. Anaphase of the second spermatocyte, showing the accessory chro- 
mosome x separated. Other cells in metaphase. X1300. 

Fig. 45. Telophase of the second spermatocyte. Two daughter-cells with 
persisting spindle between, showing the accessory chromosome x in each. Other 
nuclei in focus show no accessory chromosomes. X 1300. 
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EESTOEATION OF DOLIOHOEHYNOHOPS OSBOENI, A NEW 

OEETAOEOUS PLESIOSAUE. 

BY S. W. WILLISTON. 
With Plate XI. 

No less than twenty-seven species and fourteen genera of 
plesiosaurs have been described from the mesozoic deposits of 
North America, with but few exceptions based upon very scanty 
material. The earliest of these are from the Baptanodon beds 
of the Jurasssic of Wyoming, and the latest is reputed to be 
from the Laramie Cretaceous. Every intervening epoch, un- 
less it be the Dakota, has furnished one or more species, but, 
notwithstanding all this great diversity and wide geological 
range, we have hitherto known but little concerning this order 
of reptiles in America — less perhaps than of any other equally 
extensive group. Enough, however, is already known to make 
it certain that we have to do with a great diversity of types. 
The following is a preliminary list of the American forms of 
this order hitherto described : 

Plesiosaarus. 

lockwoodi Cope, Ext. Batrach., etc., 1869, 40. Cretaceous, New Jersey. 

hrevlfemur Cope, Cret. Vert. 256. Cretaceous, New Jersey. 

gu^o Cope, Proc. Aoad. Nat. Sci. Phil., 1872, 128. Niobrara Cretaceous, 
Kansas. 

occ/dtiua Leidy, Proc. Acad. Nat. Sci. Phil., 1870, 74; Rep. Geol. Sury. 
Terr., 1873, i, 345, pi. xv, ff. 11-13 ; Cope, Cret. Vert. Laramie Cretaceous, 
Dakota. 

goufdii Williston, Kans. Uuiv. Quart, vi, 57. Comanche Cretaceous, 
Kansas. 

VI udgei CrBLgirit Fifth Publ. Colo. College Sci., 1894. Comanche Creta- 
ceous, Kansas. 

Shirley ennis Knight, Amer. Jour. Sci., x, 1900, 115. Baptanodon beds, 
Jurassic, Wyoming. 

(141) 
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Discosaams Leidy, Proo. Acad. Nat. Sci. Phil., 1851, 326 (1852). 
vetUBtus Leidy, 1. c; Cope, Ext. Batrach. Alabama. 

Brimosaurus Leidy, Proc. Acad. Nat. Sci. Phil., 1854, 73. 

^randi« Leidy, 1. c, pi., i, ff. 1-3; Cope, Ext. Batrach., 1869, 43. Clark 
county, Arkansas. 

Polycotylus Cope, Ext. Batrach., 1869, 39. 
latipinnia Cope, 1. c. ; Cret. Vert. 60. Niobrara Cretaceous, Kansas. 

Cimoliasaaros Leidy, Proc. Acad. Nat. Sci. Phil., 1851, 325 (1852). 

magnua Leidy, 1. c; ibid., 1854, 72, pi. ii, ff. 4-6; Cret. Rept., 1865, 25, pi. 
V, ff. 13-19, pi. VI ; Cope, Ext. Batrach., 1869, 42; Lydekker, Cat. Fos. 
Rept., II, 211. Cretaceous, New Jersey. 

planior Leidy, Proc. Acad. Nat. Sci. Phil., 1870, 22. Cretaceous, New- 
Jersey. 

anowii Williston, Trans. Kans. Acad. Sci., 1891; Cope, Proo. Amer. Phil. 
Soc, 1894, 199. Niobrara Cretaceous, Kansas. 

laramiensis Knight, Amer. Jour. Sci., x, 1900. Baptanodon beds, Juras- 
6ic, Wyoming. 

Uronautes Cope, Proc. Acad. Nat. Sci. Phil., 1876, 345. 
cetiformia Cope, 1. c, 346. Fort Pierre Cretaceous, Montana. 

Embaphias Cope, Proo. Amer. Phil. Soc., 1894, 112. 
circuloaua Cope, 1. c, 112. Fox Hills Cretaceous, South Dakota. 

Oligosimus Leidy, Proc. Acad. Nat. Sci. Phil., 1872, 39 (1873). 
grandcBvua Leidy, 1. c, 40. Green River, Wyoming (Cretaceous). 

Orophosaoms Cope, Amer. Nat., 1887, 564. 
pauciporua Cope, 1. c. Fox Hills Cretaceous, New Mexico. 

Piptomems Cope, Amer. Nat., 1887, 564. 

megaloporua Cope, 1. c. Fox Hills Cretaceous, New Mexico. 

microporua Cope, 1. c. Ibid. 

hexagonva Cope, 1. c. Ibid. 
Megalneasaums Knight, Amer. Jour. Sci., v, 1898, 375. 

rex Knight, Science, 1895, 449 {CimoHaaaurua), Jurassic, Wyoming. 
Trinacromemm Cragin, Amer. Greologist, Dec. 1888. 

bentonianum Cragin, 1. c. ; ibid., 1891, 171. Benton Cretaceous, Kansas. 

Elasmosaums Cope, Notes of Greology Ul Pacific, Leconte, 1868. 

platyurus Cope, 1. c, 68; Ext. Batrach., 1869, 44; Hayden, Gtol. Surv.^ 
Terr., 1870, 393. Fort Pierre Cretaceous, Kansas. 

serpentinua Cope, Bull, U. S. Greol. Surv., iii, 578, 1877. Nebraska Cre- 
taceous, Nebraska. 

intermediua Cope, Proc. Amer. Phil. Soc, 1894, 112. Fort Pierre Cre- 
taceous, South Dakota. 

or/entdfis Leidy, Proc. Acad. Nat. Sci. Phil., 1870, 22. 
{Diacoaaurua ) Cope, Ext. Batrach., 1869, 55. Cretaceous, New Jenej. 

Pantosaums Marsh, Rep. Geol. Congress, 1891, 155; Amer. Jour. Sci., 1895, 
408; ibid., xlii, 1892, 388 [Parasaurua). 

at i'ltuH Marsh, Amer. Jour. Sci., xlii, 338 (1891); ibid., i, 406, 1895, ff. 
Baptanodon beds, Jurassic, Wyoming. 
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These known American plesiosaurs vary in length from that 
of Dolichorhynchops, described in the present paper, to that of 
MegalneusauruB rex Knight, or of one whose remains are in the 
University of Kansas museum, forty or more feet in length. 

The specimen of Dolichorhynchops osborni herewith figured was 
collected in 1901 in the chalk of western Kansas by Mr. Charles 
Sternberg. When received at the museum the skeleton was al- 
most wholly contained in a large chalk slab, with all the bones 
disassociated and entangled together closely. Owing to their 
extreme softness, a characteristic of plesiosaur bones in gen- 
eral, the labor of removing the different parts of the skeleton 
and hardening them so that they could be handled has been 
exceedingly slow and painful. The task of removing and 
mounting tlie bones has required the skilled labor of Mr. Mar- 
tin, the preparator, the larger part of a year, under my constant 
supervision. The skeleton as now mounted is an example of 
great skill on Mr. Martin's part and of much study. 

As mounted there is little conjecture. It is possible that 
some of the vertebrae may be missing, but I do not think so, 
unless a very few from the tail. Three or four vertebrae and a 
few ribs were so badly decomposed that they have been modeled 
in plaster, and a number of the dorsal spines could not be re- 
covered. There is also doubt about the proper length of some 
of the posterior ribs. The skull, after its complete removal 
from the chalk, was found to be so very fragile that it was not 
thought to be expedient to mount it with the skeleton. A 
model, therefore, has been made, under my careful super- 
vision, and mounted in its stead. The many bones of the limbs 
were so intermingled that only a careful study permitted their 
collocation, a task, aided, however, by a nearly complete pad- 
dle of an allied form, about which there was less doubt. There 
are nineteen vertebrae in the neck, thirty in the trunk, and 
twenty-five preserved in the tail, which tapers very abruptly at 
the extremity. There may have been a few more vertebrae in 
the tail, though this is doubtful. The skeleton, as mounted, is 
just ten feet in length. 

There are not a few new or strange characters presented by 
this skeleton, especially in the skull, nearly all of the details of 
which have been made out, such as the presence of two sepa- 
rate and disconnected supraoccipital bones, peculiar frontal 
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bones, the presence of a quadratojugal, and of a well-ossified 
sclerotic ring, etc. The pectoral girdle, which, with the pelvic 
girdle, is marvelously complete and undistorted, has a large 
interclavicular foramen, never before observed in these animals, 
though present in other forms. A full description of the skele- 
ton, with illustrations, is already prepared for publication. 

It is possible that the present species may prove to belong to 
some one of the previously described genera, but from a pro- 
longed study of the descriptions extant, and of the nine or ten 
species actually known to me, I do not think so. I have there- 
fore given it the name of Dolichorhyii chops oshorni in honor of 
Prof. H. F. Osborn, of Columbia University, the well-known 
paleontologist. 
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NOTES ON SOME NEW OR LITTLE-KNOWN EXTINCT 

REPTILES. 

BY S. W. WILLISTON. 
With Plates XII and XIII. 

Lower Cretaceous Dinosaur. 

Among some material collected from the Comanche Creta- 
ceous of Clark county, Kansas, several years ago, by Prof. C 
N. Gould, there is a nearly complete centrum of a carnivorous 
dinosaur allied to Creosaurus or Allosaurus. It measures 100 
mm. in length, 87 in transverse diameter at the extremities, 
and about 100 in height. The ends are vertically oval and 
nearly flat ; the sides and below are deeply concave in outline. 
The specimen doubtless represents a new form, but the mate- 
rial preserved is too incomplete to furnish even generic char- 
acters. 

This is, I believe, the second specimen of a dinosaur that has 
been discovered in the Cretaceous of Kansas, the other being 
the type specimen of Claosaurus agilis Marsh, discovered by 
Marsh many years ago ia, the Niobrara Cretaceous of the 
Smoky Hill valley, in westgfa .KaiisiEis. 

New Benton Turtle. (Protostega?) 

The turtles of the genus Protostega have hitherto been known 
only from the Niobrara Cretaceous of western Kansas, and 
those of the nearly allied genus Archelon from the Pierre of 
South Dakota. Several years ago a specimen of a large turtle, 
belonging either to the genus Protostega or an allied new one, 
was collected from a lower stratum of the Benton Cretaceous of 
Kansas by Prof. W. N. Logan. The specimen consists of some 
fragmentary ribs and a part of a large humerus, apparently 
larger than that bone in P, gigas. The material does not per- 
mit a close comparison, however. 

Mosasaurs. 

At diflferent times I have expressed a doubt of the validity of 
the genus Holosaurus Marsh as distinct from Platecarpus. An 
examination of the type specimen of the genus has not wholly 
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dispelled this doubt, but has strengthened my opinion of its in- 
validity. There is less difference, I believe, between Holosanrus 
ahruptus and Platecarptis coryphseus than between Clidaatea velox 
and C. dispar, and especially between the latter and C. stenops, 
mentioned below, forms presenting similar differences to the 
chief one separating Holosaurus from Platecarpua. 

Holosaurus has no zygosphenes, as I at one time suspected it 
possessed, nor can I distinguish any difference in the skull as it 
lies in the matrix with the dorsal surface concealed. It is to be 
hoped that the specimen may be removed from its matrix at no 
distant day, and so preserved that all parts may be available 
for comparison. 

There are, however, certain differences in the girdles and 
limb bones which distinctly remove this species from those of 
Platecarpus hitherto made known. Plate XLI, figs. 2 and 2a, 
of my report upon the Kansas mosasaurs, show the distinctive 
forms of the pubis and ischium, easily distinguishable from 
those bones of Platecarpus coryphfeus. The specimens there 
figured I found isolated near Monument Rock, and I was never 
sure where they belonged, though, from their general resem- 
blance to the bones of Platecarpus, I referred them to that genus. 
These differences are seen in the greater expansion of the distal 
extremity of the ischium, and in the shape of the proximal end 
of the pubis. The radius figured in plate LVII, figs. 1 and 2, 
also belongs with this species, distinguishable by the differences 
in form from that of Platecarpus coryphfeus, I know of no other 
bones which may be confidently referred to that species, nor 
are the differences in other bones at all conspicuous or even 
perceptible. There is, of course, a possibility that the species 
H, abruptus may prove to be identical with some species of 
Platecarpus described by Cope. Evidence of such identity can 
only be ascertained by a study of the types. 

Clidastes stenops Ck>pe. 

At the time of the publication of my report upon the mosa- 
saurs of Kansas, I had never recognized a specimen of this 
species, of which nothing has been published since its original 
meager description by Cope. Recently a considerable part of a 
skeleton, which I refer to this species, has been obtained from 
Mr. Chas. Sternberg, who collected it in western Kansas. The 
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specimen consists of the premaxillo-nasals, maxillary, dentary, 
splenial, prefrontal, palatine, pterygoids, transverse bones, or- 
bitosphenoids, atlas, axis, and a number of the bones of the 
anterior girdle and limbs. The bones are in good preservation, 
and throw not a little light, not only upon this species, but 
also upon the genus Clidastes as well. The specimen is large 
— larger, indeed, than any other Kansas mosasaur except Tylo- 
saurus dyspelor. It differs from the type specimen in size, but 
I cannot consider this of specific value yet. The prefrontal 
bone, while not complete, is of a very different type from that 
found in the other species of this genus. It has no horizontal 
plate extending over the orbits, resembling in this respect the 
same bone in Platecarpus and Tyloaaitrus. The teeth in the 
mandible and maxilla are remarkable for their large and con- 
spicuous facets, unequaled in any other mosasaur known to me. 
The pterygoid has but eight teeth, as in species of Moaaaaurus, 
while the number in all the other known species of Clidastes is 
from twelve to sixteen. The palatine bone is remarkably small, 
while the ectopterygoid is large and stout. 

The axis shows scarcely a trace of the zygosphene, but Cope 
figures it as well developed in the posterior vertebrae. The bones 
of the paddles are characteristic, as they always are in species 
of this genus. The coracoid, though incomplete, is evidently 
emarginate, as in C. velox. This character was unexpected, 
and tends still further to involve in doubt its value in the sepa- 
ration of genera. The radius is very broad proximally, and 
has its two concave borders of nearly equal length, whereas in 
other forms the radial border is always much the shorter. The 
ulna is remarkable for its slenderness, resembling a phalanx 
rather than an epipodial bone. The first bone in the radial side 
of the carpus, the radiale, has a very narrow free border ; the 
mediale thus is separated from both the radius and the ulna, 
which is not the case in any other species of this genus known 
to me. The first metacarpal also, as usual, is distinctive. The 
sides are less deeply concave than is usual, and the proximal 
border is widely expanded. 

Clidastes stenops brings up the question of the generic char- 
acters of the genus in contrast with those of Mosasaurus, I 
have been somewhat skeptical of the value of the characters for 
several years, and the present species makes me more so. There 
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seems to be absolutely nothing left except the zygosphenes. 
The number of pterygoid teeth varies between eight and six- 
teen. The absence of the coracoid emargination in C. tortor 
prevents its use as a generic character. 

So long as there are no indications of a zygosphene in certain 
species and a well-developed one in others, the character may 
remain as the sole difference between the two genera ; but I 
suspect that, as in PlatecarpuSj species will be discovered in 
which this character is rudimentary or incomplete. In such 
case the genus Clidastes must be merged into Mosasaurus. 

An examination of the type specimen of Edestosaurus wymani 
Marsh discloses the fact that the species is not at all distinct 
from Clidastes velox. 

The known Kansas species of Clidastes are the following : 

C. velox Marsh. 

C. dispar Cope. 

C. stenops Cope. 

C, tuestii Williston. 

C. cinerianus Cope. 

C. liodontus Merriam. 

The last two are yet very imperfectly known and may be 
identical with each other ; or, it is possible that one or the other 
is identical with some one of the others. 

Orbitosphenoid of the Mosasaurs. 

In plate IV, fig. 5, of my report upon the mosasaurs of Kan- 
sas (Univ. Geol. Surv., vol. IV), there is given an enlarged 
picture of an undetermined bone of Platecarpiis. At the time I 
could reach no certain conclusion as to its position in the 
skeleton, and preferred to leave it without comment rather 
than to guess at its position. In the specimen of Clidastes 
stenops just described, two similar bones, differing only in being 
a little more slender, were found in the matrix lying upon the 
axis, and another attempt was made to determine them. That 
they could not be hyoid bones was certain, since they diflFered 
too much from the real hyoid of Tylosaurus; nor could they be 
epipterygoids, bones described by Marsh, but of which I had 
been very uncertain, since there are no places on the pterygoids 
and petrosals to admit of their attachment. An examination, 
aided by Mr. Martin, of the material in the University of Kan- 
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sas museum, disclosed them in four different skulls. In one 
the bone lies transversely in the bottom of the supratemporal 
fossa anteriorly ; in another, one was found impressed upon the 
under surface of the parietal, also transversely. A third w as- 
found by the side of the basisphenoid. In the fourth specimen, 
fortunately, both bones were discovered lying side by side on 
the under surface of a frontal bone of PlatecarpuSf with the 
broad or flattened end lying over the two pits or depressions 
for their attachment. These pits are toward the posterior end 
of the frontal bone, on the sides of the median line, and nar- 
rowly separated by the olfactory groove. They are clearly 
shown in fig. 3, plate XXVI, as also in plates XII and XV of 
the above-mentioned work. The other extremity of the bone 
has not been found in position, but, by placing a well-formed 
bone in position, this extremity is found to approach or meet 
the rounded, conspicuous pit on either side of the base of the 
presphenoid, at the anterior end of the sphenoid, and here ia 
doubtless where it belongs. The bone, as seen in the enlarged 
figure, terminates below in a cylindrical and truncated ex- 
tremity, which is either flat or cupped. The other extremity is 
broad and flattened, with a transverse, curved sutural surface, 
for lodgment in the frontal pits. The posterior border is 
deeply concave ; the anterior border convex and subangulated 
near the middle. The inner surface is more flattened than the 
outer (the one shown in the figure) . The two bones lie parallel 
with each other, almost touching, with only a narrow space be- 
tween them above for the passage of the olfactory bulb. 

Because of this attachment to the frontal bone, it would seem 
certain that the bone is the orbitosphenoid and not the ali- 
sphenoid, especially so if the lower attachment is, as I believe 
it to be, in front of the optic foramen. However, the same or a 
similar bone is found among some lizards, though less com- 
pletely ossified, and with feeble or no attachments. It is called 
by Cope the "postoptic,** provisionally : 

**The membranous wall of the brain-case anterior to the 
petrosal contains an ossification which is of uncertain homol- 
ogy. It reaches or approaches by its superior extremity the 
frontal, and might hence be supposed to be the orbitosphenoid, 
but this homology is vitiated by the fact that its inferior portion 
passes behind the optic foramen. The latter position is that of 
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the alisphenoid, and so the bone is named by Parker. (Trans. 
Roy. Soc, 1879, p. 615.) But there is another element, the 
€pipterygoid, posterior to it, and immediately anterior to the 
petrosal, which has been supposed to be the true alisphenoid.^ 
Leaving this question, and adopting for the bone in question the 
provisional name of postoptic, I remark that it is typically 
triradiate, sending two branches up and one downward," etc.* 

In one or two instances I have seen a slender rod of bone in 
Ciidaates, which I have thought to be the epipterygoid, but I 
have never been sure. Marsh' described the epipterygoid as a 
rod of bone in Platecarpus, and Osborn also identified it as a 
flattened rod in Tylosaurus. It is strange, however, that it does 
not appear more frequently in the many skulls of these animals 
discovered in the Kansas Cretaceous. 

Lying by the side of an excellent skull of Clidasies tortor in 
the museum there is a slender rod, with a sharply truncated 
extremity, whose position in the skeleton I do not know, unless 
it belongs in the hyoidean apparatus. It is too large and too 
long to be an epipterygoid. The bone is cylindrical, gradually 
tapering, with the truncated surface oval. 

Platecarpus Species from North Dakota. 

In plate XIII is shown an ischium and some paddle bones of 
a species of Platecarpus^ recently sent me for examination by 
Professor Sardeson of the University of Minnesota. The bones 
were obtained from near Milton, in the northeastern part of 
North Dakota, enclosed in a blue shale very much like that of 
western Kansas. Associated with the specimen were others of 
HesperoriiiSf etc., all evidently belonging to the upper part of 
the Niobrara Cretaceous. The present specimen differs from 
any species of Platecarpus that I know, in the shape of certain 
bones, and indicates a distinct species. But I do not know all 
the species that have been described from the Kansas Cretaceous 
in this genus, and will leave its determination until further in- 
formation is forthcoming. 

The following notes were made by me after an examination 
of the type specimens at the Yale museum, two years ago ; I 

1. This is, howoTer, contested by Baar, because of the presence of both the olisphenoid and 
epipterygoid in tiphenodon, 

2. Cope. An. Rep. U. S. Nat. Mas. for 180S. p. 187. 

3. Marsh, Amer. Joam. Sci. 
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have to thank Professor Beecher for permission to examine 
them : 

Lestosaurus gracilis Marsh. The type consists of fragments of 
the skull and cervical vertebrae. The vertebrae show much 
compression, as do also the bones of the skull. The fragment 
of the parietal is normal, the opening rather large. Quadrate 
somewhat distorted. The specimen is a little smaller than 
usual. It is apparently identical with Platecarpiis coryphseus. 
No. 1264. Three miles east of Fort Wallace, north side of 
Smoky Hill river, August 31, 1871. 

Lestosauriis simus Marsh (Platecarpus ictericva). No. 1352. 
Seventeen miles east of Fort Wallace, south side of Smoky 
Hill, in blue shale, July 26, 1871. 

Rhinosaurtis micromvs Marsh. South side of Smoky Hill 
river, November 2, 1872. 

Edesiosaurus dispar Marsh. North fork (?) Smoky Hill river. 

Edestosaunia velox Marsh. ** Fossil from Sheridan, Kan., col- 
lected by Savage, November, 1870.'' Marsh's handwriting. 

Edestosaurus rex Mhvsh. Three miles southeast of Fort Wal- 
lace, eight feet below top of blue shale, July 10. Is Clidastes 
tortor. 

Lestosaurus felix Marsh. Fourteen miles east of Fort Wallace, 
July 15, E. S. Lane. Is Platecarpus coryphseus, apparently,, 
though the sides of the frontal bone show only a moderate emar- 
gi nation. 

Hadrosaurus agilis Marsh. Twenty-six miles east of Fort 
Wallace, north side of Smoky Hill river. Is from the Nio- 
brara, the bones showing the characteristic compression. 

Dr. M. Janischewsky * figures and describes a bone which 
he believes to be a mosasaur coracoid from **den untertertiaeren 
Ablagerungen des Gouv. Saratow." I regret my inability to 
read the Russian text of his article, but, from the resume and 
the figures, I hardly think the bone can pertain to a mosasaur. 
The size would be enormous for a mosasaur — fully twice that of 
any known species. Though incomplete, the shape of the bone 
is somewhat unlike that of any mosasaur coracoid known, 
though the resemblance is evident. It seems to be a reptilian 

4. Iq Ann. Geol. at Min. da la Basse, t, p. 94, 1902. 
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<;oracoid, and its discovery in the **grunlich grauen eocenen 
Olaukenitsande'' is remarkable. It apparently does not have the 
■characteristic coracoid foramen. Further information concern- 
ing this Tertiary animal will be looked forward to with interest. 
In conclusion, I desire to correct an error made by myself. 
That which I considered the nuchal fringe in the mosasaurs is 
evidently only the slender cartilaginous rings of the trachea, 
first described and figured by Professor Osborn. I have no ex- 
<;use to make for the mistake, which I recognized when too late 
to correct. 



Explanation of Plates XII nnd XIII. 

Plate XII. Upper figure — Part of hind paddle of Platecarptis coryphanu 
■Cope, in matrix one; natural size. Lower figure — Part of front paddle of 
Clidaates atenopa Cope. 

Plate XIII. Ischium and part of hind paddle of Platecarpus sp., from 
Milton, N. Dak. 
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ON CERTAIN HOMOPLASTIO OHARAOTERS IN AQUATIO 

AIR-BREATHING VERTEBRATES. 

BY 8. W. WILLISTON. 

In the endeavor to reach more satisfactory conclusions re- 
garding the life habits of the plesiosaurs, the following article 
was written nearly a year ago, since which time I have received 
the very interesting and valuable paper by Professor Fraas on 
the thalattosuchian crocodiles,^ in which I was pleased to find 
a similar discussion, in large part anticipating what I have to 
say here. I venture to publish my observations as extending 
and corroborating his statements, and have added further de- 
tails gathered from his paper — details bearing materially on 
the subject-matter. 

Among living and extinct vertebrates there are at least six 
more or less unrelated groups which have become in part or 
entirely adapted from terrestrial tp aquatic existence — the 
cetaceans, sirenians, ichthyosaurs, plesiosaurs, and certain 
crocodiles, to which might be added certain testudinates and 
rhynchocephalians. The pinniped carnivores show a much less 
complete transformation from the terrestrial carnassidentia, and 
are of interest here chiefly by reason of the modifications which 
the limbs have undergone. 

The many structural and phylogenetic differences which these 
diverse orders present render their many ** convergent'' or 
homoplastic features of peculiar interest. These features may 
be for the most part explained by a progressive adaptation to 
environment. Wherever food habits and environment have 
concurred the homomorphic results have often been striking. 
In other forms, however, where the food habits have been 
dissimilar, modifications have occurred. And it is in these 
modifications that I have sought some hints as to the probable 
habits of the plesiosaurs. The more important adaptive char- 
acters of these air-breathing vertebrates seem to be, the follow- 
ing. Of course they are not all concomitant, but they are all, 

1. Paleontographioa, xlix, p. 3, 1902. 
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I believe, the result of adaptive changes from terrestrial to 
aquatic life : 

Elongation of the head, with attenuation of the facial region. 

Elongation of trunk and tail, but especially of the latter, with 
progressive weakness of the zygapophysial articulations pos- 
teriorly. 

Shortening of the neck. 

The acquirement of a caudal fin. 

The presence of sclerotic plates. 

Recession of the external nares. 

Absence of sacrum and the obsolescence or absence of the 
sternum. 

Greater slenderness and small size or loss of the hind limbs. 

Broadening and shortening of the limb bones. 

Hyperphalangism and hyperdactylism. 

Smoothness of the skin. 

Sponginess of the bones of the skeleton, with a larger pro- 
portion of organic matter. 

Increase in number and decrease in size or loss of the teeth. 

In the fish-eating swimming vertebrate, speed and the ability 
to quickly change the direction of movement must be essential 
for the welfare of the individual. These have been obtained 
by such changes in the form of the body as decrease resistance 
to the water, and by the development of organs to give strong 
propulsion and rapid evolution. Propelling power may be fur- 
nished by large and strong paddles or flippers, but more effect- 
ive control and power are given by a long and flexible tail with 
a fin-like termination. In reality, it is found that, as the tail is 
large and powerful, the limbs, especially the hind ones, lose 
their propelling power and become organs of equilibration. 
A large tail and large paddles are not found together. When, as 
is sometimes the case, the tail is small, the hind limbs take on 
more the character of guiding or sculling organs than of oar- 
like paddles, as is probably the case in many pinnipeds. 

The elongation of the head and attenuation of the facial por- 
tion are best exemplified by the ichthyosaurs, some plesiosaurs, 
the semiaquatic gavial, and the more aquatic geosaurs, and 
perhaps, also, by some of the rhyncocephalians — all, probably, 
with like food habits. Among some of the odontoceti only is 
there an approach to the reptilian slenderness of the face ; an 



WILLISTON : AQUATIC AIR-BREATHING VERTEBRATES. 261 

example of such is the dolphin of the Ganges, a fish-eating 
cetacean. This type of head is best illustrated in the gar-pike, 
a surface-feeding fish, whose food consists almost exclusively 
of small fishes, which are caught by quick movements of the 
body and jaws rather than by rapid swimming. I doubt very 
much whether any of the reptiles before mentioned had the 
ability to move with any great degree of speed through the 
water. 

In the long-necked plesiosaurs the head is broader, Hatter, 
and less elongate, with the teeth larger and more unequal in size. 
In the mosasaurs the skull is larger, less elongate, though still 
of a distinctly elongate type^ especially in the more specialized 
forms, such as Tylosaurtis. The teeth are larger, are less firmly 
implanted in the jaws, and there are additional teeth upon the 
pterygoids, wanting in the other aquatic vertebrates. Further- 
more, the mandibles have a peculiar lateral articulation ; all of 
which characters indicate larger and more powerful prey. In- 
deed, remains of fishes of considerable size have been found in 
the fossilized stomach contents of these animals. 

Plesiosaurs, or at least some of the long-necked forms, had 
the strange habit of swallowing siliceous pebbles, sometimes of 
considerable size and in considerable quantities ; as many as a 
peck have been found among the remains of a single animal. 
Seals and crocodilies are said to have similar habits ; the reason 
therefor is hard to conjecture. These pebbles, moreover, were 
carried in the plesiosaur^s stomach until reduced to very small 
dimensions, indicating clearly the smallness of the pyloric 
orifice and the complete digestion of the food material. Oopro- 
lites, evidently of mosasaurs, are frequently found, with large, 
undigested fish bones, and fragments of fish bones, and sepia 
shells have been found in reputed ichthyosaurian coprolites. 

The posterior position of the external nares, not only in the 
cetaceans, but also in the ichthyosaurs, plesiosaurs and para- 
suchian "crocodiles," is doubtless due to environmental causes. 
In the mosasaurs the nares are large, but are located anteriorly, 
though not at the extremity of the snout. Why they should 
be so small and situated so far back in the ichthyosaurs, plesio- 
saurs and Belodon is not evident. 

In all the aquatic reptiles sclerotic plates are well developed. 
They are present in the plesiosaurs, a fact hitherto published, 

17-Kaa. Udit. Sci. BuU., No. 9, Vol. I. 
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though modern text-books still continue to affirm their absence 
in these reptiles. They doubtless furnished better protection 
for the eyes under varying pressure, and perhaps aided vision, 
both of which would indicate that these animals were in the 
habit of going to considerable depths. 

The shortening of the neck is carried to the extreme in the 
ichthyosaurs and cetaceans, the most specialized of aqtiatic air- 
breathing vertebrates. In the mosasaurs there has been a ma- 
terial reduction in the length of the neck and in the number of 
the vertebrae from the ancestral Dolichosaur-like squamate. A 
similar reduction in length and in number (seven) is also found 
in the thalattosuchian crocodiles, according to Fraas. Among 
the plesiosaurs there is extraordinary variability in the length 
of the neck and in the number of the vertebrae. In such forms 
as Elasmosaurus y from the Pierre Cretaceous, as many as forty 
vertebrae are credited to the cervical region, and the most of 
them of an elongated shape. In Dolichorhynchops, on the other 
hand, there are not more than twenty vertebrae in the same 
region, and all are very short. Both types may have been 
contemporaneous in the latter time of the plesiosaur's existence. 
How far the correlation of short neck and elongated skull ob- 
tains in this order I do not know, but I believe that such is the 
rule. I can conceive of no terrestrial form with so extraordinary 
a neck as have some of the plesiosaurs, and the conclusion is 
unavoidable that there has been an actual increase in the num- 
ber, even as it is certain that there has been an increase in the 
number of vertebrae in the more modern snakes. It is also evi- 
dent that there has been a decrease in number from the long- 
necked to the short-necked plesiosaurs. Perhaps in no other 
order of vertebrates has there been such great variability in the 
number of cervical vertebrae as in the plesiosaurs. 

The elongation of the trunk is constant in the more special- 
ized aquatic types, and there is in such a progressive weakness 
or obsolescence of the zygapophysial articulations posteriorly, 
giving greater freedom of movement laterally. The elongation 
of the tail and the development of a distal fin are correlated 
with the weakness or absence of the hind limbs, as fins or pad- 
dles. In the mammals the fin is placed horizontally, more for 
the purpose of deep-sea diving than for speed or quickness of 
evolution, which are needed in but few of these animals. In 



WILLISTON : AQUATIC AIR-BREATHING V£RTBBRATBS. 263 

Ichthyosaurus and Oeosaurus the downward curvature of the 
distal caudal vertebrae gave support to the lower side of the 
caudal fin. In the mosasurs the tail is not decurved, and the 
dilatation was evidently not terminal but along the distal part. 
In the plesiosaurs the tail is never greatly elongated, and in 
some was probably short. There was, however, a terminal, fin- 
like dilatation, and, in some forms at least, the distal caudal 
vertebrae were curved upward. 

The tendency toward a metamorphosis of the ambulatory into 
natatory, limbs is constant ; it is always more pronounced in the 
anterior than in the posterior extremities. In the cetaceans and 
sirenians the hind limbs have disappeared entirely in the living 
forms, though the earlier, extinct sirenians were also provided 
with hind extremities. In the ichthyosaurs the hind limbs 
are always decidedly smaller than are the front ones, while in 
the mosasaurs a similar, though less pronounced, weakening of 
the hind limbs is evident, particularly in the more specialized 
groups like the Tylosaurinao. Among the plesiosaurs the hind 
extremities are always powerful and well developed, though in 
all the forms known to me they are less powerful than the front 
ones. Here the relative shortness of the tail has imposed a dis- 
tinct propelling or sculling function upon the hind limbs, as is 
the case to a much greater degree among some of the pinnipeds. 
In Geosatirus, on the contrary, the hind limbs are larger than 
the fore limbs, while the tail is elongated and provided with a 
terminal fin, evidently of no small size. But these legs in 
Oeosaurus were distinctly ambulatory and of little use in the 
water ; they were doubtless carried close to the tail in swim- 
ming, as in the partly metamorphosed tadpole. 

Hyperphalangism is best exhibited in the cetaceans, ichthyo- 
sauria, and plesiosauria ; and in the ichthyosaurs there is hy- 
perdactylism also. With our present knowledge, it would seem 
remarkable that serious argument was needed to controvert 
Gegenbaur's views as to the ichthyic affinities of the paddles in 
these animals. Among the mosasaurs hyperphalangism is more 
pronounced in the more specialized Tylosaurus than in the other 
groups. While in Mosasaurus the fifth digit has been lost in the 
hind foot, and in other forms is reduced in size, inherited terres- 
trial characters, in Tylosaurus the fifth toe has become greatly 
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elongated, and its phalanges increased in number commensurate 
with those of the other digits. 

With hyperphalangism has occurred also a shortening of the 
limb bones, especially those of the front pair, which are the first 
to show natatorial characters. There has also occurred a re- 
striction of articular movement, with imperfect joints. Those 
ichthyosaurs {Mijrosaurvs) and plesiosaurs (Plesiosaurus) which 
have preserved an elongated form of the epipodial bones are 
clearly more generalized than those in which the bones have 
become mere polygonal platelets, a contestation long ago made 
by Baur in support of the terrestrial derivation of the ichthyo- 
saurs. Concurrent with such changes is the presence often of 
three or even four elements in the epipodial series. The at- 
tempt to correlate these with mesopodial elements of the ter- 
restrial vertebrate is, I believe, futile. Accessory, sesamoid, 
mesopodial, or whatever they may be called, they are in reality 
new growths, like the sixth and seventh digits of the ichthyosaur 
paddle, or the supernumerary digits of the human hand or foot, 
and not misplaced carpals and tarsals. It would not surprise 
me greatly to learn of plesiosaurs with additional digits. 

In Geosaurus there is a distinct beginning of the aquatic pad- 
dle in the fore limb, although there is scarcely any change from 
the ambulatory limb behind. As an example of a stage through 
which probably all other aquatic vertebrates have passed, the 
thalattosuchia are very instructive. In those aquatic lizards, 
the mosasauria, we find a more advanced stage, with shortening 
of the bones and hyperphalangism more or less pronounced, but 
the widely spreading digits, the relatively large size of the hind 
limbs, the presence of a sternum in the more generalized forms 
at least, and the less elongated head, are all indications of a 
lesser specialized stage than is seen in the cetaceans, ichthyo- 
sauria, and plesiosauria. 

In the cetacea and sirenia, the sternum, though reduced, is 
not entirely lost, nor is it lost in the mosasaurs, at least in the 
more generalized groups. It has not suffered in the aquatic 
crocodiles, but in the ichthyosaurs and plesiosaurs it has van- 
ished utterly. The sacrum is wanting in all the true aquatic 
types. No longer needed for the support of the body in am- 
bulation, the united vertebra^, with rigid or close union with 
the ilium, must have interfered with free movements of the 
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body, and its loss was to be expected In Geosaurus, with its 
ambulatory hind limbs, the sacrum has not disappeared. The 
ilium, where present, is small, merely a connecting rod, united 
by ligament to some transverse process. In the mosasaurs it is 
directed forward from the acetabulum ; in the plesiosaurs, on 
the contrary, its position is upward and backward. 

Why the pectoral and pelvic girdles should have been so re- 
markably developed on the under side of the body in the 
plesiosaurs is not clear, forming, as they do, a nearly complete, 
convex, bony armor on the under side of the trunk, supple- 
mented by the abdominal ribs. In the ichthyosaurs, with the 
less broad expansion of their girdles, the more numerous ventral 
ribs may have served a similar end. Abdominal ribs are found 
in the crocodiles, but there are none in the mosasaurs. 

It is a remarkable fact that in all aquatic vertebrates, except 
the bottom-feeding sirenia, and the ichthyosaurs, of which I can 
get no information, the bones of the skeleton have become more 
cancellated and spongy. The oily character of the pinniped 
bones is well known, as also the great sponginess of the ceta- 
cean bones. Among the plesiosaurs a similar soft and friable 
structure of the bones is painfully evident, and in the mosasaurs 
there is a very distinctly greater softness and sponginess of the 
bones in the more specialized types. 

Nakedness of the skin is of course to be expected among 
swimming animals ; hair has almost disappeared in the mam- 
mals, and scales or plates in the reptiles ; in the mosasaurs 
alone scales are still persistent, but they are relatively small 
and smooth. 

It is very evident that the plesiosaurs were not quick-swim- 
ming animals ; the body was relatively broad, flat, and thick- 
set, very unfish-like in form ; the paddles were small as compared 
with the size of the body, and the tail was not of sufficient ca- 
pacity to compensate for their incapacity. The more or less 
elongated neck — for in none was the neck short in the sense of 
the ichthyosaurs — did not give any advantages in movement. 
The movements of these animals must have been more like those 
of the turtles than of the mosasaurs or crocodiles. The head 
was relatively small, and the narrow gullet, between unyield- 
ing bones, permitted the deglutition of small animals only — very 
small indeed as compared with the size of the body. The 
spongy structure of the bones clearly indicates that they were 
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not bottom feeders, like the sirenians. At the same time they 
must have traveled or migrated long distances in the water. 
The siliceous pebbles, so often found with their remains in the 
Kansas chalk, could only have been obtained hundreds of miles 
away, for they are absolutely unknown away from the remains 
of these animals. 

The ichthyosaurs are known to have fed upon cephalopods 
and other invertebrates, if the coprolites ascribed to them are 
really ichthyosaurian. I believe that the plesiosaurs, or many 
of them, fed largely upon such food, living along the shores in 
comparatively shallow water, and were not accustomed to go to 
considerable depths ; that is, they lived for the most part near 
the surface of the water. Evidence presented by Seeley years 
ago seems to indicate that they were viviparous in habit like the 
ichthyosaurs, though such evidence has not been forthcoming in 
America. It is a singular fact that embryonic propodial bones of 
plesiosaurs are not at all rare in the Kansas chalk. There are 
five such bones in the Kansas museum collection, and I have 
seen perhaps a score of others. These bones are always found 
isolated, and were for along time very problematical. In some, 
the peculiar epiphysial structure is beautifully shown. In all, 
there are several foramina perforating the middle, with a groove 
leading therefrom corresponding to the ent- or ectepicondylar 
groove of the testudinates and mosasaurs. The conical 'epiphy- 
ses' terminate at these canals. 

" Entsprachen die soeben gegebenen Ausf tihrungen den Tbatsaohen, 
so kann man sich die Plesiosaurier auch nicht Iftnger als auf der 
Oberfftohe des Meeres, etwa wie Sohuimmvogel lebende Geschopte 
vorstallan, sondem sie haben, wie die Ichthysaurier, unter der Ober- 
flache im Meera gelebt."'^ 

This conclusion of Dames I have no doubt is correct. His 
restoration (1. c, p. 79), I believe, is somewhat faulty in the 
two angular caudal expansions and in the pedunculation of the 
limbs. I believe the latter were broader proximally, as was 
certainly the case in both the ichthyosaurs and mosasaurs. 

It is evident from the great variations in form among the 
plesiosaurs that they varied not a little in habits. Though ex- 
ceeding in size the largest mosasaurs, I do not think that they 
were ever a match for them in prowess or voracity. Like the 
gavials, they were comparatively harmless creatures. 

2. Damei, Abh. Konicl, Preoas. Akad. B. WiaMoach.* 1800, p. 79. 
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SOME NEW AMERICAN SPECIES OF CYCLUS FROM THE 

COAL MEASURES. 

BY AUSTIN F. RCXiERS. 
With Plate XIV. 

The xiphosuran genus Cyelus, founded upon Agnostus f radialia 
Phillips, by De Koninck, in 1841, is now represented by fourteen 
European species — eleven from the Coal Measures of Great Britain, 
(one species of which is also known from Belgium), one from the 
Permian of Sicily, and two from the Muschelkalk (Triassic) of Ger- 
many. A single American species, C. americanus Packard, has been 
described from the Lower Coal Measures of Mazon creek, Illinois, 
and as far as can be learned this is the only occurrence mentioned of 
the genus in this country. 

During the past few years the writer has collected from the Upper 
Coal Measure limestones of western Missouri and eastern Kansas a 
considerable number of specimens of this interesting genus which are 
referred to five new species herein described. They occur for the 
most part in the lohi limestone* at Kansas City, Mo., associated with 
typical Coal Measure fossils, f 

Of especial interest is the discovery of the compound eye in Cyclus, 
This I have found in several specimens of one of the species, Cf/clus 
rofnmunis, n. sp., postea. It is rather large, oval or elliptical in shape, 
and is situated near the anterior lateral border (see figure la). In 
one specimen the facets are, with the aid of a compound microscope, 
plainly seen to be hexagonal in outline and greatly resembling those 
of a trilobite. The simple eye (sometimes stalked) has been noted 
by Woodward and other observers, but as far as can be learned this 
is the first mention of a compound eye. 

*No. 98, Broadhead's Gen. Sect. Coal Meas. Rocks of Missouri. 

fFor a full list of the fossils of this limestone, see a paper by the author, "Coal Measure 
Fauoal Studies, I," this journal, yol. IX, pp. 245-247, 1900. 

(269) 
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Generic Diagnosis of Cyclus De Koninck, 1841. 

Cephalothprax small, disk-shaped to subhemispherical, bilaterally 
symmetrical, usually with a median ridge posterioriy, circular to el- 
liptical or oval in outline; ornamentation consisting of lobes, ribs, 
"forks," or nodes, often with granules occupying more or less of the 
surface of the carapace; border entire, or with posterior projection or 
indentation; margin usually present, varying in width and character; 
compound eyes oval, situated at the antero-lateral border, much re- 
sembling those of a trilobite; appendages nearly as in those of embr}'- 
onic Limulus. 

Cyclus commimis, n. sp. Plate XIV, figs. 1, la. 

Carapace subhemispherical, circular in outline. Lateral profile 
view a semioval, the highest point being a little back of the center 
of the carapace. Border entire, with a narrow, nearly vertical margin, 
which is separated from the main part of the carapace by a shallow 
furrow. A narrow, inconspicuous median ridge extends from the 
posterior margin to the center of the carapace. On each side of its 
anterior half is a narrow furrow, each of which on reaching the end 
of the ridge continues in an antero-lateral direction for a short dis- 
tance and then again becomes parallel to the median ridge. The di- 
verging furrows thus form a polygonal area, open anteriorly. Within 
this area are situated three inconspicuous very slight elevations, which 
are symmetrically disposed with reference to the median line of the 
carapace, a single unpaired one posterior to the paired anterior ones, 
all approximately equal in size. The surface of the carapace is 
thickly covered with rather coarse granulations, with the exception 
of the anterior portion, which is almost smooth. In one specimen 
the coarse granulations and their interspaces are occupied by still 
finer granulations. On the antero-lateral border is a prominent oval 
or elliptical-shaped compound eye with distinct facets. 

Measoremeats. Eudora specimen. Kansai City ■peeimeQ. 

Length 6 mm 4} mm. 

Width 6 mm 4} mm. 

Height 2i mm 2J mm. 

Width of margin J mm. 

Compound eye i mm. X i nun. 

Position and locality : Upper Coal Measures, lola limestone, Kan- 
sas City, Mo.; Lower Gamett limestone,* Eudora, Douglas county, 
Kansas. Many specimens. 

This species resembles in several respects C, jonesianvtS H. Woodw. 
but presents the following differences : It is a little smaller; is cir- 
cular in outline instead of elliptical ; the anterior part of the carapace 

*For tlie otlier fossils occarrinir in this limestone, see paper by the author, 1. c. 
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is smooth, and the granulations are more prominent than in C, jonesi- 
anus, 

C. communu is much more abundant than the other species here 
described, though good specimens are rare. About eighty speci- 
mens, most of them very imperfect, were obtained from the lola 
limestone, whereas from only one to three specimens of the other 
species were obtained. Some of the specimens arc quite small and 
not nearly so tumid as the types. These may possibly represent 
another species, but it is more probable that they are young or stunted 
forms. 

Cyclus packardi, n. sp. Plate XIV, figs. 2, 2o. 

Carapace rather flat, decidedly shield-like, transversely subellip- 
tical in outline. The edge of the carapace is concealed by the matrix, 
so that it cannot be said whether or not a margin is present. A well- 
defined median ridge reaches from the posterior border to the center 
of the carapace, where it expands into a small subcircular promi- 
nence, with a slight horizontal carina. Directly in front of the expan- 
sion is a quinquelobate prominence, consisting of a median anterior 
lobe and two paired posterior ones. Of these lobes, the middle or an- 
terior paired ones are the largest and project laterally over the others. 
The posterior pair are occupied with several transverse ribs. Arising 
on each side of the median ridge, near its middle, is a ridge extend- 
ing toward the an tero- lateral border, where it expands to form a promi- 
nent oval-shaped lobe. Distad of this last-mentioned ridge and sep- 
arated from it by a narrow furrow is a sharp, narrow ridge also 
extending antero-laterally, but after a short distance it curves for- 
ward, crossing the other ridge, and then expands to form a subtriangu- 
lar lobe, which is but a short distance from the lateral surface of the 
quinquelobate prominence. These ridges are the "inner fork" and 
"outer fork" of Reed.* 

The more elevated parts of the carapace, with the exception of the 
quinquelobate prominence and the median ridge, are covered with 
small tubercles which are sometimes rather prominent. 

Measaroment. Largest specimen. Smallest specimen. 

Length 7J-f mm 5J mm. 

Breadth 11 mm 8 mm. 

Height (cannot be determined.) 

Position and locality : Upper Coal Measures, lola limestone, 
Kansas City, Mo. Three specimens. 

(7. packardi does not resemble any other described species of the 
genus. In the disposition of the "inner" and "outer forks" it is a 

•Oeoi. Mag., vol. X, p. 64, 1^93. 
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little like C. woodwardi Reed, but the ribs on the latter species give 
it an entirely different appearance. The lobes on the anterior part of 
the carapace are quite different in number and character. 

Cyclus permarginatus, n. sp. Plate XIV, fig. 3. 

Carapace rather flat, disk-shaped, subcircular in outline, with a 
wide margin. A faint, interrupted median ridge extends along in a 
shallow furrow from the posterior border to a point near the center 
of the carapace. At the latter point the furrow divides dichotomously 
and the branches proceed in an antero-lateral direction, the whole 
forming an indistinct, Y-shaped depression. On each side of the 
median ridge or furrow are situated six or seven ribs reaching to the 
margin. The posterior ribs have an oblique direction, and are more 
prominent than the anterior ones, which can scarcely be recognized 
except near the border. 

The anterior surface of the carapace bears several slight elevations, 
but nothing definite concerning them can be made out. A wide, flat, 
smooth margin extends around the lateral and posterior borders. The 
anterior border is hidden by the matrix. Only small portions of the 
outside surface remain. It is apparently occupied by small pits. 

Measurements: Length,? mm. + ; width, 8 mm.; height, 1.5 mm.; 
width of margin, 1 mm. 

Position and locality : Upper Coal Measures, lola limestone, Kan- 
sas City, Mo. Two specimens. 

The margin of this species is relatively wider than that of any 
other described species of the genus. It is more like C. americanua 
Packard than any of the other species herein described, but that 
species is larger, its margin is narrower, and it is apparently not 
ribbed. 

The radiating ribs give our species an appearance somewhat like 
that of C. radialis Phillips, but it is flatter than that species, and its 
ribs are not nearly so prominent. There is no flattened margin in C, 
radialiH. C. permarginatus bears some resemblance to a specimen 
from Ayrshire, figured by Woodward* and referred by him to C. radi- 
alis. He states that the specimen is imperfect around the border. 
If we add a border of one millimeter, the measurements will be quite 
near those of our species, but as no profile view is given its height 
cannot be judged. At any rate, our species is not (7. radialis. 

C. harknessi H. Woodw. and C. 700odwardi Reed are also ribbed, 
but the prominent lobes on those species give them an aspect entirely 
different from that of our species. Moreover, they are quite gibbous. 
There is also some resemblance to C.johnsoni H. Woodw., but there 

* Geol. Mag., pi. XV, flg. 2 ( opposite p. 530 ), '1894. Measurements : Length, 6 mm. ; breadth, 
5 mm. 
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are no ribs, and the margin is not as wide as it is in our species. Be- 
sides, in our species the margin is not separated from the body of the 
carapace by a furrow. 

Cyclus limbatus, n. sp. Plate XIV, fig. 4. 

Carapace flat, disk-shaped, short transversely elliptical in outline. 
Margin quite narrow, with a fringe of slender spines which vary in 
size and length. About twelve can be counted on one side of the 
carapace, but this does not include the anterior border which is par- 
tially embedded in the matrix. The spines are flat and pointed at the 
end. The largest and longest one occurs at the middle of the lateral 
border. There is a slight posterior median projection of the carapace, 
and from the appearance it seems that a spine was broken oflf here. 
If such be the case we have here in Cyclus the embryotype of Limu- 
lu8, suggestions of some of the characters of the latter genus, namely, 
the telson and the genal spines. 

The ornamentation of the carapace consists of a series of small, in- 
conspicuous nodes surrounding the posterolateral borders. Centrad 
of these is another row, made up of ill-defined elongate nodes slightly 
larger than the last- mentioned ones. Next is a pair of low ridges or 
a *'fork," near the anterior end of each of which is a rather large oval 
lobe, perhaps the most conspicuous feature of the carapace. At the 
anterior border, near its middle, there is on each side a smaller lobe, 
and in the V-shaped space, between these and the fork, are several 
very inconspicuous elevations. 

Measurements: Length, 3 mm.; width, 3.5 mm.; height, 0.75 mm.; 
length of longest spine, 0.5 mm. 

Position and locality: Upper Coal Measures, lola limestone, Kan- 
sas City, Mo. One specimen. 

This species is unique in the possession of a fringed margin. 

Cyclus minutus, n. sp. Plate XIV, fig. 5. 

Carapace very small, longitudinally elliptical in outline, rather flat, 
and apparently without a margin. A narrow, rather sharp median 
ridge extends from the posterior border nearly one-half the length of 
the carapace. Distad of the anterior part of the median ridge there 
are on each side two other ridges wider than the median one. There 
the "inner fork" and the "outer fork" of Reed and their expanded 
anterior ends are much like those of C. packardi, n. sp., antea (the 
description of which see). Partly enclosed by the inner fork and in 
front of the median ridge are slightly elevated nodes, a posterior 
median one and two paired anterior ones. Around the anterior border 
are three inconspicuous nodes smaller than those just mentioned. 
There is a median anterior one and two paired posterior ones. 
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Measurements : Length, 1.8 mm.; width, 1.25 mm.; height, 0.5 mm. 

Position and locality: Upper Coal Measures, Tola limestone, 
Kansas City, Mo. Three specimens. 

This is the smallest described species of the genus. In some re- 
spects it resembles C, packardi, n. sp., antea, and may possibly be a 
young form of that species. But in the absence of intermediate 
forms, and as the specimens seem to be perfectly formed, it is desig- 
nated as a distinct species. 

Our species also resembles C. jonesianus H. Woodw., but it is 
much smaller, less tumid, the arrangement of the anterior lobes is 
diflferent, and the furrow separating the inner and outer forks is much 
more prominent. 

Analytic Key to the American Species of the Gtenus Cycltis. 

1. With ribs. Wide, flat margin permarginatus. 

Without ribs 2 

2. Circular or euboircular in outline 3 

Transversely elliptical in outline 4 

Longitudinally elliptical in outline, carapace very small minutua. 

3. Subhemispherical, with narrow, nearly vertical margin communia. 

Disk-shaped, with wide, horizontal margin americanuH, 

4. Carapace rather large, surface with lobes and small tubercles packardi. 

Carapace small ; surface with lobes but no tubercles; fringed 

margin Umbatus. 

Alphabetical List of Described Species of the Genus Cuclus^ with 

Synonomy. 

Cyclus agnotus von Meyer. 

Halicyne agnotus von Meyer, 1847. 
Cyclus agnotus H. Woodw., 1870. 

Cyclus americanus Packard. 

Cyclus americanus Packard, 1885, 1886. 

Cyclus bilobatus H. Woodw. 

Cyclus bilobatus H. Woodw., 1870, 1878. 

Cyclus harknessi H. Woodw. 

Cyclus harknessi H. Woodw., 1870, 1878. 

Cyclus Johnsoni H. Woodw. 

Cyclus J ohnsoni H. Woodw., 1894. 

Cyclus jonesianus H. Woodw. 

Cyclus Jonesianus H. Woodw., 1870, 1878, 1894. 

Cyclus lazus von Meyer. 

JIalicync laxus von Meyer, 1847. 
Cyclus laxus H. Woodw., 1870. 

Cyclus radialis Phillips. 

Agnostusf radialis Phillips, 1836. 

Cyclus radialis De Koninck, 1811, 1842; H. Woodw. and Salter, 1865; 
H. Woodw., 1868, 1870, 1894. 
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Cyclus rankini H. Woodw. 

Cyclus rankini H. Woodw., 1868, 1870, 1878. 

Cyclus reussi Gemmellaro. 

Paraproaopon reuaai Gemmellaro, 1880. 
Cyclus reussi Freeh, 1900. 

Cyclus scotti H. Woodw. 

Cyclus scotti H. Woodw., 1893, 1894. 

Cyclus testudo Peach. 

Cyclus testudo Peach, 1883; H. Woodw., 1894. 

Cyclus torosus H. Woodw. 

Cyclus torosus H. Woodw., 1870, 1878. 

Cyclus woodwardi Reed. 

Cyclus woodwardi Reed, 1893; H. Woodw., 1894. 

Cyclus wrighti H. Woodw. 

Cyclus wrighti H. Woodw., 1870, 1878. 
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Explanation of Plate. 

(The pointed end of the arrows on the plate indicates the anterior ends of the carapace.) 

Fig. 1. Ctjclus communis Rogers. 

1. Dorsal view of carapace. X 6. 

la. Profile view of carapace ( diagrammatic), showing position of facetted 
eye and slight groove separating margin from carapace proper. X 7. 
Fig. 2. Ci/clus packardi Rogers. 

2. Dorsal view of carapace. V 3. 

2a, ;Dorsal view of portion of carapace of another specimen, showing 
surface detail ; the broken parts of the carapace overlap. X 6. 
Fk;. 3. (\i/ehf*t permarg hiatus Rogers, 

3. Dorsal view of carapace. > 6. 
Fig. 4. Cji/chts linibatus Rogers. 

4. Dorsal view of carapace, y 7. 
Fk;. 5. Cyrlun minttfus Rogers. 

5. Dorsal view of carapace, v 7. 
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COLLINEATIONS OF SPACE WHICH LEAVE INVAEIANT 

A QUADEIC SUEFACE. 

BY HELEN B. BREWSTER. 

1. In an article published in the "Annals of Mathematics/' second 
series, Vol. II, No. 4. Dr. Ruth G. Wood has discussed "CoUineations 
of Space which Transform a Non-degenerate Quadric Surface into 
Itself." In his "Theorie der Transformationsgruppen," Vol. Ill, pp. 
251-254, Lie has given a table of groups of transformations having 
the above property, these groups having been developed analytically. 
Prof. H. B. Newson has developed a theory of collineations of space, 
his work being synthetical. 

The object of this paper is to follow the last-named method, and 
thereby determine a table of all groups of collineations of space 
which leave invariant a non-degenerate quadric surface. This method 
has been found to admit more thorough classification than that of 
Doctor Wood. 

An acquaintance of the reader with Professor Newson's work has 
been assumed, the language used being practically in complete agree- 
ment with that of Newson's writings; but it has been found to be im- 
practicable to attempt the same symbolic notation. No effort has 
been made to repeat proofs given by Newson, and references to his 
paper are frequent. My sincere thanks are due to Professor Newson 
for the careful consideration he has given this work and the time he 
has spent in the correction of errors. 

A close reading of the following table of symbols will obviate the 
danger of vagueness in the language of the remaining work. The pre- 
exponent and subscript of a given group denote, respectively, the type 
and number of parameters of the group ; the invariant figure is de- 
noted by the symbols enclosed in the parentheses, while constants of 
the transformation are given as subscripts to the parentheses. Thus, 
^G8(lmF)a denotes a three-parameter group of type I, having for in- 

(281) 
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variant figure a quadric surface and one generator of each system on 
that surface, together with a constant relation between the cross- 
ratios of the one-dimensional transformations along these generators. 
We have indicated the various parts of the invariant figure as follows : 

T= transformation. 
®*G8ub = group of type (ex.); parameters (sub.) 

p = "Plftche," a non-degenerate quadric surface. 
1, r ; m, ra'. . . ; = generators of first and second systems of gen- 
erators on the surface, respectively. 
X ; /i, = all generators of first and second systems on the 

surface, respectively, 
n, n' = reciprocal polar lines with regard to the quadric. 

t, t' -= lines tangent to surface. 

I, m = lines of invariant points in their respective po- 
sitions as generators, etc. 
A, B, C, D = points on the surface. 

P = point without the surface, 
p = tangent plane at A to surface. 
s = polar plane to P with I'egard to surface. 
K, K'. . . . = conies on surface. 

^ = variation of the portion indicated as x. 
23 = contains. 

A.— Transformations of Six Types. Number and Groups. 

§1. Type XL 

2. Fundamental group, — If we consider the invariant figure of a 
transformation of space of type XI (Newson's classification), we find 
that this consists of a straight line, together with all pointa on, and 
all planes through, that line ; and a pencil of lines in each plane, the 
vertices of which are distinct, but all lying on the axis of the pencil of 
the invariant planes. These lines, then, form the generators of a sys- 
tem of quadric surfaces, on each of which are left invariant all the 
generators of one system, and the generator, common to all, of the 
other dyatem; therefore, also, the common tangent plane. In this 
work we shall choose one of the quadric surfaces and neglect any 
changes that may occur on th^^ other quadric surfaces of the system. 
This group we shall call ^^Gi(Z/i.F) — the only parameter being the 
constant of the parabolic, one-dimensional transformation along each 
of the generators of system /i. The one-dimensional transformation 
alonjjr I is identicnl. 

3. Number of transformation m, — Of these groups there are double 
infinity leaving invariant the chosen quadric surface, each group 
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leaving invariant, in addition, all the generators of one system and 
one generator of the other system ; i. e., there is one such group for 
each generator of the given quadric surface. Hence, there are 2 oo^ 
transformations of type XI, of space, leaving a quadric surface in- 
variant. 

4. No higher groups. — These 200^ transformations do not form a 
two-parameter^group ; for if we take the resultant of two transforma- 
tions, "T(Z/i-F) and "Ti(Zi/i.F), in which the invariant figure of the 
one differs from that of the other only in the position of the generator 
I, we have along each generator of the system /i two one-dimensional 
parabolic transformations without common invariant point, which 
generally do not result in a parabolic transformation ; hence, the re- 
sultant coUineation of space cannot be of type XI. Again, if we con- 
sider the only other possible combination, ^T(Z/iF) and *^Ti(mXF), 
one taken on each of the systems of. generators, along m we have 
identical and parabolic one-dimensional transformations whose re- 
sultant is parabolic ; along I we have again the resultant of identical 
and parabolic one-dimensional transformation, which, being parabolic, 
makes the resultant a coUineation of type XIII. 

Theorem. There are 2oc*^ transformations of space of type XI, 
skew elations, which leave invariant a given quadric surface, each one 
of which leaves also invariant all of one system, and one of the second 
system of generators. These 2 oc^ transformations form 2 oo^ one- 
parameter groups, one for each generator of the surface, but they do 
not combine to form two- parameter groups. 

§2. Type X. 

5. Fundamental group. — In the fundamental group of type X, the 
invariant figure consists of two non-intersecting lines and the con- 
gruence meeting those lines, i, e., a family of quadric surfaces, together 
with all the generators of one system on each surface, and two gen- 
erators of the other system which are common to all the surfaces of 
the family. One of this family of quadricswe shall choose as our in- 
variant surface. Therefore, from previous work,* we have a one- par- 
ameter group which we shall designate as ^®Gi(ZZVF)» neglecting all 
the surfaces of the system, save the one we call F. The one-dimen- 
sional transformations are identical along I and l\ and loxodromic 
along each of the generators of /a. 

6. Of these one-parameter groups we shall find 2 oc^, one for each 
pair of generators of the same system. Hence, there are 2 oo* trans- 
formations of space of type X which leave invariant a given quadric 

* This reference is to anpabliehed work by Professor Newson. 
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surface, each of which leaves also invariant all the generators of one 
system and two generators of the other. 

7. Higher groups, — Let us take the resultant of two transforma- 
tions, i^T(^Z>F) and ^^i(Z?iftF), in which the invariant figures are the 
same with the exception that V\ is a distinct generator from Z', though 
still of the same system. Along each of the generators I, V, V\ the re- 
sultant of two identical transformation is identical, while along each of 
the generators of ft, the resultant of two loxodromic transformations 
with one common invariant point is loxodromic. The remainder of 
the invariant figure is common and the resultant space collineation is 
of type X. The generator V lias been given one degree of freedom 
without destroying the group property. Therefore, there is a two- 
parameter group ^^GaCZftF) in which V varies over the invariant surface 
in the system X. 

Further, let us consider two transformations ^®T(WVF) and 
^^T(ZiZ'i/iiF), where I and I' are generators of the system X but distinct 
from Zi, V\. Each of these transformations leaves invariant every 
generator of /i, and must therefore transform each generator of A into 
another of the same system, ^. 6., changes a straight line cutting all the 
generators of /x into another straight line cutting all the generators of 
/x. The resultant of two loxodromic one-dimensional transformations 
is generally loxodromic. Moreover, since by each component the 
generators of X as a system remain unchanged, the resultant also 
leaves the system X unchanged, and the two new invariant lines are 
generators of the system X. Hence, the resultant space collineation 
is of type X, and we have established the group property for a three- 
parameter group, ^^GsCftF). 

Furthermore, it is readily seen that there can exist no other groups 
of type X which leave invariant a non-degenerate quadric surface. 

Theorem. There are 2 oc* transformations of space of type X which 
leave invariant a given quadric surface, each of which leaves also in- 
variant all generators of one and two generators of the other system 
on the surface. These combine to form one-, two- and three-para- 
meter groups but no groups of higher order. 

§3. Type IX. 

8. Fundamental group, — The fundamental invariant figure of type 
IX, third class, is a pencil of planes, a pencil of conies in each plane, 
together with a line of invariant points, and a pencil of invariant lines 
in one of the invariant planes. This can mean only a system of 
quadric surfaces to each of which the plane determined by the line 
of invariant points is a tangent. There are oc^ transformations which 
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leave this same figure invariant and form a one-parameter group. We 
shall choose as our invariant surface one of those quadrics which is 
tangent to p, the plane of the invariant points, and has this line as a 
tangent line. This group we call ^Gi(lmp^F). 

The generators 1 and m, in which the tangent plane cuts the 
quadric, are rays of the invariant pencil in that plane. Therefore, 
along each of them there is a parabolic transformation, differing from 
each other only by a constant factor. Moreover, these two generators 
are harmonically separated by the axis of the pencil of invariant 
points ; for, in the general case, two reciprocal polars with regard to a 
quadric surface are harmonically separated by that surface. But 
should those two polars, as a special case, intersect, they must do so 
in a tangent plane, and their point of intersection is on the surface. 
But the two axes referred to above form just this special case of re- 
ciprocal polars ; and the lines harmonically separating them are the 
generators cut from the quadric by the tangent plane. Hence, these 
two axes are harmonically separated by the two invariant generators of 
the surface. 

9. For each pair of generators we may have oc^ positions of the 
tangent line of invariant points, i, e., oc^ of the one-parameter groups 
just discussed. Hence, there are of space oo* coUineations of type IX 
which leave invariant a given quadric surface, each of which leaves 
also invariant one generator of each system on the quadric and a line 
of invariant points tangent to the quadric at the intersection of these 
two generators. 

10. Higher groups. — Consider next the resultant of two trans- 
formations ^T(lmp^F) and^Ti(lmp/iF), where t and t\ denote different 
positions of the line of invariant points in the tangent plane. Since 
the generators 1 and m are always to be harmonically divided by the 
axes of invariant planes and points, as t shifts in the tangent plane, 
the axis of the pencil of planes must shift correspondingly in the 
same plane. We have left in each case a system of quadrics through 
a point tangent to a given plane. Therefore, in each component, the 
quadric of which 1 and m are generators remains unchanged. The 
resultant space coUineation leaves invariant the given quadric and its 
two generators, a new pencil of planes, a new line of points, and is 
again of type IX. But the line t may take oo^ positions in the plane 
and through the given point. For each position there exists, as has 
been shown (art. 8), a one-parameter group leaving invariant a sys- 
tem of quadric surfaces. Each of these one-parameter groups has in 
common the quadric tangent to the invariant plane along 1 and m. 
Therefore, the resultant of two transformations ^T(lmp^F) and 
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'T(lmp^iF) is again of type IX, and we have established a two- 
parameter group whose symbol is ^G2(lmpF). 

For any given quadrio we have oc- such two-parameter groups, one 
group for each pair of generators chosen, one generator from each 
system. It may be easily shown that these do not combine to form 
three- or four-parameter groups. 

Theorem. There are oo* transformations of type IX which leave 
invariant a given quadric surface, each of which, in addition, leaves 
invariant one generator of each system and a line of invariant points 
through their intersection and in the plane thus determined. These 
combine to form one- and two-parameter groups, but not to form three- 
or four-parameter groups. 

§4. TypeVL 

11. Fundamental group, — The fundamental group of third class of 
type VI leaves invariant a pencil of planes, two points on the axis, a 
line of points cutting that pencil, and two planes through that line, 
together with a system of quadric surfaces. Of this system we choose 
one surface to which the two invariant axes will be reciprocal polars. 
We have then a one-parameter group, ^Gi(ll'mm'nF) = ^Gi(APpsnkF), 
for each line in space taken with its reciprocal polar. 

There are oo^ transformations of space of type VI having the re- 
quired property, oo^ for each line in space taken with its reciprocal 
polar with regard to the given quadric. 

13. Higher groups, — Take two transformations ^T(ll'mm'wF) and 
•Ti(irmm'iniF) as m' shifts along the quadric, always remaining a 
generator of the system /ii. The resultant has been shown to be 
•T2(irmm'2W2F), i.e., a transformation of type VI leaving the quadrio in- 
variant. Therefore, there exists a two- parameter group •G2(ll'mnF). 
In like manner the three-parameter group ^G8(lmnF) has been deter- 
mined, and it is readily seen that there can exist no three-parameter 
group *'G8(ir nF), and no groups of higher order. 

Next, considering again our one-parameter group ^Gi(APpsnF), 
allow the line of invariant points, n, to shift through P, the pole of an 
invariant plane, s, which cuts the surface, and to shift in a plane 
tangent to the surface. Let us examine the resultant of two trans- 
formations taken one from each of two one-parameter groups with 
different axes of invariant points. In the invariant tangent plane we 
have, as plane transformations, two perspective coUineations with com- 
mon vertex and intersecting axes of invariant points. These neces- 
sarily result in a perspective collineation having the same vertex and 
axis of invariant points through the intersection of the axes of the two 
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components. Other portions of the invariant figures of the two space 
collineations correspond, and hence it is readily seen that their re- 
sultant is of type VI, with a new line of invariant points still in the 
tangent plane and through the fixed point P. We have, then, a new 
two-parameter group *G2(APp8F). Again, letting the line of in- 
variant points vary through the invariant pole in space, we have a 
three-parameter group *G8(PsF) leaving invariant pole and polar 
plane with regard to the invariant surface. There are cx^ such three- 
parameter groups, one for each point in space. 

This would indicate cx^ transformations of type VI leaving invariant 
a quadric surface. But if we examine more closely, we see that all 
three- parameter groups whose poles are collinear contain one common 
Hjri(APpsnF). Hence, there are only oc* distinct one- parameter 
groups, or oo* distinct tmsformations of type VI, leaving a quadric in- 
variant, as before stated. 

Hence, there are of type VI two varieties of two- and two varie- 
ties of three- parameter groups, containing, in all, cx^ collineations of 
space which transform a quadric surface into itself. 

Theorem. There are oc* collineations of space of type VI leaving 
invariant a given quadric surface, each of which also leaves invariant 
two generators of each system on the surface, and a line of invariant 
points cutting the surface. These ex* collineations combine to form 
one-parameter groups, two varieties of two- and two varieties of three- 
parameter groups, but no groups of higher orders. 

§5. Type III. 

14. Fundamental group of first class. — The group G2(ABir)n of 
type III leaves invariant a family of quadric surfaces, and, in each, 
two generators of one and one generator of the other system.* In all 
of our work we take into consideration but one quadric surface, and 
shall therefore designate this group as ^G2(irmF). The one-dimen- 
sional transformations of this type are loxodromic along m, and 
parabolic along 1 and T, while the plane collineations are of type II in 
each of the invariant planes. 

15. Of these two-parameter groups in space we shall find cx^, since 
1, r and m have each one possible degree of freedom. Hence, there 
are ex** such collineations of type III. 

16. Higher groups. — If we consider the resultant of two trans- 
formations »T(ll'mF) and »Ti(ll'imF), along m the resultant of two 
loxodromic transformations with one common invariant point is 
loxodromic, along 1 the resultant of two parabolic transformations 

* Kansas University Qaarterly» yol. X, p. 9ft. 
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with common invariant point is parabolic. The resultant is of type 
III, and we have a three-parameter group 'GsClmF) established. If, 
however, we allow m to vary, along 1 and 1', the resultant of two 
parabolic transformations without common invariant point is in gen- 
eral loxodromic. Hence, we can have no group 'G8(ll'mF). 

Next consider »T(irmF) and »Ti(lirimF). Along m the resultant 
of two loxodromic, one-dimensional transformations without common 
invariant point is loxodromic, while along the new 1 and 1' the two 
parabolic transformations give a parabolic transformation. The en- 
tire resultant is of type III, and we have established the four-parameter 
group ^64(mF). 

The resultant of any two coUineations of type III, taken in more 
general position, is of type I. Therefore, there are no groups of 
higher orders. 

Theorem. There are of space oo* coUineations of type III which 
leave invariant a given quadric, and each of which leaves invariant, 
in addition, two generators of one and one of the other system on the 
surface. These coUineations combine to form two-, three- and four- 
parameter groups of the first class. 

17. Second class. — In the coUineations of our two-parameter group 
*'G2(irmF),let us assume the relation between the t along 1 and the 
k along m to be k= a\ where a is a constant ; and take the resultant 
of two transformations having different t's. Along 1 and 1' these com- 
bine by the law t2 = t+ti, and along m according to the law 
k2-^kki^=^aV' ^=a* + ^'. Therefore, the a of the resultant transforma- 
tion is the same as in each of its components. There is a one-param- 
eter subgroup of *G2(irmF) for each value of a, the symbol being 
»Gi(irraF)a. 

18. Higher groups. — Take two coUineations, 'T(irmF)a and 
*'Ti(irimF)a, and form their resultant. In the plane Im the plane 
transformations are of type II, and have in common two lines and their 
point of intersection. But this is the case in which the plane col- 
lineations with constant a combine according to the law t2=t+ ti. 
Hence, the resultant of the space transformations is of type III with 
constant a, and there is determined a group ^G2(lmF)a. It may be 
easily seen that there are no higher groups of type III of this class. 

Theorem. There are oo^ coUineations of type III which trans- 
form a given quadric surface into itself. These combine to form 
one- and two-parameter groups of the second class ; but there are no 
groups of this class of higher orders. 
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§6. Type 1. 

19. Fundamental group of first class, — The group GaC ABCD)r+ r' 
= 1, of type I, second class, leaves invariant a tetrahedron and a sys- 
tem of quadric surfaces, of which AC, BD, AD and BC are generators, 
while CD and AB are reciprocal polars.* The one-dimensional trans- 
formations are all loxodromic, while the plane transformations are of 
type I. Here, again, we concern ourselves with but one of the quadric 
surfaces, and shall therefore designate this group as ^G2(irmm'F). 
This group has as its independent parameters the cross-ratios k and W 
Hence, it is a two-parameter group and contains oo^ coUineations. 

There exists one such two-parameter group for each set of four 
generators, chosen two from each system on the quadric. Therefore, 
there are oc* coUineations of space of type I which leave a given 
quadric invariant. 

20. Higher groups, — Let us form the resultant of two transforma- 
tions ^T(irmm'F) and ^Ti(irmm'iF), where m' varies so as to remain 
always a generator of the system /i. 

Express the two tetrahedrons as ABCD and ABi CDi, respectively . 

Substituting the relation of cross-ratios necessary for the presence of 

an invariant quadric, .viz., r + r'=^l, we have our cross-ratios as 

follows : 

^T = AB BC CD DB AC AD, 

k k-' k^-i k^- k^-^ \J 



>Ti — ABi 


B,C 


CDi 


DiBi 


AC 


AD, 


k, 


ki- 


k,"-! 


k,'-' 


kii--- 


ki' 


IX, - IT . iTi - AB, 


B,C 


CDj 


DjBj 


AsC 


AsDj, 


k2 


k,-' 


W'' 


kji-' 


k»»-' 


k,' 



The above resultants are obtained as follows: Along AC, two 
loxodromic transformations with two common invariant points com- 
bine according to the law k2 = kki. Along ADa and AB^, where the 
transformations have but one common invariant point, the same law 
holds true. Moreover, through A, in the plane ADC, the loxodromic 
one-dimensional coUineations have two invariant rays in common, and 
hence, combine according to the above law, and along any line cutting 
that pencil of rays the new cross-ratio is \i<?^^. The two remaining 
cross-ratios may be determined by taking the product of cross-ratios 
around the various triangles, this product around any given triangle 
always equaling 1. From this it is readily seen that the group 
property holds throughout. Hence, there is a three-parameter group 
iG8(ll'mF). 

* Kansas University Qnarterly, vol. X, p. 38. 
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This method of proof is a very general one, and is made use of in 
showing the existence of higher groups of this class. There exist 
four such groups, ^G4(11'F), ^G4(lmF), ^G5(1F), and ^G^CF). The 
proof of the group property in these last cases is left to the reader. 

21. Oroupa of second class, — If, to the conditions already placed 
on the relations of cross-ratios in the preceding groups, we add that 
of a constant r, we obtain several new groups. 

The first of these is a one-parameter group ^Gi(irmm'F)r, whose 
existence as a subgroup of ^Galirmm'F) is evident.* The higher 
gl'oups are as easily shown, the existence or non-existence of the 
group depending upon the corresponding group of the plane.f The 
details of the work are omitted for the two remaining groups, 
iG2(lmF)rand^G8(lmF)r. 

Theorem. There are oo^ collineations of space of type I which 
leave invariant a given quadric surface, each of which, in addition, 
leaves invariant a pair of generators from each system on the quadric. 
These combine to form groups of two classes. Of the first class there 
are two-, three-, two varieties of four-, five- and six-parameter groups. 
Of the second class there are one-, two- and three-parameter groups, 
but none of the higher order. 

B.— Gombiuations of Various Types. 

§1. Type XI. 

22. The resultant of two transformations of the same type we have 
often found to be of a different type. We shall proceed next to ex- 
amine not only the resultant of two transformations of one type, but 
also the resultant of a coUineation of one type taken with one from 
each of the other types. Generally, this resultant is at once evident 
and will be stated without proof. 

The resultant of two transformations of type XI with common in- 
variant figure was shown to be of type XI. If, however, the invariant 
figures differ in the generators of the second system, the resultant 
one-dimensional transformation is not parabolic but loxodromic, and 
the space coUineation is of type X. 

Similarly, taken with different invariant systems of generators, the 
resultant is of type IX. 

^iT(Z/iF) +^T,(Z/iF) = ^^T2(ZftF) 

^^T(Z/iF) + ^iTi(Zi/iF) = i«T(WVF) 

i^T(Z/iF) + "Ti(mXF)=-«T(lm^F). 

* Kansas UaiTersity Quarterly, vol. X, p. 33. 

t American Jonrnal of Mathematics, vol. XXIV, No. 2, p. 131. 
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§2. Type X. 

23. For combinations with collineations of the same type in the 
case of type X, the work has been given, save that in which the in- 
variant systems are different. This evidently gives a collineation of 
type I. 

In combination with transformations of type XI, only one is worthy 
of special mention. ^^T{lPfiF) and ^*T(mXF) give along I and V 
the combination of identical and parabolic one-dimensional trans- 
formations, evidently a parabolic resultant, while along m the re- 
sultant of loxodromic and identical gives a loxodromic transforma- 
tion. The space collineation is of type III. 

The following statement is given for reference : 

^«T(Z^VF) + "T(Z/iF) = i^i(ZnftF) 
i«T(ZZVF)-f-"T(Zi/iF)=-^«Ti(W2ftF) 
i«T(ZZVF)+»T(7/iXF)r=8T(irmF). 

§3. Type IX. 

24. It is worthy of notice that a transformation of type IX, in com- 
bination with those of other types, may result in one of type III. 
The resultants of type I are not very frequent in this case. 

^(Imp^F) + ^i(lmp<F) =- »T2(lmp^F) 

^T(lmp^F) + ^Ti(lrap6F)--»T2(lmp^iF) 

^(lmp^F) + ''Ti(lmipi^iF)=-iT(iram2m'2F) 

»T(lmp<F) + ^Ti(limipi<iF) =r-. iTClal'amam'aF) 

»T(lmp^F) + i^T(l/itF)= »Ti(lmp/iF) 

«T(lmp<F) + "T(li/itF) = «T(l2l'2mF) 

'^TClmp^F) + ^«T(H>F)=-»T(ll'2mF) 

»T(lmp^F) + i^(lil'i/iF) = »T(l2l'2mF). 

§4. Type VI. 

25. The resultant of a transformation of type VI with another of the 
same type has been discussed. Combined with another of any other 
type, the resultant is easily seen to be always of type I, since no 
transformation of another type leaves invariant all points on a polar 
line, save a special transformation of type X, which will be treated 
under the head of singular transformations,* or when combined with 
one of type IX. This last case we will explain more fully. Take 
two transformations, *T(irmm'7iF) and ^T(rmp^F). On thequadrio 

* Art. 36. 
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surface the resultant transformation evidently leaves invariant the 
figure (Ul'mm's). In the plane of I'm we have the resultant of an 
elation and perspective collineation, the axis of the elation passing 
through the vertex of the prospective collineation. This is a per- 
spective collineation having the same vertex and axis as the first. 
The complete invariant figure of the space collineation is (lil'mim'nF), 
which is that of type VI. Taken in any other position, the two com- 
ponent transformations result in one of type I. 

§ 5. Type III. 

26. The combinations of type III, first class, are comparatively 
simple. But one thing is to be noted : the resultant of a transforma- 
tion with one of any other type is, in general, never anything other 
than type II or type I ; but type III may be combined with any other 
type to produce a transformation of type I. 



»T(ll'mF) + »Ti(ll'mF 

»T(ll'mF) + »Ti(ll'imF 

'T(ll'mF) + »Ti(lil'imF 

»T(ll'mF) -I- »Ti(lir,miF 

»T(ll'mF) + Ti(irmiF 

»T(ll'mF) + "TiCU'imiF 

»T(ll'mF) + "T(lAtF 

*T(ll'mF)4-»T{liMF 

''T(ll'mF) + »T(l»iXF 

«T(irmF) + "T<m'AF 

»T(ll'mF) + '»T(«'MF 

»T(ll'mF) + "T(ZZ'iAtF 

»T(ll'mF) + '°T(W'iMF 

«T(ll'mF) + i»T(m»i'XF 

'T(irmF) + '»T(7nim'AF 

"Tlll'mF) -f »T(lmpj:F 

»T(ll'mF) + »T(lmp<F 

»T(irmF)+»T(limpi<iF 



= »Tj(Il'mF) 
^»T,(ll'smF) 
--''T.!(ia'»mF) 
^ 'T(y'jmjm'2F) 
-->T(ll'm,m'jF) 
^>T(irsm2m'i,F) 
--'T,(ll'imF) 
--''Ti(y'amF) 
=-«Ti(ll'mF) 
-- »T(ll'msm',F) 
= »Ti(ll'mF) 
^-»Ti(ll'2mF) 
-«T,(Ul'2mF) 
■-= »T(ll'mm'»F) 
= »T(ll'm2m'»F) 
--''Ti(ll',mF) 
-=»Ti(ll'4m,F) 
= 'T(W'2mm',F). 



§6. Type I. 

27. The resultant of a transformation of type I with any other 
transformation is, in general, of type I. Moreover, a transformation 
of type I may be resolved into components of any one of the five 
types discussed in this paper. 

In all the work of the preceding articles, it must be borne in mind 
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that the values of the cross-ratios of the one-dimensional transforma- 
tions in each case are taken perfectly general and with no fixed rela- 
tion to each other. Our next task will be to investigate the result of 
choosing space collineations in which the one-dimensional transforma- 
tions bear definite relations to each other. By proper choice of par- 
ameters, we may resolve a coUineation of any type into components of 
almost any other type. This is the foundation principle of group 
structure ; for it is only by this means that we may obtain groups of 
one type within groups of another type. 

C— Group Structure. 

§1. Type XI. 

28. For special values or specially related values of the parameters 
of a group, the resulting transformation may degenerate into one of a 
lower type. For the most part these will be only indicated where 
they are easily seen. It has been shown already that the group 
^^Gi(ZftF) contains only transformations of that type. Hence we 
may state in symbolic language as its structure, 

G6(F)Z2oc^ "Gi(Z/iF). 

§2. TypeX. 

29. Two transformations of type X, having reciprocal values of k, 
the same invariant system, but only one other common invariant gen- 
erator, result in a coUineation of type XI ; since along a line two loxo- 
dromic transformations, with reciprocal values of k and but one in- 
variant point in common, result in a parabolic transformation. Hence, 
by proper choice of components within the group ^^Q^ilf^F) we may 
get all the collineations of the group "Gi(ifiF). Combining oc^ of 
the groups ^<>G2(^/xF), we get ^^GaCftF); but the (^^^^Qi{lfiF) do 
not form a two-parameter group of type XI. Symbolically expressed, 
we have : 

>^G2(W> F) =oci ^«Gi(Z fixF) + ''QiilfiF) 
^«G8(ftF)-:oc2 i«Gi(Tf/iF) + ooi ^^Gi(7/iF) 
G6(F)Z2^^G3(mF) = 2oc« i«Gi(T7>F) + 2qo1 ^^GiOil^F). 

§ 3. Type IX. 

30. In article (10) it was shown that the invariant generators of a 
transformation of type IX divided harmonically the line of invariant 
points and the axis of invariant planes. Therefore, as t varies, the 
axis of planes must also vary, so that when t, the axis of invariant 



294 KANSAS UNIVERSITY SCIENCB BULLETIN. 

points, coincides with one of the invariant generators, it must also 
coincide with the axis of planes. In this case, however, the trans- 
formation of type IX degenerates to one of type XI. The line of in- 
variant points may coincide with either generator giving two groups, 
^^Gi{liJiF) and "Gi(m A.P), one on each system of generators of the 
quadric surface. 

The resultant of two transformations of type XI, taken one from 
each of these groups, is of type IX (art. 22). From the 2oo^ trans- 
formations included within these two groups may be found oo* combina- 
tions of the kind discussed, i. e., oo^ transformations of type IX which 
combine to form a two-parameter group, and every transformation of 
type IX which leaves invariant a quadric surface may be resolved into 
components of type XI. 

»Gi(lmpeF) = ^Gi(lmp<F) 
^G2(lmpF) = Qoi »Gi(lmp7F) + ''Gi(ZftF) + "Gi(mXF) 
G6(F) = oo2 »G2(lmpF) = Qo3 9Gi(lmp<F) + 2oci ^^Gi{lfiF), 

§4. Type VI. 

31. The presence of a group ^^Gi(1/aF) in the two-parameter 
group ^G2(irmnF) is determined as in the case of type X (art. 29). 
The only other groups of different type are those of type IX. In the 
group ®G8(P8F) the line of invariant points shifts through the pole P 
in space. It may take oo^ positions tangent to the quadric surface; 
but in these cases the transformation degenerates to type IX. Hence 
there are oc^ one-parameter groups of type IX included in the group 
®G8(PsF). These do not form a two-parameter group ^G2(lmpF), 
since the line of invariant points shifts, not in a plane and through a 
point on the surface, but about the surface of a cone with vertex not 
on the quadric. Therefore, the resultant of two transformations 
taken one from each of two one-parameter groups is not of type IX. 

«Gi(ll'mm' nF) = «Gi( APpsnF) + S. T. 

" 'G2{lYmnF) = oD' «Gi(irmm';^F) + ''Gi(mXF) + S.T. 

«G8(lm^F) = 00-' «Gi(ll'm m' nF) + '^G2(lmpF) + "Gi(i/i F) 

+ i»Gi(mXF) + S.T. 

«G2(APp8F) = od1 «Gi(APpsnF) + "Gi(lmp^F) + S. T. 
«G8(PsF) = oD^ «Gi(APi7snF) + 0Di »Gi(lmpFF). 
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§5. Type III. 

32. If from the group ^G2(irmF) we choose two transformations 
with reciprocal vahies of k, then along m the result is identical, and 
we have the invariant figure (mXF), that of type XI. For every 
pair of reciprocal values of k, we have a new transformation of type 
X[ with this same invariant figure; hence the group "Gi(//AF). 
Similarly we determine the presence of the groui^ ^^Gi{ll'fiF). 

In combining oc^ of these two- parameter groups of type III, we find 
that we have not oc^ distinct groups "Gi( //i XF), but only the same one 
occurring each time. There now appears another group ^^Gi{lfiF), 
each tranformation of which is obtained by choosing two transforma- 
tions from different two-parameter groups ^Gi(irmP) and^G2(irmF), 

with t = — ti, and k = y^» when our transfonnation along 1 becomes 

identical, and that along m parabolic. Having these two groups, 
^^(ii{lfiF) and "Gi(mXF), on different systems of generators, the 
presence of ''^G2(lmpF) is recognized from the previous work (art. 30), 
and we have, finally : 

^G2(ll'mF)---«G2(ll'mF)+'^'G,(«>F) + ^iGi(mXF). 

«G3(lmF)-^oc» «G2(irmF) + I'TlslZ^F)^ ^•G2(lmpF) -f "G,(//iF) 

-f"Gi (;//XF). 

3G4(mF)-:oc-^ «G2(TrmF)-r ^"GaC/xF) + oc^ ''GjCimpF) 

-I Gci ^*Gi(7^F) + "Gi(mXF). 

It is to be noted that in ^G4(mF), while there occurs cx^ ^^Gi(Zft F), 
the group ^*Gi(//iXF) occurs only once. 

Second class. — The structure of the second class involves but one 
type other than itself, save where transformations of such types occur 
as singular transformations. If we consider the resultant of two 
transformations of type III, with 1 and m as the only common invariant 
generators, we have the resultant one- dimensional transformations 
parabolic; /. <., the resultant space collineation is of tyi^e IX. 

8Gi(irmF)a---'^Gi(irmF)a+ S. T. 

^^G2(lmF)a = oc^ ^G,(irmF)„-t '•^G,(lmp<F)+ S. T. 

80. Type I. 

33. First class. — The groups of this most general type include 
all of the groups of the types heretofore considered. The method of 
determining the presence of the various types is the same as that em- 
ployed before. The list, while long, is very simple, if we bear in 
mind that, having once determined the presence of one group, we 
have necessarily determined at the same time the presence of all of 
its component parts. Thus, for example, in ^GaCU'mF), we may de- 

31-KaD. Univ. Sci. Bull., No. 11, Vol. I. 
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termine the existence of 'G2(irm),by taking two tranformations having 
on 1 and V one common invariant point with reciprocal values of k, the 
resultant is at once a parabolic transformation, and the space coUinea- 
tion is of type III. If we combine oo^ of these, in order to produce 
^G4(lmP), we have also combined oc^ ^GaCll'mF), giving us the group 
^G8(lmF). But this group we have already proved to contain 
^G.2(lmpF), "Gi(//iP), and "Gi(mAP). Hence, we may state with- 
out further comment that these same three groups exist in K74(lmF). 
The existence in the fundamental group ^G2(ll'mm'F) of both of 
the dualistic groups «Gi(irmm'wF) and «Gi(ll'mmVF) of type VI, 
and of the two one-parameter groups of type X, one on each system 
of generators of the invariant surface, is apparent, the conditions 
necessary to produce them being merely the proper choice of the par- 
ameters r and r' of the group. The following table gives the group 
structure of type I, first class, in symbolic language : 

+ «Gi(irmm'7iF) + «Gi(ll'mmVF). 

^G8(irmF)= cx)i iG2(U'm m 'F) + »G2(ll'mF) + «G2(ir mTTF) 

+ «G2(llmVF) + i<^Gi(Zf /iF) + i«G2(mXF) 

iG4(lmF)= OD-^ iG2(ll'mm'F) + «G8(lmF) + «G8(lmTF) 

+ ^G8(ApF) + '^G^ilfiF) + ^«G2(wXF) 
+ ^^Gi(m X F) + "Gi(Z/iF) + 9G2(lmpF). 

^G4(11'F) = od' iG2(ir m m'F) + odI 8G2(ll'm F)+ 00^ «G2(11' mTTF) 

+ 0D» «G2(ir mVF) + i«Gi(M>F) + mz{\F) 
+ 00^ "Gi(mXF). 

KMlF) = cc^ ^G2(lTmm'F) + 8G4(lF) + ooi «G8(lm';rF) 

+ ooi «G8(ApF) + io(j^(Z,iF) + i«G8(XF) 
+ i»Gi(Z/iF) + oci "Gi(mXF) + ooi »G2(lm77F). 

iG6(F) = oc*iG2(TT'mm'F) + 2oDi8G4(TF)+oo3«G8(7m7rF) 

+ 0C^ «G8( AyF) + 0c8 6G8(PTF) + 2^«G8(XF) 

+ 2oci nGi(mXF) + c»2 ^G2(Tm77F). 

34. Second class. — We found ( art. 21 ) that for any definite value 
of r there existed a one-parameter subgroup of ^G2(irmm'F). But 
with r a rational number, we may have three cases, viz., r may be odd 
over odd, even over odd, odd over even ; the fourth possible case, even 
over even, degenerating always to some one of the other three. The 
group structure in each of these three cases must be separately ex- 
amined. For all continuous groups the three cases are identical; but 
we shall see that, with regard to singular transformations, the three 
are distinct. Hence, in our present statement, we shall merely indicate 
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the structure in a general way, leaving the fuller discussion of the 
three varieties as distinct groups for the next article. 

The general group structure will be seen to be identical with the 
first three groups of type VI, which is in fact only the special case of 
type I, for r=OD. 

iGi(U'mm'P)r-= ^Gi(irmmT)r+ S. T. 

^G3(U'mF)r-= oc^ iGi(irm m'F)r + "Gi(mXF) + S. T. 

iG8(lmF)r = oc2 iGi(lTmmT)r + ^^Gi(mXF) + "Gi(^ftF) 

-h'''G2(lmpF)-fS.T. 

D.— Singular Transformations. 

§1. Type I. 

35. We shall define as a singular transformation one of a discrete set 
of transformations of a lower type occurring in a continuous group of 
a higher type. Such transformations are not found in the groups of 
the types IX, X, or XI, nor in the groups of the first class of types I 
or III. 

If in 'G2(irmm'F) we choose our two parameters k and r, such that 
r is any rational number and k=d: 1, we have a transformation of 
type X ; for if we choose our tetrahedron to be ABCD, then the cross- 
ratios are : 

AB BC CD BD AC AD 
k k-^ k'^'' k'^ k^-' k^-'', 

and since r — r =^ 1, the condition for invariant quadric surface, we have, 

after making k ^^ — 1 and r = -> then r = ^» 

AB BC CD BD AC AD 

— 1 -1 -fl +1 +1 -Iforr-^^ 

— 1 -fl —1 —1 —1 -flforr=^, 

If we choose k =: — 1 when r = — we have imaginary cross-ratios. 
But if r = ^ and k =: + 1, we have the following set of ratios : 

AB BC CD BD AC AD 
-fl —1 -fl —1 —1 —1. 

The only interpretation of these ratios, however, is a transformation 
of type X with the axes of invariant points, reciprocal polars with regard 
to the invariant quadric. A transformation of type X with general 
cross-ratios cannot leave invariant a quadric surface, with the condi- 
tion just stated ; but, for every pair of reciprocal polars with regard to 
the given quadric, there exists one involutoric collineation which 
does leave that quadric invariant. Hence, there are oc* involutoric 
transformations of space of type X having the axes of invariant points 
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reciprocal polars with regard to the quadrio surface which they leave 
invariant. 

In each ^Gi(ll'mm'P)r, where r is a rational number, there ex- 
ists one of these coUineations of type X, which we shall therefore 
term a singular transformation. The value of k and the position of 
the axes in each case depends upon the value of r — i. e., whether it 
be odd over odd, even over odd, odd over even. If we combine oc^ of 
the one-parameter groups of type I, where r is odd over odd, we ob- 
tain no group of type X ; nor, if we combine each of the singular 
transformations with the transformations of type I of the group, or 
with those of type XI occurring in this group, do we obtain any new 
singular transformations. However, if r be even over odd, we see 
( art. 35 ) that the group of type XI and the singular transformation 
of type X have their invariant systems lying in opposite directions. 
But a combination of a coUineation of type X and one of type XI in 
this position we have shown ( art. 23 ) to be of type III. Each 
singular transformation of type X combined with each of the group of 
coliineations of type XI gives such a resultant. These resultants 
do not form a continuous group, but there exists a discrete set of 
them, and they must be classed as singular transformations of type 
III. In the third case, r being odd over even, the axes of invariant 
points are reciprocal polars with regard to the given quadric, and the 
combination of this transformation with those of types I, IX, XI, 
gives only type I. 

For singular transformations in type I, we may then state in sym- 
bolic language : 

^Gi(ll'mmT)r=flZ''S.T.(mm'AF)j, = _i 

o 

'G2(lI'mmF)r=!lZQc' >»S.T.(//i »,'XF)k = _, 

O 

'Gi.(lmF)r..»-oci «'S.T.(»im'XF)k = _i 

O 

»Gi(n'mm'F), = iLZ"'S.T.(/i>F)w = _, 

O 

'G2(ll'mF),=iLZoo' «'S.T.(Z^>F)w_ _i -,- »S.T.(ll'mF). 

O 

'G8(lmF)r=»ZoD» "'S.T.(Z7mF)w„_, + oo> "S-T-ClT'inF) . 
'Gi( ll'mm'F ),_ » Z '"S. T.(ll'ram'«n'F)k ^ > i 

>G2(ii'raF),„ozcr.' «'S.T.(ii'm m'7r:;r'F)k. +, 

e 

»G8(irF)r-£Z<x' *^S.T.(irmm'TVF)k..^,. 



It should be carefully noted that these transformations of type X 
cannot combine to form a group, since the resultant of two of them, 
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with the same invariant figure, would give an identical transforma- 
tion, while if their invariant figures differed in any part the resultant 
would necessarily be of type I. 

§2. Type VI. 

3(). The groups of type VI of the first variety correspond very 
closely to those of type I, second class. If we choose k-- — 1, the 
cross-ratios become : 

AB BC CD BD AC^ AD 

^1 —1 +1 -1 —1 -1, 

which we see to be an involutoric transformation of type X, with the 
invariant axes reciprocal polars with regard to the quadric surface. 
Such transformations, we have seen, cannot form a group. More- 
over, in each ^Gi(irmm'ww'F) there exists but one such transforma- 
tion — i. e., the one for k - - — 1. 

In building up the higher groups of type VI of the first variety 
these singular transformations remain throughout, but when com- 
bined with other types which may occur in the group of type VI, 
they produce no new singular transformations. But in ^Gi(APpsF) 
we have a group of collineations of type IX, each of which, when 
combined with the singular transformations of type X, gives a re- 
sultant of type IX, but with a new line of invariant points, there- 
fore, not belonging to the group '•^Gi(lmp/F) — t. e., we have singular 
transformations. Moreover, these will remain as singular transforma- 
tions in ^8(PsF), since the oc* axes of invariant points included in 
the oc^ ^G(lmp^F) necessarily lie in a cone, while those of the singular 
transformation may take any position in space. 

§3. Type III. 

37. The only singular transformations left for consideration are 
those of type XI and type IX occurring in groups of type III, second 
class. Our fundamental group here is ^Gi(irmF)a, in which there 
exists the relation of parameters, k ^^ a* where a is a constant. It has 
been proved* that we may so choose two transformations with cross- 
ratios k — a* and ki=aS that the resultant may be ka = a* + *i = l, 
where t + ti is not 0. Such a resultant would give an identity along 
m, and a parabolic transformation along each generator of system X. 
This is a collineation of type XI. These singular transformations of 
type XI in the group'*G2(lmF)a may combine with the collineation of 
^Gi(lmp^F), resulting in singular transformations of type IX. 

Therefore, we find : 

»Gi(irmF)aZ"S.T.(mXF) 
«G.j(lmF)HZ"S.T.(///XF)-f«S.T.(lrap7F). 

^AmerieaD JoarDal of Matbematies, yol. XXIV, No. 2!, p. 150. 
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E.— Mixed Groups. 

§ 1. Type XII. 

38. We now come to the consideration of what Doctor Wood terms* 
"symmetry transformations," ?. e,, transformations which leave a given 
quadric surface invariant, but interchange the two systems of gen- 
erators. The discussion of such transformations brings to our notice 
collineations of a type not yet considered. Choose as the invariant 
figure of a transformation of type XII the vertex and axial plane as 
pole and polar with regard to the given quadric surface, and next 
choose one cross-ratio along each invariant line equal — 1. Then 
each invariant line cuts the surface in two points which are har- 
monically divided by the two invariant points on that line, since a 
quadric surface divides every line through a pole and polar plane har- 
monically. But this is merely stating, in a different way, that the 
cross-ratio of the four points is — 1 ; i, e,, in the given transformation, 
the two points on the quadric surface are interchanged. An eflFect of 
the same kind is produced along each of the invariant lines ; i. e., every 
point on the surface of the quadric is interchanged with another, but 
the surface as a whole is transformed into itself. There are oo* such 
transformations which leave the given quadric invariant, one for each 
point in space taken with its polar with regard to a given surface. The 
resultant of these transformations with those of the types heretofore 
discussed give rise to the mixed groups — i. e., those groups which 
leave a given figure as a whole invariant, but interchange its parts in 
such a manner that a repetition of the transformation will bring it 
back to the original invariant figure. 

A combination of this involutoric transformation of type XII with 
any one of types XI or X cannot result in a transformation of either 
of these types. Therefore, we can have no mixed groups of these types. 

§2. Type IX. 

39. If we consider the group ^G2(lmpF), we see that the invariant 
figure consists of one generator of each system and the plane of 
those generators. We may choose an involutoric coUineation of type 
XII which will interchange these two generators. Their point of in- 
tersection must be an invariant point of the involutoric transforma- 
tion. For any plane through that point as axial plane and its pole as 
vertex of an involutoric coUineation, the point must remain in- 
variant. Thus there are oc^ involutoric collineations of type XII 
which leave the figure of ^G2(lmpF) invariant as a whole, though in- 
terchanging parts of it. We see at once that our mixed group must 

* Anoalfl of Matliematics, seoond series, yol. II, No. 4, p. 167. 
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contain all of the continuous subgroups included under the head of 
the continuous groups of like symbol. Hence, in writing out these 
groups, we shall not express in full detail the structure of the con- 
tinuous groups, leaving that to be understood from previous work. 
m»G2(lmpP) = »G2(lmpP)+ od2 i2T(p7F)k = -i. 

8 3. Type VI. 

40. The continuous group ^Gi(irmm'nF) may be combined with 
00^ involutoric coUineations of type XII and the invariant figure as a 
whole be left unchanged ; i. e., there will exist one involutoric ^T(PsF), 
which will interchange 1 and m, 1' and m' for each plane passing through 
the two invariant points, the intersection of 1 and m, 1' and m'. These 
combine to form a one-parameter mixed group m^Gi(irmm'n'F). 
There can exist no m*G2(irmF), since, if we combine with this a 
transformation which interchanges the systems of generators, Y will be 
thrown into a position m', thus giving a new invariant figure and de- 
stroying one of the essentials of the group property. 

The group *G8(lmF) may be combined with oo^ of these involutoric 
coUineations, exactly as in the case of the group ^G2(lmpF), and there 
exists the three-parameter mixed group m^GsClmF). 

There can exist no other mixed group of type VI, since the com- 
bination of «T(PsF) with ^2T(PsF) does not alter any part of the in- 
variant figure. 

Theorem. There are two mixed groups of transformations of type 
VI, each composed of a continuous group of the same symbol and in- 
volutoric transformations of type XII. Expressed symbolically, they 
are: 

m«Gi(irmm';iF) = «Gi(irmm'nF)-f- oc^ i-'T(p«F)k^ i 

m«G8(]m7rF) = «G8(lm7rF)+ 00'-^ ^•^T(P7F)k=.-i. 

§ 4. Type III. 

41. I^irst class. — It is readily seen that there can exist but one 
mixed group of this type and class, there being but one corresponding 
continuous group having similar invariant parts on the two systems 
of generators. This is the continuous group ^GsClmF), which, if com- 
bined with 00^ ^*'^T(P«F)k = -i, gives us the mixed group 

m8G8(hnF)=8G8(lmF)+ oc^ i2T(P7F)k = -i. 

42. Second class, — There exists in this class a continuous group 
«G2(lmF)a, which if combined with oo^ ^T{PsF)),.^^i, results in the 
mixed group m^G2(lmF)a. 

m»G2(lmF)a=«G2(lmF)a-i- oc^ ^T(F7F)k=-i. 



302 KANSAS llNlVERSITY SCIENCE BULLETIN. 

§5. Type I. 

43. First class. — There are three continuous groups of type I, 
first class, having corresponding parts on each set of generators. 
Each of these may be combined with ^^T(PsF)k^-i, giving us a cor- 
responding mixed group. In the first of these groups there are 
necessarily two invariant points, and therefore but oc^ ^*^T(P8F)k = -i. 
This gives us the mixed group m^G2(ll'mm'F). In the second case, 
there is but one invariant point; hence, oc'^ ^'^T(P8P)k = -i, and the 
third case drops to a continuous group. 

In symbolic language : 

miG2(irmmT) = iG.2(llmmT)+ oci **^T( P7F)k = -i 
m^G4(lmF)=:^G4(lmF)+cx2 ^'^T(P.7.F.)k = -i. 

44. Second class. — The second-class groups are derived from those 
of the first class by making the parameter r any constant value, and 
we have : 

miGi(irmmT)a = ^Gi(irmmT)«-f 00^ ^^T(p7F)k^_i 
m»G8(lmF)a = ^G3(lmF)a+ oc'^ i2T(p7F)k»-i. 

F.— Table of Groups of Colliueatioiis of Space Leaviugr 

Invariant a Quadric Surface. 

Type XI. 

Symbol, Additionalinv art ant figure. Lie.* 

(1 ) "Gi ( Z fi F) . All generators of one system, and 

one generator of other system. (VI. A) 

Type X. 

(2) '^Gi(Zf /U.F). All generators of one system, and 

two generators of second sys- 
tem. (VI. D) 

(3) ^^G2(Z /i F). All generators of one system, and 

one generator of other system. (V. A) 

(4) '^G8(ftF). All generators of one system. (IV. A) 

Type IX. 

(5) **'Gi(lmp^F). One generator of each system, 

their common tangent plane, a 
line of invariant points in that 
plane tangent to the quadric. (VI. B) 

(6) '**G2(lmpF). One generator of each system and 

their common tangent plane. (V. E) 



*Theorie der TraD8formatioD8ffr«)ppen, vol. Ill, pp. 251-251. 
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Type VI. 
(7) ^i(irmm'nF), Two generators of each system, a 



or 
«Gi(APp8/wF). 

(8) «G8(ll'mP). 

(9) '^.{IraP). 
(10) «G»(APp8F). 



(11) «G3(P8F). 



(12) »Gj(irmF). 

(13) »G8(lmF). 
(U) '(it{lF). 

(15) »Gi(ll'mF),. 
(10) «Gj(lmF).. 



(17) 'G2(Il'mni'F). 

(18) 'G»(ll'mF). 

(19) 'G4(I1'F). 

(20) 'G4(lmF). 

(21) »G6(1F). 

(22) 'G«(F) 

(23) 'Gi(ll'ram'F)r. 

(24) »G!,(U'mF)r. 

(25) >G8(lmF)r. 
(2«) 



pair of reciprocal polar lines, 

and all points on one of those 

lines. 
Two generators of one system, 

and one of other system. 
One generator of each system. 
A point on the surface, tangent 

plane at that point; a point 

without surface and its polar 

plane. 
Point and polar plane. 

Type III. 

A. — Oroups of first class. 

Two generators of one system, 

one generator of other system. 
One generator of each system. 
One generator of one system. 

B.—Orouiys of second class. 

Same as ^G2(irmF) and con- 
stant a. 
Same as ^Gd(lmF) and constant a. 

Type I. 

A, — Groups of first class. 

Two generators of each system. 
Two generators of one system, and 

ont^ of the other system. 
Two generators of one system. 
One generator of each system. 
One generator of one system. 
None. 
Ji. — Oroups of second class. 

Same as ^G2(irmm'F) and con- 
stant r. 

Same as *G3( U'mF ) and con- 
stant r. 

Same as ^G4(lmF) and constant r. 

Identical transformation. 



(VI. Ec-,) 

(V. Cc_i) 
(IV. Dc_,) 



(V. D) 
(IV. E) 



(V.F) 
(IV. B) 
(III. A) 



(VI. C) 
(V. B) 



(V.G) 

(IV. C) 
(III. B) 
(III. C) 
(11) 

(I) 



(VI. E) 

(V. C) 
(IV. D) 
(VII) 



THE 



KANSAS UNIVERSITY 
SCIENCE BULLETIN. 



Vol. I, No. 12— December, 1902. 

( Whole Series, Vol. XI, No. 12.) 



CONTENTS : 
On Monoids, John N, Van der Vries, 



PUBLISHED BY THE UNIVERSITY, 



Lawrence, Kan. 



Price of this number, 30 cents. 

Entered at the post^ffice in Lawrence as second-class matter. 



Kansas University Science 




Vol. I, No. 12. 



DECEMBER, 1902. 



WlIOI.K SERIKSt 

Vol. XI, No. 12. 



ON MONOIDS. 

BY JOHN N. VAN DER VRIES. 
With Plate XV. 

The object of this paper is, first, to consider the general monoid, 
and, second, to classify the quartio monoids in detail. 

A monoid Ma of order « is a surface of order a that has an 
(a — l)-tuple point. If the point (0, 0, 0, 1) is taken as this 
(« — l)-tuple point, the equation of the monoid can be written 

Ua + Ua-lS = 0, (1) 

where Ua and Ua-i are homogeneous functions of x, y and z of degrees 
a and a — 1, respectively. The point (0, 0, 0, 1) is called the vertex, 
and the cones Ua and Ua-i the superior and the inferior cones, re- 
spectively, of the monoid. There are a{a — I) lines on Ma passing 
through its vertex, viz., the lines common to the superior and inferior 
cones. These lines are commonly called "the lines of the monoid."* 
It is evident that if a line is a ^-tuple line on Ma, it is a line of multi- 
plicity h on one cone and of multiplicity not less than k on the other 
cone. Four kinds of lines are thus seen to be possible on the monoid, 
according to the relative multiplicities of the lines on the two cones of 
Ma. We can represent them by the following equations of monoids 
containing them : 

I. ( Wk ZP + * + Wk -f 1 zP + ) + 8( Vk + 1 zP - ^ 

+Vk+2ZP-2+ )=0, 

where Wk is not identically equal to ; Vk + i, Vk + g _ i may be zero ; 

II. (WkZP^ 1 + Wk+lZP + ) +8(VkZP 

-f Vk + izP-i-f ) = 0, 

where Wk is not identically equal to 0, and Vk does not contain Wk as a 
factor ; 

*Thi8 Domenolatare is dne to Cayley, who ases this sarface in his coDsideration of twisted 
curreSa 

Ck>mptes Rendas. t. LIV ( 1862 ), pp. 55, SM, 672. 
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III. (Wk + 1 ZP + Wk + 2ZP - * 4- ) 4- 8(Vk ZP 

+ Vk + iZP-l + )=0. 

where Vk is not identically equal to 0, and Wk — idoes not contain 
Vk as a factor ; 

IV. (Wk+2ZP-"*+ Wk + 3ZP-2^ ) + s(VkZP 

+ Vk + izP-iH- ) = 0, 

where Vk is not identically equal to 0; Wk + 2, Wk -f a, Wk-f^-i 

may be .zero. 

In these equations, Vk, Vk-i, wk, etc., represent functions of x and y 
of degrees k^ A;+l, A, etc., respectively; also, k-\-p-\- l = a. The 
line xy is a ^-tuple line on each of these monoids, and differs in the 
four cases only in its relative multiplicities on the two cones. We shall 
hereafter distinguish between the different A:-tuple lines and designate 
them as lines of kinds I, II, III, and IV, respectively.* No ^-tuple 
line of kind I or II has a point on it of higher multiplicity, whereas 
every line of kind III or IV has on it a point of multiplicity k -\-\ 
(e. (7., the point (0, 0, 1, 0) on the monoids III and IV above). Every 
line of kind I, III or IV is torsal on every sheet of Ma that c-ontains 
it, whereas a line of kind II is scrolar on at least one sheet of the 
monoid that contains it.f In the case of a line of kind II the scrolar 
sheets are inseparably connected and the tangent plane to them re- 
volves through 180° as we pass along the line. The lines of kinds I, 
II, III and IV count as k{k-{- g), k^, k{k+\), and k{k + g) lines, 
respectively, of the monoid. Lines of kind III differ from lines of 
kind IV only in the fact that the tangent cone at a (A'+l)-tuple 
point on a line of kind IV breaks up entirely into planes. 

It is evident that all multiple lines on Ma pass through the vertex. 
The only lines that Ma can have not passing through the vertex are sim- 
ple lines. For, a plane passing through the vertex and such a line of 
multiplicity greater than one would meet the monoid, in addition to 
this line, in a curve of order less than a — 1 having an (a — l)-tuple 
point at the vertex ; this is impossible. A plane through the vertex 
and a simple line not passing through the vertex meets the monoid, 
in addition to this line, in a curve of order a — 1 having an (a — 1 ) -tuple 
point at the vertex ; that is, in a — 1 lines passing through the vertex. 
Such simple lines on the monoid that do not pass through the vertex 
are called transversals by Cayley.J Thus, for every transversal on Ma 
it is necessary to have a — 1 of the a{a — 1) lines of Ma in one plane. 

* For a f allor explanation of these lines, see a paper published in the proceedinccs of the 
American Academy of Arts and Sciences, 1902 and 1903. 

t A line is torsal or scrolar on a sheet of the surface containing it according as the tangent 
plane to that sheet of the surface is or is not the same at every point of the line. 
See Cayley, Collected Papers, vol. VI, p. 831. 

^Comptes Rendus, t. LVIII (1864), pp. 991-1000. 
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For the same reason, it is possible to place some limits on the 
multiplicities of points on the monoid. We have seen that the line 
joining a (A + l)-tuple point to the vertex is at least a A-tuple line on 
the monoid. Suppose the monoid whose equation is (1), with vertex 
A(0, 0, 0, 1), has a A-tuple point B (0, 0, 1, 0) and a A'-tuple point 
C (0, 1, 0, 0), and the lines AB and AC as lines of kind III. Assume 
2%k'^k. The terms of lowest degree in x, y and s will be of the 
form Vk-i s-f Vk, multipled by z*~*', where Vk-i and Vk are homogeneous 
functions of x and y of degrees k — 1 and k, respectively. Similarly, 
the terms of lowest degree in x, z and s will be of the form Vk'_i s + Vk', 
multiplied by y*""**', where v^'-i and Vk' are homogeneous functions of 
X and z of degrees k! — 1 and k', respectively. The terms of lowest 
degree in x and s will be of degree k — k* more in y than in z, and 
will be of the form 

^^k+k'-aya-k'j^a-k _|. J^^k -u k'-a-l ya-k' j^a-kg . 

the line xs^BO thus being a line of multiplicity k-{- k — a on Ma^ 
As this cannot be a line of multiplicity greater than one, we must have 

k-{- k — a ^ 1, i, e,, k-\- k'%a-\- 1 ; 

that is, the monoid cannot have two points on it, excluding the vertex, 
the sum of whose multiplicities exceeds a + 1. Thus, if 4^ a. Ma can 
have at most two vertices, excluding the case where it has an infinite 
number and is a ruled surface. As we know, the cubic may have 
four, a quadric has a double infinity, and the plane a triple infinity of 
vertices. 

If Ma has an {a — 1) -tuple point B in addition to its vertex A, it 
can have in addition no point of multiplicity greater than two. The 
line AB is a line of multiplicity a — 2, at least, on the monoid. ( If 
the line is an (a — l)-tuple line, any point of it may be considered as 
the vertex of Ma. It must then be a line of kind II, and counts as 
(a — 1)^ lines of Ma. Therefore, through any point of the line taken 
as vertex will there pass a{a — I) — (a — ly^a — 1 other lines of 
Ma. These are the additional lines in which the tangent planes to 
the a — 1 sheets of Ma at any point of the line meet Ma.) If the 
line AB is an {a — 2)-tuple line on Ma, the monoid can have no other 
multiple line and, therefore, no point of multiplicity greater than two.' 
It can have a point of multiplicity two, the lines joining this point to' 
A and B being simple lines on the surface. A plane through the 
(a — l)-tuple points A and B and a double point C intersects the 
surface in a curve having {a — I)-tuple points at A and B and a 
double point at C, that is, in the (a — 2). tuple line AB and the two 
simple lines AC and BC. If the {a — 2) -tuple line AB is of kind III» 
it counts as (a — 2)(a — 1) lines of Ma. The monoid can then have 
only a{a — I) — {a — l)(a — 2) or 2.(a — 1) other lines. If it has 
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double points, the lines joining these to the vertex must be simple 
lines of kind III or IV. If they are of kind III, each counts as 2 
lines of M«. The monoid can thus have at most a — I double 
points. ( If the lines are all of kind IV, each counts as /? lines of the 

monoid; where 3^/3. Ma can have at most — ^ double points.) 

This is also evident from the fact that a cone of order a can have at 
most "^"~^^ double edges. The (a — 2)-tuple line on the monoid, be- 
ing an (a — l)-tuple line on the superior cone, counts for ^^~^y"~ 

double edges of this cone. This cone can thus have at most a — 1 
double edges in addition to the {a — 1 ) -tuple edge AB ; that is. Ma can 
have at most a — 1 double points in addition to the (« — l)-tuple 
point B.* 

If a monoid having s^ich an {a — l)-tuple point B has its inaxi- 
mum number of double points, these a — 1 points all lie oil one line. 
For the superior cone breaks up into a planes, of which a — 1 pass 
through one line, the a — 1 double edges being the intersections of 
these a — 1 planes with the a-ih plane of the cone. The a — 1 double 
points of Ma thus lie in one plane passing through A. Similariy, 
considering B as the vertex, it is evident that they all lie in one plane 
passing through B. They must, therefore, lie on the line CD, which 
is the intersection of the two planes. This line CD is a simple line on 
Ma. A monoid, therefore, with a second (a — l)-tuple point and 
a — 1 double points has just a transversals, a — 1 of them being the 
lines from the double points to the {a — l)-tuple point, and the re- 
maining one the line joining all the double points.f 

If a monoid having a second {a — l)-tuple point, and the line from 
this point to the vertex as a line of kind III has a — 2 double points 
in addition ( that is, all but one of the maximum number of additional 
double points), these will in general lie on a twisted cubic; for, the 
superior cone, in order to have an (« — 1 ) -tuple edge and a — 2 double 
edges, must break up into at least a — 1 components. If it breaks up 
into this number, a — 2 of them will be planes and the remaining one 
a quadric cone. The a — 2 planes will all pass through one edge of 
this quadric cone, the remaining lines of intersection being the a — 2 
double edges of the superior cone; i. e,y the lines to the a — 2 double 
points of Ma. The double points will thus in general lie on two 
quadric cones that have the two (a — l)-tuple points of Ma as their 
vertices and the line AB as a common edge ; that is, they will lie on 
the cubic curve that is the residual intersection of these quadric 

* If the (a — 2)-taple line AB is of kind IV, it coants as a(a — 2) lines of Ma ; the monoid can, 
thbrefore, have at most n other lines. It can have, however, no double points, for the superior 
cone contains the line AB as an a-tuple edge and can, therefore, have no double edge. 

t The points will then lie as in figure ( 1 ) in the accompanying plate. 



VAN DER VRIE8 : ON MONOIDS. 309 

cones. In special cases, however, the superior cone from one or both 
vertices may break up entirely into planes. In these cases the a — 2 
double points will lie either on a conic or on a straight line. 

It is thus evident that, if a monoid M^ having a second {a — i)- 
iuple point and an {a — 2)-tuple point of kind III joining this 
point to the vertex has a — m double points in addition, these points 

will in general lie on a curve of order 2m — l\viz.,m^ — {m — iy^\* 

which is the residual intersection of two cones of order m having 
different ve7'tices but having an {m — 1) -tuple liiie in common, 

A plane through the {a — 2)-tuple line and a simple line (of which 
there can be at most 2 (a — 1) ) cuts Ma in a curve of order a having 
(a — l)-tuple points at A and B. This curve consists of the {a — 2)- 
tuple line AB, an ordinary line through A, and a transversal through 
B. This transversal intersects the simple line, if of kind II, at the 
point where the cutting plane coincides with the scrolar tangent 
plane to Ma along this line, or at the double point, if the simple line 
has a double point on it. A monoid with an {a — l)-tuple point and 
no double points has at least 2(a — 1) transversals, whereas every 
double point reduces this minimum number by one. As we have seen, 
for every additional transversal ( i. e., additional to the 2 ( a — 1 ) if Ma has 
no double points, to the 2{a — 1) — fi if it has P double points) 
a — 1 of the lines of the monoid, excluding the (a — 2)-tuple line, 
must lie in one plane. If the cones of the monoid are general cones, 
this does not in general occur. There are, however, special cases in 
which the cones break up. As both cones have a line on them of 
multiplicity one less than the order of the cone, at least all but one of 
the components of each cone are planes. If the superior cone breaks 
up into a planes, of which a — 1 pass through one line, the a-th plane 
meets the inferior cone in a — 1 lines, which are thus a — 1 lines of 
Ma in one plane. The inferior cone can never break up entirely into 
planes, for the plane not passing through the multiple line would 
meet the superior cone in a lines; i, e., we would have a lines of the 
monoid lying in one plane. This is impossible. A monoid thus 
with an (a — l)-tuple point B and no double points has, in general, 
2(a — 1) transversals; it may have one more. 

A plane through the (a — 2)-tuple line and not through any other 
line of Ma meets the monoid in the {a — 2)-tuple line and a conic 
passing through both {a — I) -tuple points. 

If Ma has an {a — 2)-tuple point B, and if the line joining this 
point to the vertex is an (a — 3)-tuple line of kind III, the monoid 
can have at most 2a — 3 double points in addition. The line from 
each of these x)oints to B is then a simple line of kind III. If Ma has 
this maximum number of double points, the superior cone breaks up 
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entirely in planes, of which a — 2 pass through the line AB. The 
double points will thus lie in two planes through the vertex, a — 1 
lying in each plane. As a plane through a — 1 lines to a — 1 double 
points intersects the monoid in addition to these lines in one other 
line, viz., a transversal, and as the curve of intersection of the monoid 
by this plane has a double point wherever the plane meets the monoid 
in a double point, it is evident that this transversal passes through 
all the double points in that plane. The 2a — 3 double points thus 
lie on two intersecting lines, the point of intersection being one of 
these 2a — 3 double points. It can be shown by similar reasoning 
that the (a — 2) -tuple point lies in the same plane as these 2a — 3 
double points. Thus, if a = 7, 2a — 3 = 11, the points lie as in 
figure (2). 

A monoid having an (a — 2 ) -tuple point B and 2a — 4 double points 
will, in general, be one of two kinds. Thus, if a = 7, 2a — 4 = 10, 
the points will lie either as in figure (3) or as in figure (4). If, as in 
figure (3), where the superior cone breaks up into a quadric cone, 
a — 3 planes that pass through an ordinary edge of the quadric cone 
and a plane that does not pass through this edge, the double points 
all lie in one plane. If, as in figure (4), where the superior cone 
breaks up into a quadric cone and a — 2 planes that have a line in com- 
mon, the double points lie by twos on lines that pass through the 
point B. 

By this method of considering the possible ways in which the 
cones of the monoid may break up, we can determine the possible 
positions of the double points on the monoid. We shall not consider 
any more general cases, but shall make use of this method in the 
consideration of the quartic monoids. 

A monoid with an ( a — 2) -tuple point may have in addition a cer- 
tain number of triple points. It can clearly have no points of multi- 
plicity greater than three. A triple line on the superior cone counts 
for three double edges of this cone ; a line to a triple point on the 
monoid, if it is of kind III, counts for six lines of the monoid, 
whereas a line to a double point counts only for two of these lines; 
nevertheless, we cannot always substitute a triple point for three 
double points. We can say that a monoid with an (a — 2) -tuple point 

can never have more than ^"^ ^ triple points, but the exact number 

must be investigated in each case. 

A monoid having an (a — X*)-tuple point on a line of kind III can 
have in addition points of multiplicity k-\-\^i most, where 25a — A. 
If it has a (k-\- l)-tuple point C in addition to an (a — ^)-tuple 
point B, the line BC is a transversal on the monoid ; but if the point 
C is a point of any multiplicity less than k -f 1, the line BC will not 
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in general be a transversal. If the line AB is a line of kind III, it 
counts for {a — k){a — k — 1) of the a{a — 1) lines of the monoid. 
The monoid with such an (a — A')-tuple point may thus have in addi- 
tion k{2a — k — 1) simple lines passing through the vertex. If the 
line to a A*-tuple point is a line of kind III, it counts as k{k + l) 
lines of the monoid. The monoid with an (a — /!)-tuple point can thus 

never have more than ^^^^^ {k-\- 1) -tuple points. 

A monoid can have at most °^"~^^ double points, for every line of 

kind III joining a double point of a monoid to its vertex counts for two 
lines of the monoid. This is also evident from the fact that this is the 
maximum number of double lines possible on the superior cone ; for 
we can always pass a cone of order a — 1 through this number of lines, 
and can therefore always have these double lines of the superior cone 
as simple lines on the inferior cone, and, therefore, as simple lines of 
kind III on the monoid. If the monoid has this maximum number 
of double points, the superior cone breaks up entirely into planes 
through the vertex. Each of these a planes meets each of the re- 
maining a — 1 planes in a line that is a line of the monoid to a double 
point. Thus a — 1 double points lie in each of these a planes. Each 
plane thus intersects the monoid in a — 1 lines through the vertex 
and in a transversal which passes through all the double points in the 

cutting plane. The "^°.~^^ double points thus lie on a lines, a — 1 

of them on each line, and there/ore lie in one plane. If a = l, the 
points will lie as in figure (5). 

No monoid can have on it a multiple curve of an order higher than 
the first, and then, as we have seen, it passes through the vertex ; for, 
any line drawn from the vertex to a A*-tuple curve, say of order j8, 
where 2 5^', would meet the monoid in at least a-\-\ points, and 
would therefore lie on the monoid. The monoid would then break up 
into a cone of order P, having the vertex of the monoid as vertex and 
the curve as base, and a monoid of order a — /?. 

Classiiication of Quartic Monoicl8. 

1. The equation of the general quartic monoid with vertex at the 
point A(0, 0, 0, 1) may be written 

U4 + U88=0, 

where U4 and ua are homogeneous functions of x, y and z of degrees 4 
and 3, respectively. This monoid has twelve lines on it passing 
through the vertex; it will, in addition, have a transversal whenever 
three of these twelve lines lie in one plane. 

2. If M4 has another triple point (say the point B(0, 0, 1, 0), and if 
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the line AB is a line of kind III, the equation of the monoid may be 

written 

U4 + (az -f b8)u8 + U2Z8 = 0, (2) 

where U4, ua and U2 are homogeneous functions of x and y of degrees 
4, 3, and 2, respectively. This line AB ^ xy is a double line on M4, 
but counts as six lines of the monoid. This monoid thus has in gen- 
eral six other lines. A plane through the double line AB and one of 
these six lines meets the monoid in addition in a transversal that in- 
tersects AB at B and the single line at the point where the tangent 
plane to the surface along this line coincides with the cutting plane. 
There will thus be six transversals on the monoid, all passing through 
the point B. For every additional transversal it is necessary for the 
two cones of the monoid to have three of their six simple intersections 
in one plane. If the cones are proper cones — that is, in the general 
case of the monoid whose equation is (2) — this does not occur. The 
monoid then has six lines in addition to AB passing through each 
vertex, each line through one vertex meeting one line through the 
other vertex. There will be no other lines on this monoid. 

If, however, the superior cone breaks up into four planes, of which 
three pass through the line xy, while the inferior cone does not break 
up, there will be three lines of the monoid in one plane, viz., the in- 
tersections of the inferior cone by the fourth plane of the superior 
cone. A cross section of the two cones by a plane not passing 
through their common vertex will show this. See figure (6).* 
Taking x, y, ax + by and z as the four planes of the superior cone, 
the equation of the monoid will be of the form 

(ax 4- by)xyz-| s(u3 + U2z) = 0, 

where ua and U2 are homogeneous functions of x and y of degrees 3 
and 2, respectively. This monoid will thus have seven transversals, 
or thirteen lines in all, in addition to the double line AB. In figure 
(6), 1, 2 and 3 are the traces of lines that lie in one plane. It is, how- 
ever, possible that the lines whose traces are 4, 5 and 6 also lie in one 
plane ; the monoid then has eight transversals. Similarly, when the 
superior cone breaks up into planes and the inferior cone breaks up 
into a plane and a quadric cone, the monoid has either seven or eight 
transversals. The equation may then be written 

(ax 4- by)xyz + SU1U2 =0, 

where ui and U2 are homogeneous functions of x, y and z of degrees I 
and 2, respectively. The traces of the lines will then be as in figure 
(7). The lines whose traces are 1, 2 and 3 lie in one plane; the line 

* Id tbo fltnires represeDting the traces of the cones of the monoid on a plane, we use broken 
lines to distingaish the inferior from the superior cone. 
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whose trace is 2 may or may not lie in the same plane with the lines 
whose traces are 4 and 5. 

A plane passing through the line AB but not through one of these 
six ordinary* lines of the monoid cuts the surface, in addition to the 
double line AB, in a conic that passes through both points A and B.f 

3. A quartic monoid may have a double point, say the point 
C(0, 1, 0, 0), in addition to the two triple points A and B. If the line 
AC is a simple line of kind III, it will count for two lines of the 
monoid. The equation may then be put into the form 

x^U2 + XZV2 + X8W2 + zsta = 0, 

where U2, V2, W2 and t2 are homogeneous functions of x and y of degree 
2. The superior cone breaks up into the plane x and a cubic cone 
that contains the line xy as a double line. In addition to the line xy 
and the simple line xz, there are four ordinary lines on the monoid. 
A plane through the double line and one of the five simple lines cuts 
the monoid in addition in a transversal that intersects the double line 
in the triple point and the simple line either at the double point or at 
the point where the tangent plane coincides with this cutting plane. 
This monoid thus has in general five transversals. There may be 
cases, as in the previous monoid, where three of the five simple lines 
lie in one plane, thus causing an additional transversal. 

4. If M4 has a second double point, say the point D(l, 0, 0, 0), and 
if the line from this point to the vertex is a line of kind III, the 
equation may be written 

xy + xyzui + xysvi + ujzs --= 0, 

where ui, vi and V2 are homogeneous functions of x and y of degrees 
1, 1, and 2, respectively. The superior cone breaks up into two planes 
X and y and a quadric cone that contains the line xy as a simple edge. 
There are through each triple point two ordinary lines in addition to 
the two lines to the double points. This monoid thus has in general 
four transversals passing through the second triple point. As in the 
previous cases, three of the four simple lines may lie in one plane, 
thus causing an additional transversal. It is evident that such a line 
may be considered as a transversal with respect to both vertices. 

5. A quartic monoid can have at most three double points in addi- 
tion to a second triple point. The lines from the three double points 
to either triple point are simple lines of the monoid, and are lines of 
kind III ; each one, therefore, counts as two lines of the monoid, con- 
sidering the triple point through which it is drawn as vertex. Thus, 

* Hereafter, when we speak of ordinary lines, we mean simple lines of kind II. 

t In every case where the monoid has two triple points, either point may be taken as the 
vertex ; whatever is true for the lines passing through one triple point is likewise true for th^ 
lines passing through the other triple point. 
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through either vertex there is a double line to the other vertex and 
three simple lines to the three double points. The superior cone, in 
order to have a triple edge and three double edges, must break up 
into four planes, three of which pass through the line xy. It is thus 
evident that the three double points must lie on one straight line. 
The monoid thus has four transversals ; it can have no more. If the 
four planes of the superior cone are the planes x, y, z, and ax + by, 
the equation of the monoid may be written 

(ax -f- by)(cz -f ds)xy + zsu2 = 0, 

where x=z = s = 0, y = z = s = and ax-f by = z = s = are the 
three double points. 

6. If, in addition to the triple point B on the line AB of kind III, 
the monoid has a double point C(0, 1, 0, 0) lying on a line AC of kind 
IV, where the line AC is a simple line on the inferior cone and a triple 
line on the superior cone, the equation of the monoid may be written 

x'ui + X^ZVi + XSW2 + ZSt2 = 0, 

where Ui, vi, W2 and U are homogeneous functions of x and y of de- 
grees 1, 1, 2, and 2, respectively. The superior cone breaks up into 
the plane x doubled and a quadric cone that contains the lines xy and 
xz as simple lines. The line xz thus counts for three of the six lines 
of the monoid. The line BC also counts for three lines of the monoid 
when B is considered as the vertex. The monoid has in general 
three transversals, the transversals being the additional lines in which 
the planes through the line AB and the three lines through the vertex 
cut the monoid. It has an additional transversal only if the three 
lines lie in one plane, or if two of them lie in one plane with the line 
AC ; in the latter case the transversal passes through the point C. 

7. If the monoid has in addition a second double point, say the 
point D(l, 0, 0, 0), the line AD will be a simple line of kind III on 
the monoid. The equation of the monoid may then be written 

x^yz + xysui + zsua = 0, 

where ui and ua are homogeneous functions of x and y of degrees 1 
and 2, respectively. There is thus one ordinary line passing through 
A in addition to the lines AB, AC, and AD ; it lies in the same plane 
with AC and AD. For the plane z ==^ meets the monoid in the lines 
AC, AD, CD, and z = Ui = 0. Call this last line AE, where E is the 
point in which it meets CD. This quartic monoid therefore has on it 
four lines, viz., AB, AC, AD, and AE, and four transversals, viz., BC, 
BD, BE, and CD. It can have no other line. 

8. If the triple point B is connected with the vertex A by a line of 
kind IV, the equation of the monoid must be of the form 

U4 + UsS + U2ZS = 0, 
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where U4, Ua and ua are homogeneous functions of x and y of degrees 
4, 3, and 2, respectively. The line xy is a quadruple line on the su- 
perior and a double line on the inferior cone ; it therefore counts as 
eight of the twelve lines of the monoid. The monoid, therefore, always 
has four lines on it passing through each triple point, every line pass- 
ing through one of the two triple points meeting one line through 
the other triple point. If three of the lines through one triple point 
lie in one plane, the three corresponding lines through the other 
triple point lie in one plane ; the monoid then has an additional 
transversal. A plane through the double line AB, and not through an 
ordinary line of this M4, meets the monoid in addition in a conic that 
passes through the two triple points. 

9. If the monoid has in addition a double point C(0, 1, 0, 0) on a 
line AC of kind III, the equation may be written 

X^U2 + X8V2 -f ZSW2 = 0, 

where ua, va and wa are homogeneous functions of x and y of degree 2. 
Since the line AC counts for two lines of M4, there are only two other 
lines on M4 through A. The monoid has in general three transversals 
— one the line BC, and the other two lines that pass through the 
triple point and intersect the two ordinary lines through A at the 
points where the tangent planes to the monoid along these lines 
coincide with the cutting planes. If we take these two ordinary lines 
to be the lines yz and (ax + by)z, the equation of the monoid may be 

written 

xy (ex + fs) (ax -f by ) -f xzs(cx + dy) + y^zs = 0. 

The line z-— ex + fs = lies on this monoid ; M4 thus has four trans- 
versals in this case. 

10. If the monoid has in addition a second double point, say the 

point D(l, 0, 0, 0), that lies on a line AD of kind III, the equation 

may be written 

x^y*-^ + xysui + zsua = 0, 

where ui and ua are homogeneous functions of degrees 1 and 2, re- 
spectively. The monoid has no lines in addition to the lines AB, AC, 
and AD. It has two transversals, viz., the lines BC and BD ; it can 
have no other. A plane through the two lines AC and AD intersects 
the monoid in addition in a conic that passes through the vertex A 
and the two double points C and D. 

11. If the monoid that has a triple point B lying on a line AB of 
kind IV has, in addition, a double point C on a line AC of kind IV, 
it may be of two kinds. The line AC may be a triple line on the su- 
perior and a simple line on the inferior cone. The equation may 

then be written 

x^Ui -f- xsua + zsva = 0, 
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where ui, U2 and va are homogeneous functions of x and y of degrees 
1, 2, and 2, respectively. The line AC counts for three lines of Mi; 
the monoid can therefore have but one additional line through A. 
There are, therefore, only two transversals, one being the line BC and 
the other the additional line in which a plane through AC and the or- 
dinary line through A intersects the monoid. If, however, the line 
AC is a quadruple line on the superior cone and a simple line on the 
inferior cone, the equation may be written 

X* + XSU2 -h ZSV-2 = 0, 

where ua and V2 are homogeneous functions of x and y of degree 2. 
The line AC then counts as four lines of the monoid; the monoid 
has, therefore, no more lines through A. This monoid has thus but 
one transversal, viz., the line BC. 

12. A monoid M4 that has no second triple point can have at most 
six double points ; for every double point causes a line on the monoid 
that counts for at least two lines of the monoid. It is thus evident 
that, if a quartic monoid has six double points, the lines joining these 
points to the vertex are all lines of kind III on the monoid. If the 
monoid has /? double points (where /3<6), and if the lines from 
these to the vertex are all lines of kind III, the monoid may have P 
lines from the vertex to the )8 double points and 12 — 2)3 ordinary lines 
through the vertex, or 12 — p lines in all. There are thus six diflferent 
quartic monoids that have only double points and that have these 
joined to the vertex by lines of kind III. 

In general, a plane passing through two lines on a monoid inter- 
sects the monoid, in addition, in a conic that passes through the 
vertex and that crosses the lines at the double points on them, if 
there are any, otherwise at the points at which the tangent plane 
coincides with the cutting plane. In special cases, however, this 
conic may break up into a line through the vertex and a transversal. 

If the quartic monoid has a double point, say the point B(0, 0, 1, 0), 
the equation of the monoid may be written 

U4 -f U3Z 4- U2Z^ + VsS + V2ZS + viz'-^s =^ 0, 

where U4, us, U2, vs, V2 and vi are homogeneous functions of x and y of 
degrees 4, 3, 2, 3, 2, and 1, respectively. The line AB then counts for 
two of the twelve lines of the monoid ; the monoid thus has, in addi- 
tion, ten ordinary lines passing through the vertex. It will not in 
general have any transversals. 

If the quartic monoid has a second double point, say the point 
C(0, 1, 0, 0), the equation may be written 

x*U2 + XZV2 + z'-'wa + xst2 + zsra -f z^sui = 0, 

where U2, V2, W2, ti, r2 and ui are homogeneous functions of x and y of 
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degrees 2, 2, 2, 2, 2, and 1, respectively. The line AC also coants for 
two lines of the monoid ; the monoid, therefore, has eight ordinary 
lines through the vertex in addition to the lines AB and AC ; that is, 
ten lines in all. It will not in general have any transversals. 

If the quartic monoid has a third double point, say the point 
D(1,0, 0, 0), the equation of the monoid may be written 

x^y*^ + xyzui + z^u-i + xysvi + zsv2 + z^swi = 0, 

where ui, U2, vi, V2 and wi are homogeneous functions of x and y of de- 
grees 1, 2, 1, 2, and 1, respectively. This monoid has six ordinary 
lines through the vertex in addition to the lines AB, AC, and AD ; that 
is, nine lines in all. This monoid does not in general have the 
three double points lying in one plane. If, however, we take these 
three points to be the points x = y = s = 0, x = z = 8 = 0, and 
x=y-fz = s=0, the superior cone breaks up into the plane x and a 
cubic cone. The plane x meets the inferior cone in three lines, 
which are the lines of kind III, to the three double points. The 
equation of the monoid may then be written 

x*U2 + x'-^zui + XSV2 + xzsvi + xz'-'ti + yz(y -j- z) wi =^0, 

where ua, ui, V2 and vi are homogeneous functions of x and y of de- 
grees 2, 1, 2, and 1, respectively, and where ti and wi are homogeneous 
functions of x and s of degree 1. The plane x intersects the monoid 
in the four lines x - y ^= 0, x — z — - 0, x =^ y -f z -= 0, x =^ s =^ ; the 
monoid thus has a transversal passing through the three double 
points. 

The equation of the monoid that has four double points, and that 
has these points joined to the vertex by lines of kind III, is of the 

form 

U2V2 4- U3S — 0, 

where U2, V2 and Us are homogeneous functions of x, y and z of degrees 
2, 2, and 3, respectively. The superior cone breaks up into two quadrio 
cones, the lines of intersection of these cones being simple lines on 
the inferior cone. If these cones are general quadric cones, no three 
of the four lines to double points will lie in one plane. Two of them 
may, however, lie in the same plane as one of the four additional lines 
through the vertex ; the monoid will then have an additional trans- 
versal through the two double points in that plane. It will also have 
an additional transversal if three of these four lines lie in one plane. 
If a quartic monoid has five double points, and has the lines from 
these points to the vertex as lines of kind III, its equation may be 

written 

U1V1W24- usS^^O, 

where ui, Vi, W2 and us are homogeneous functions of x, y and z of de- 
grees 1, 1, 2, and 3, respectively. The superior cone thus breaks up 
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into a quadric cone and two planes; it therefore has five double 
edges which are simple lines on the inferior cone. The monoid con- 
tains only two ordinary lines in addition to the lines to these five double 
points. It is evident, from the way in which the superior cone breaks 
up, that there are always two planes that contain three lines to double 
points. There are, therefore, always two transversals on a quartic 
monoid of this kind, and each of these two lines passes through three 
double points. The five double points therefore lie in one plane, as in 
figure (8). There may be additional cases in which one of the two 
ordinary lines of kind II lies in a plane with two of the lines to 
double points, or in which the two lines lie in a plane with one of the 
lines to a double point, an additional transversal being the result in 
each case. 

The equation of the quartic monoid that has six double points, and 
has these points joined to the vertex by lines of kind III, may be 
written in the form 

UiViWiti -f U8S = 0, 

where ui, vi, wi, ti, and ua are homogeneous functions of x, y and z of 
grees 1, 1, 1, 1, and 3, respectively. The superior cone breaks up 
into four planes, for in no other way can it have six double edges ; 
the inferior cone contains these lines as simple edges. These six 
lines lie by threes in four planes. There are, therefore, four trans- 
versals, each one passing through three double points. The six 
double points therefore lie in one plane. The monoid can have no line 
on it in addition to the six to the double points and no transversal in 
addition to the four joining the six double points. 

13. If the quartic monoid has a double point, say the point 
B(0, 0, 1, 0), and has the line AB as a particular line of kind IV (viz., 
as a line of multiplicity three on the superior cone and of multiplicity 
one on the inferior cone), its equation may be written 

U4 4- uaz -f VaS + Uazs + UiZ^s ^= 0, (3) 

where U4, us, \% ui and ui are homogeneous functions of x and y of de- 
grees 4, 3, 3, 2, and 1, respectively. The monoid may have nine or- 
dinary lines in addition to the line AB. It will not in general have a 
transversal. 

If the monoid whose equation is (3) has a second double point, 
say the point C(0, 1, 0,0), and has the line AC as a simple line of 
kind III, its equation may be written in the form 

X*^U2 -f XZV2 + XSW2 + ZSt2 + Z^Ul " 0, 

where U2, V2, W2, t2 and ui are homogeneous functions of x and y of de- 
grees 2, 2, 2, 2, and 1, respectively. The monoid has seven lines 
passing through the vertex in addition to the lines AB and AC. The 
superior cone breaks up into the plane x and a cubic cone. The 
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plane x intersects the monoid in the lines AB, AC, BC, and 
(x = ay + bz = 0). The monoid thus has in general one transversal ; 
it may in special cases have more, as in some of the monoids already 
considered. 

If this quartic monoid has a third double point, say the point 
D(l, 0, 0, 0), and if the line AD is a line of kind III on the monoid, 
the equation of the monoid may be written 

x*^y^ -f xyzui + xysvi + zsu? -\- z^swi ^= 0, 

where ui, vi, u-i and wi are homogeneous functions of x and y of de- 
grees 1, 1, 2, and 1, respectively. The superior cone breaks up into 
two planes and a quadric cone. Each of these two planes intersects 
the inferior cone of the monoid in three lines that are therefore three 
lines of the monoid lying in one plane. The monoid therefore has, in 
general, two transversals, each one passing through two double points. 
The monoid has on it five ordinary lines in addition to the lines AB, 
AC, and AD. 

If this monoid has a fourth double point, say the point E, and 
if the line AE is a line of kind III on the monoid, the superior 
cone must break up entirely into planes, of which three pass through 
the line AB = xy. The three lines AC, AD and AE are therefore in 
one plane. We can therefore take the line AE to be the line 
ax 4- by = z -= 0. The plane z intersects the monoid in the three lines 
AC, AD, and AE, and in a transversal that passes through the three 
double points C, D, and E. The equation of the monoid may then 
be written 

xyz(ax + by ) + xy8(ax + by ) + zsus + z'sui = 0, 

where U2 and ui are homogeneous functions of x and y of degrees 2 
and 1, respectively, Each of the three planes through the triple line 
of the superior cone intersects the inferior cone in three lines that are 
lines of the monoid lying in one plane. This monoid, therefore, always 
has four transversals, one of which passes through three double points 
and the other three each through two double points. This monoid 
has on it three ordinary lines in addition to the four lines to the 
double points.* 

This monoid cannot have any more double points, as the superior 
cone cannot break up into any more components, three double edges 
being the maximum number of double edges that a quartic cone can 
have in addition to a triple edge. 

14. If the quartic monoid whose equation is (8) has a second 
double point, say the point C(0, 1, 0, 0), and has the line AC as a 

* There is a special monoid with foar doable points that has only three transversals, viz. 
the monoid whose saperior cone breaks ap into a doable plane and two single planes that do 
not have a line of the doable plane in common, where three of the lines to doable points ar« 
lines of the doable plane of the saperior cone, as in fl^are (9). 

83-Kan. Univ. Sci. Ball., No. 12, Vol. I. 
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triple line on the superior cone and a simple line on the inferior cone, 
the equation of the monoid may be written 

x*ui + x'zvi + XSU2 + ZSV2 + z'swi =0, (4) 

where ui, vi, U2, V2 and wi are homogeneous functions of x and y of 
degrees 1, 1, 2, 2, and 1, respectively. The superior cone breaks up 
into a double plane and two single planes, the lines common to the 
double plane and the single planes being simple lines on the inferior 
cone. Each of the three planes of the superior cone meets the in- 
ferior cone in three lines, which are, therefore, lines on the monoid ; 
this monoid therefore has, in general, three transversals. There are 
six ordinary lines on the monoid in addition to the lines AB and AC. 
The monoid whose equation is (4) cannot have another double 
point on it and have the line from this point to the vertex as a triple 
line on the superior cone and a simple line on the inferior cone. It 
may, however, have a double point, say the point D(l, 0, 0, 0), and the 
line AD as a simple line of kind III; its equation may then be 

written 

x^yz + xysui -f zsu2 + z'svi = 0, (5) 

where ui, U2 and vi are homogeneous functions of x and y of degrees 1, 
2, and 1, respectively. The superior cone breaks up into a double 
plane and two single planes, as in the previous case ; the intersection 
of the two single planes being, moreover, an edge of the inferior cone 
of this monoid. The double plane of the superior cone intersects the 
inferior cone in three lines, of which two are the lines AB and AC, 
and of which the third, being a double line on the superior cone and 
a single line on the inferior cone, is also a line to a double point. 
Therefore, if the monoid whose equation is (4) has one double point 
in addition it must have a second double point, and each of these 
must be connected with the vertex by a line of kind III. This 
monoid whose equation is (5) has therefore, in general, three trans- 
versals, two of which pass through two and the third of which passes 
through three double points. This monoid has two ordinary lines in 
addition to the lines to the double points, and they lie in the two 
planes determined by the vertex and the two transversals that pass 
through only two double points. The double points will lie as in 
figure (10). 

The monoid cannot have any more double points, as the superior 
cone cannot break up into any more components, one double edge be- 
ing the maximum number of double edges that a quartic cone can 
have in addition to two triple edges. 

15. If the quartic monoid has a double point, say the point 
B(0, 0, 1, 0), and has the line AB as a quadruple line on the superior 
cone and a simple line on the inferior cone, it is evident that the su- 
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perior cone must break up entirely into planes that pass through the 
line AB. The equation of the monoid may then be written 

U4 4- UsS + U2ZS 4- UiZ% + z*s = 0, (6) 

where U4, ua, uj and ui are homogeneous functions of x and y of de- 
grees if 3, 2, and 1, respectively. Each of the planes of the superior 
cone meets the inferior cone in two lines in addition to the line to the 
double point; the monoid, therefore, always has four transversals 
passing through the double point. There are eight ordinary lines on 
the monoid in addition to the line AB; they lie by twos in four 
planes that pass through the line AB. If three lines of which no two 
lie in one of these four planes lie in one plane, an additional trans- 
versal will lie on the monoid. 

If this monoid has in addition a double point, say the point 
C(0, 1,0,0), and has the line AC as a simple line of kind III, the 
equation of the monoid may be written 

X^U2 + XSV2 4- ZSW2 + Z^SUi -|- z^s = 0, 

where U2, va, wa and ui are homogeneous functions of x and y of de- 
grees 2, 2, 2, and 1, respectively. The superior cone breaks up into a 
double plane and a quadric cone ; the double plane intersects the in- 
ferior cone in three lines, of which two are the lines AB and AC, and 
of which the third, being a double line on the superior cone and a 
single line on the inferior cone, is also a line to a double point. 
Therefore, if the monoid whose equation is (6) has one double point 
in addition, it must have a second double point, and each of these 
must be connected with the vertex by a line of kind III. There are 
four ordinary lines on the monoid in addition to the lines to the double 
points, and they lie by twos in the two planes which are single com- 
ponents of the superior cone. This monoid always has three trans- 
versals, of which one passes through all the double points. 

If the monoid whose equation is (6) has in addition a double 
point C(0, 1,0,0), and has the line AC as a line of kind IV that is a 
triple line on the superior cone and a simple line on the inferior 
cone, its equation may be written 

x'Ul + XSV2 4- ZSW2 4- z^svi 4- z*s =^ 0, 

where ui, V2, W2 and vi are homogeneous functions of x and y of de- 
grees 1, 2, 2, and 1, respectively. The superior cone breaks up into 
the triple plane x and another plane through the line AB ; the triple 
plane meets the inferior cone in three lines, of which two are the lines 
AB and AC, and of which the third, being a triple line on the superior 
cone and a simple line on the inferior cone, is a line to a double point 
that counts for three lines of the monoid. The monoid thus has on 
it two transversals, of which one passes through all three double 
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points and the other one through only one double point. The 
monoid has on it two ordinary lines in addition to the lines to the three 
doable points, and these two lines lie in the plane that is the simple 
component of the superior cone. 

If the monoid whose equation is (6) has in addition a double 
point C(0, 1, 0, 0), and has the line AC as a line of kind IV that is a 
quadruple line on the superior cone and a simple line on the inferior 
cone, its equation may be written 

X* 4- xsu* -h zsvj -f z'sui -1-^ = 0, 

where ui, vs and ui are homogeneous functions of x and y of degrees 
2, 2, and 1, respectively. The superior cone breaks up into the quad- 
ruple plane x. This plane intersects the inferior cone in three lines, 
of which two are the lines AB and AC, and of which the third, being 
a quadruple line on the superior cone and an ordinary line on the in- 
ferior cone, is a line to a double point that counts for four lines of the 
monoid. The monoid has on it no lines passing through the vertex 
in addition to the lines to the three double points. It has on it only 
one transversal, and this passes through the three double points. 

16. We have finished all possible cases of quartic monoids having 
on them only multiple points that lie on lines of multiplicity one less 
than the multiplicity of the lines ; i. e., all possible cases of monoids 
that have on them only lines of kinds III and IV in addition to sim- 
ple lines of kind II. We shall now consider the possible cases of 
quartic monoids that have lines of kind I and multiple lines of kind 
II in addition to these multiple points that lie on lines of kinds III 
and IV. It is evident that a quartic monoid that has a second triple 
point can have on it in addition no multiple line of kind I or II. 

( To be continued.) 
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nbAndoQ tho quartet-ly form of iftsu^, and inBluud to publLsh tlm 80(n> 
nt« t"tp*"'i* ^ '"'<^» "^ ^l<^y ^'''^ reiidy (or tbo prlntor. Hy this moanii 
kbu ruBuItfl of resenrch will be ojtire promptly kIvgd to IJiu pablicand 
in lorra aioro ttotiefuctory botli to th» uuthon* uuil Butjaoribcni, 

Hp«!»(tiir thin Journal will b*; culled tlm Kaitaaa fJnh^rtiUj/ Snt«ne» 
SulUtin, aiid will be iaeaml at irregular ijih!n'atii, Baoh volume will 
ooataiti from liOO to 100 pagt'e of reiuliiig>iuattvr, with tho m-coBeury 
iUontrNtioaR; aa<l uppruxiuiat«ly one volniiio n yanr wilt b« Jaftnwl. 
The aiuuiml of scientific uattor tbas published will be aot lese, and 
probubty inori'. than that formoriy sppouriug in four imuu» of the 
Quarterly, Tbt: atibaoripUon price will be hereafter %i\ por volume : 
the priiw of eanb part will vary with tbe coot of pobUoatioa. We 
hope oar prcwtnl krgi.' i.*Xttbaiigi^ Ust will ruuiniu iiitiioL, and ndw 
«xohnngci) iini Aolioiloil. All exohangeB abould be iiddremed to Itia 
Library uf tbe Umveraity of Kansas. 

OommunicoUonK should bo oddrwuujd to 

H. B, NKWa'.s, 

lliuiB«lua Bdiior ot Beluon UaUiiHii. J 
Lawnncv, Kau. 



PUBLICATIONS OF THEJMEasm OF KANSAS. 

The (i>1IowIqb publicnliotw of tlio UoUBr^ily of 10icirii« nro oflmwd Im nin at 
Uw priciiB nunuHl bi^luw. or in (uclmiige for othoi publicatiuntt of Uhu ohvftOtW 
Mid »r oqoal vnlnn. A f«w (■nmplolB cupiea d( early f uluinoft »« on tiuiil. 

KANSAS UNtVaaaiTY QUABTBBLy. 
Volume I, No, 1, supply largp; prioo, fill crnia 
«upply flniall; pnc», T& mqU 
ooaU. Pricti par voltnna. ^1. 
" n. No. 1, «opp]y»sl)Kiu(t«d. No. S, supply maalli priMt'^&coftft. No.3, ' 

■upply Aib»UBt»iJ. No. i. iiupplyeitb«ui*ted. Price pcrraluiuB.Kt. 

" ni. No. t, supply sxbAUStod. No. 2, Bupp)y oxhnuxt^d. No. 3, Mpply 

small; priw, 75 twnW. No. 4, supply small: prloe. Ml oeou. 

Pricfl pvrTolumc. $3. 

" IV. Nu, 1, supply email: prico, 00 cents. No. 3, Hupply sraitll: prioc TS 

ireuU. No. ^.supply sm&lh prioe. 75 cents. No. 4, supply small; 

price, 75 cm>U. PrirA par voluiun, tS. 

" V. NcM, 1 and S,suuplyftKlia Listed, Price p«e volume, tS. Volumo V 

Ciunaists uf only two numbera. 
" VI, A. Nos. 1, 3, ^, and 4, supply extinuetcKl. Prioi» pot rolume. tS. 
** VI, B. Noa. 1, 'i, 3, and i, mtpply larfre; price per number, U) oento; 

price tff vnlumn, S3. 
■' VU, A- Soe. J. 1. 3, and 1, supply ftifaausted. Price per Tolomc. 13. 
" VII, B. Not- I Kod S (double number), .1, aod J. supply large; price per 

number, W cents: price per volume, (2. 
" Vin, A. Noe. 1, 3, 3, aud 1, supply lar^; prin; per number, 50 Mntsi 

price p«r Tolome, ti, 
" VIII. B. No. 1. supply small; pr^ce, ju cents. Pabllcatioo fluspetided. 
" IX, A. Nos. 1, 3, r!, antl 4, supply largo ; price i«r number, M uonte: per 

volumi-, ti. 
" X, A. Noa. 1. 2, .1, and 1, supply iargn; price per numbnr, oO oeuts: per 
tolumo, tS. 

guiENCB Bm.t.sni». 
Viilume I. NoA. 1, 3, .1, and J, price, H : siiiiply tar^. Nos. 5, <>, 7, 8, aod V, 
prii^e, tl,50; aupply larKe. Num. 10, II, and 13: supply tugt. 

UmVBBSirY OEOLOOIOAI. flOBVBT OF KANSAB. 
Volume I, IHWi. {iopurl on Ueneral SttaliKrapliy of Eaatera Kannu; stipplj' 



supply lari^. Poetago, 



«ixhaui>t«d. 
'■ 11, 1SE»T. Gviieral Llaology uf Wmtern Kanoa 

34 onats. 

" III, VM. Special R«portoci Coal; supply larite, Poetsge Sd C4>DtS. 
" IV, ISSS. Ud Uppvr Cretacuoua Palc<uuti)l0|^i Huppty large, i^toge, 3S 

" V, 1899. tipt-oial Eiepurt on Oypaum auil Qypautii Cemeni riacUn: 

supply largn. Pontage IC oiiutii. 
" VI, 1000. Carbonlfeix'us In vertebrates and Cretaceous FIshM; supply 

larKu. 
" V'll, 11(02, Spnctial Flepnrt on Mioerai Waters; euppljr large. 

UINBRAl. UBSOOBCISS OF EANHA8. 
Report for l*>7 ; mipply small. Postage, 4 cents. 
Bepurl fur ISaS; nupply large. Pgstage, 8 cenla. 
Rsport for IS&i*: supj^ly large. I'oHtage, 4 I'liDtii. 

BDU-BTINS Ojr TUB DBPABTMHNT OP BNTOMOLOOy. 
TLo !{ouey4uio and Itx Food-plants iu Kanaas- Poiitaito, 1 cent*. 
Alfalfs.Ctratitiliopi-ers. Been— their RisliitloDshlp; supply small. Poatage,7 mote. 
BcnIe-ioauctM Iniuriou* to Urcbarda; aupply larg«. Postage, S conts. 
Tbn More Injurious Qrastboppora ot Kaunas; supply large. Postage, S conte. 
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